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Introduction

Blyth and Varlet [1] introduced MS-algebras as a generalization of both de Morgan alge-
bras and Stone algebras. Blyth and Varlet [2] characterized the subvarieties of the class
MS of all MS-algebras. Badawy, Guffova, and Haviar [3] introduced and characterized the
class of principal MS-algebras and the class of decomposable MS-algebras by means of
triples. Badawy [4] introduced and studied many properties of dy -filters of principal MS-
algebras. Also, Badawy and El-Fawal [5] considered homomorphisms and subalgebras of
decomposable MS-algebras.

Blyth and Varlet [6] introduced the class of double MS-algebras and showed that every
de Morgan algebra M can be represented non-trivially as the skeleton of the double MS-
algebra M = {(a,b) € M x M : a < b}. The class of double MS-algebras satisfying
the complement property has been introduced by Congwen [7]. Haviar [8] studied affine
complete of double MS-algebras from the class Ky, of all double K-algebras. Wang [9]
introduced the notion of congruence pairs of double K>-algebras. Recently, Badawy [10]
introduced and constructed the class of double MS-algebras satisfying the generalized
complement property that is containing the class of double MS -algebras satisfying the
complement property.

In this paper, we introduce the notion of Stone elements in double MS -algebras. Then,
we prove that the set of Stone elements of a double MS-algebra L forms the greatest Stone
subalgebra of L. We introduce the concept of central elements of a double MS-algebra L
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and we show that the set C(L) of all central elements forms the greatest Boolean subalge-
bra of L. For a principal ideal (a] (filter [ @)) of a double MS-algebra (L;°,T ), it is observed
that a relativized algebra (a]; = ((a];V, A%, 74,0,a) ((a)r = ([a);V, A, T4 ,a,1)) is
a double MS-algebra if and only if  is a central element of L, where x°¢ = x° A a and
ate =xT Aa (x° =x° Vaand xe = xT Vv a). Also, we introduce the Birkhoof center of
a double MS-algebra, then we showed that the Birokhoof center of a double MS-algebra
L can be identified with the center of L. Factor congruences of a double MS-algebra
are investigated by means of central elements. Finally, we study and characterize bal-
anced factor congruences of a double MS-algebra. There is one-to-one correspondence
between the class of balanced factor congruences of a double A S-algebra L and the center
C(L) of L.

Preliminaries
In this section, some definitions and results were introduced in [1, 2, 6, 11, 12].
A de Morgan algebra is an algebra (L; v, A, 7, 0, 1) of type (2,2,1,0,0) where (L; Vv, A, 0,1)
is a bounded distributive lattice and ~ the unary operation of involution satisfies:
X=x(VY) =XAYEKAY) =XV
An MS-algebra is an algebra (L; v, A,°, 0, 1) of type (2,2,1,0,0) where (L; V, A,0,1) is a
bounded distributive lattice and a unary operation ° satisfies:
x<x°,@xAY)°=x°Vy°,1°=0.
The basic properties of MS-algebras are given in the following theorem.

Theorem 1 (Blyth and Varlet [6]) For any two elements a, b of an MS-algebra L, we have
(1)0°° =0and1°° =1,
2a<b=b°<a
(3) a°° = a®,
(4) a°°®° = a*°,
(5) (aV b)° =a® Ab°,
(6) (aV b)*° =a®° v b,
(7) (@ A b)*° = a®° A b*°.

A dual MS-algebra is an algebra (L; v, AT,0,1) of type (2,2,1,0,0) where (L; V, A,0,1)
is a bounded distributive lattice and the unary operation T satisfies:
x>xtH AT =at vyt 0t =1

Proposition 1 For any two elements a, b of a dual MS-algebra (L;™), we have
()0t =0and 1T+ =1,
(2)a<b= bt <a,
(3)attt = at,
(4) atttt = gt
(5) (av byt =at Abt,
6)(av byt =attvhtT,
(7)) (anb)y™ =att AbtT,

A double MS-algebra is an algebra (L;°, ) such that (Z;°) is an MS-algebra, (L;7) is a
dual MS-algebra, and the unary operations °," are linked by the identities x™° = x** and
x°t =x°°, forallx € L.
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For any element x of a double MS-algebra L, it is clear that x™ < x°° and consequently
x° <x<xt.

Some subsets of a double MS-algebra play a significant role in the investigation, by the
skeleton L°° of a double MS-algebra L we mean a de Morgan algebra

I°=xel:x=x°)=L " =xel:x=x"T)={xel:x°=xT}).

An equivalence relation 6 on a lattice L is called a lattice congruence on L if (a,b) € 0
and (¢,d) € 0 implies (aVvc,bvd)eBand(@anc,brd) .

Theorem 2 (Blyth [12]) An equivalence relation on a lattice L is a lattice congruence on
L if and only if (a,b) € 0 implies (aV z,bVv z) € 0 and (anz,bAz) €0 forallz e L.

A lattice congruence # on a double MS-algebra (L;°,") is called a congruence on L if
(a, b) € 0 implies (a°,b°) € 6 and (a™,b™) € 0.

We use V = L x L for the universal congruence on a lattice L and A = {(a,a) : a € L}
for the equality congruence on L.

We say the congruences 6,y on a lattice L are permutable if 6 o ¢y = ¥ o 6, that is,
x=y(0) and y = z(y) imply x = r(y) and r = z(0) for some y,r € L.

Center and Birkhoof center of a double MS-algebra
We introduce the concept of Stone elements of a double MS-algebra L. Then, we show
that the set Lg of all Stone elements of L is the greatest Stone subalgebra of L.

Definition 1 An element x of a double MS-algebra L is called a Stone element of L if
x°V x°° = 1and x™ AxtT = 0. Let Lg denote the set of all Stone elements of L, that is,
Ls={xeLl:x°Vvx>®=1x" Axtt =0l

Definition 2 Let L1 be a bounded sublattice of a double MS-algebra L. Then, L, is called
a subalgebra of L if x°,xT € Ly for every x € L.

Definition 3 A subalgebra Ly of a double MS-algebra L is called a Stone subalgebra if
x°Vx° =landxt™ AxtT =0, forallx € L.

Proposition 2 Lg is the greatest Stone subalgebra of a double MS-algebra L.

Proof 1t is clear that 0,1 € Ls. Let x,y € Ls. Then, x° vV x°° = 1, x™ A xtT = 0,
y° Vv y°° =1,and y" A yTt = 0. Thus, we get

®VN°V VY = @& AY) V(& Vv y°) by Theorem 1(5),(6)
= (x° V& V) A (H° Va° Vv y°°) by distributivity of L
=1Al=1lasa’°VvaT =1y vyc=1,
@vTA@vHTT = @t AyH AT vy by Proposition 1(5),(6)
= (xT A y+ AxTTYV (A yJr A y++) by distributivity of L

= 0\/0=0asx+/\x++=0,y+/\y++=0.
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Then, x V y € Lg. Using a similar way, we get x A y € Lgs. Therefore, (Ls, Vv, A,0,1) is a
bounded distributive sublattice of L. Now, we prove that x™ € Lg for all x € Lg.

x+o v x+oo x++ V. x+++as ero ++

=x
= (x* AxT)T by Proposition 1(5)
0t =1lasa™ AxTt =0,

x+o A x+oo — x++ A x+++ as x+o — x++

= xT Ax™ = 0 by Proposition 1(3).

Hence, x* € Lg. Similarly, we can prove that x° € Lg for all x € Lg. Therefore, Lg is a
subalgebra of a double MS-algebra L. Since x° vV x°° = 1 and T A x™+ = 0 for every
x € Lg, then Lg is a Stone subalgebra of L. To prove that Lg is the greatest Stone subalgebra
of L, let S be any Stone subalgebra of L. Let x € S. Then, x is a Stone element of L, and
hence, x € Lg. So S C Lg as claimed. O

On the following, we introduce the notion of central elements of a double MS-algebra L
and prove that the set C(L) of all central elements of L is the greatest Boolean subalgebra
of L. Also, the relationship among Ls, C(L), and L°° is investigated.

Definition 4 An element a of double MS-algebra L is called a central element if x v x° =
1 and x AxT = 0. The set of all central elements of L is called the center of L and is denoted
by C(L), thatis, CIL) ={x € L:xVvx° =1,x Axt =0}

Example 1 Consider the bounded distributive lattice L in Fig. 1. Define unary operations
°*onlL by

b°=x°=ad =y =¢1°=2°=0,0°=1,c"=d,a°=b (1)

NN
NN

NN
NSNS

Fig.1 L
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and
a+:z+:b,c+:y+:d,0+:x+:1,b+:a,d+:c,1+:O. 2)

It is clear that (L;°,%) is a double MS-algebra. Then, L°°,Ls, and C(L) are given in
Figs. 2, 3, and 4, respectively.

Theorem 3 Let L be a double MS-algebra. Then
(1) C(L) = L*° N L,
(2) C(L) is the greatest Boolean subalgebra of L, Ls, and L°°,
(3) C(L) = C(Ls) = C(L®®).

Proof (1). Letx € C(L). Then, x vV x° = 1 and x A x* = 0. Then

x++ — x++ v 0

=xTTVvxAxh)
= T va) A T vaT) by distributivity of L
=xA@TAx)Tasx >

=xA0T=xAl=u
Thus, x € L°°. Also,

2t Axt = &t AxtT by Proposition 1(3)
= (x Ax")TT by Proposition 1(7)
0*" = 0 by Proposition 1(1),

00

xV x°asx

v

> X

=1

Fig.2 [°°
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Fig.3 L,

Then, xT+ Ax* = 0and x°°vx® = 1implyx € Ls. Therefore, C(L) € L°°NLs. Conversely,
letx € L°° N Lg. Then, x = x°° = x1T1, x° v x°° = 1, and xT A xTT = 0. Now,

xX°Vvax =x°vxl =1,

xAnxt = xTH Axt =0.

Thus, x € C(L), and hence, L°*° N Lg € C(L).

N
\/

Fig.4 C(L)
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(2) Clearly 0,1 € C(L). Leta,b € C(L). Then, we have
(avb)yv(avb)® =avbvV(a® Ab°) byProposition 1(5)
= (aVvbVva®)A(aV bV b°) by distributivity of L
=1A1=1,
(@avb)A(@avb)t = (avb)A(a" AbT) by Theorem 1(5)
= (@Arat Aat)Vv (bAat AbT) by distributivity of L
=0v0=0.

Then, a v b € C(L). Similarly a A b € C(L). Therefore, (C(L); v, A,0,1) is a bounded
sublattice of L. Now, we observe that a® € C(L) for alla € C(L),

oo 000 o

a®va’® =ava®asa® =a,Vae C(L)anda®°*° =a
=1,
a0+ /\ﬂ0++ = a°° A a®° as aoJr — q°°
=a° Na®asa®® =a°
= (a° vV a)° = 1° = 0 by Theorem 1(5).
Since a®° = at for all ¢ € C(L), then ° coincide with T on C(L). Therefore,

(C(),V,A°,0,1) isasubalgebraof L. Since ava® = 1 and ana® = a®° Aa® = (a°Va)° =
1° =0foralla € C(L), then (C(L), V, A%, 0,1) is a Boolean subalgebra of L. Suppose that
B is any Boolean subalgebra of L and x € B. Then,aVva® =landaAa® =ana® =0.
Hence, a is a central element of L and a € C(L). So, B € C(L) and C(L) is the great-
est Boolean subalgebra of L. Using similar agrement, we can show that C(L) is also the
greatest Boolean subalgebra of both Lg and L°°.

(3) It follows (1) and (2). O

The following theorem shows that the centers of isomorphic double MS-algebras are

isomorphic Boolean algebras.

Theorem 4 If L and M are isomorphic double MS-algebras, then their centers are

isomorphic.

Proof Leth : L — M be an isomorphism anda € C(L). Then,aVva® = 1andara’ = 0.
Hence, h(aVva®) = h(a)Vh(a®) = h(a)V (h(a))° = h(1) = 1 and h(a) A (h(a))T = h(0) =
0. Therefore, hcy(a) = h(a) € C(M). It is clear that hc(z) is an injective (0,1) lattice
homomorphism. Let b € C(M). Then, there exists b € L such that b = h(a) = hc)(a)
as /1 is onto. It follows that b°° = (h(a))°° = h(a*°) = h(a) = hcqu)(a). Thus, hcq,)
is onto. Obviously, #c(z) preserves ° and *. Then, kc(z) is an isomorphism, and hence,
CL) = CMm). O

For an MS-algebra (L,°), it is proved in [3] that (a]; = ((a] ,°* ) is an MS-algebra if and
only if a° € C(L), where (a] = {x € L : x < a} =[0, 4] is a principal ideal of L generated
by the element a of L, a unary operation °# is defined on (a] by x°* = x° A a for all x € (a]
and C(L) = {x € L : x vV x° = 1} is the center of L.

For a double MS-algebra (L;°, ), the answer of the following question is given: Under
what conditions a principal ideal (a],a € L constructs a double MS-algebra?
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Theorem 5 Let L be a double MS-algebra. Suppose that a € C(L), then the relativized
algebra (aly = ((a], A, V,%, T4 ,a,1) is a double MS-algebra, where x°« = x° A a and
xte = xt A a. Conversely, if (alp = ((a], A, V,%4, %% ,a,1) is a double MS-algebra, then
ac€Ls.

Proof Assume that a € C(L). Hence, a®° € C(L). Then, by ([13], Theorem 3.5),
((a], Vv, A%4,0,a) is an MS-algebra, whenever x** = x° A a. Now, we prove that
((al, Vv, A2, 0,a) is a dual MS-algebra, where x™@ = x* A a for any x € (a]. Let x € (a],
we have

atatayx = T Aa) T v
= (" AT Aa) v
= ((x"TvaH ra) vax
=@ Aa) V@ Aa) v by distributivity of L
=@ Aa)vxasat Aa=0

=xasx2x++2x++/\a.

Then, x > xTate, Letx, y € (a]

@Ayt = @AY Aa
= @« vy Aa
= (x Aa) Vv (y" A a) by distributivity of L

— xta v yta,
Also, 07 = a. Now, for every x € (a], we have

xoate = (x° A a)te
=x°ra)t Aa
= @tva ) ra
= @&*°Vva ) ra
= @°Aa)V (@t Aa)

= x> Aaasa” Aa=0,

Ca%a

x = @x°Aa) Aa
= x*°Vva’)Aa
= (x°° Aa) V (a° A a) by distributivity
=x*ANaasa” Aa=0.
This deduce that x°t« = x°°, Also, we can get x1«°% = xteta Therefore, (a]; =

((a], Vv, A%, T4 ,0,a) is a double MS-algebra.

Conversely, suppose that a € L, (a]. = ((a], V, A% ,Y4,0,a) is a double MS-algebra with
x° = x° Aaand xte = xT A a. Since a is the greatest element of (a];, then a™@ = 0
and a°¢ = 0. This gives at A a = 0 and a®° A a = 0, respectively. Consequently,
at Axtt =@t Aa)T™ =0t =0and a®° v a® = (@° A a)° = 0° = 1. Therefore, a is a

Stone element of L. O
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Similarly for the principal filter [ a) of a double MS-algebra, we establish the following

result, where [a) = {x € L :x > a} =[a,1].

Theorem 6 Let L be a double MS-algebra. If a € C(L), then the relativized algebra
la)L = ([a), A, V.04, Fe  a,1) is a double MS-algebra, where x°* = x°Vaandxte = xTVva
. Conversely, if [a); = ([a), A, V,%, T4 ,a,1) is a double MS-algebra, then a € Lg.

Let L1, Ly are double MS-algebras. Then, L1 x L is a double MS-algebra, where ° and ©
are defined by (x,7)° = (x°,»°) and (x,%)" = (x",y™). Moreover, (L; x L1)°® = L° x L§°
and C(Ly x Ly) = C(Ly) x C(Ly).

As a consequence of Theorem 5 and Theorem 6, we have

Theorem 7 Let L be a double MS-algebra. Ifa € C(L), then ((aly x[a)1,°,") is a double
MS-algebra, where

(alp x[a)L ={(x,y) :x € (alL,y €[a)L},

and

x,9)° = (° Aa,y° Va)and (x,y)" = T Aa,yt Va) forall (x,y) € (al x[a)r.

Now, we introduce the concept of Birkhoff center for a double MS-algebra.

Definition 5 An element a of a double MS-algebra L is called a Birkhoff central element
if there exist double MS-algebras Ly and Ly and an isomorphism from L to L1 x Ly such
that a is mapped to (1,0). The set BC(L) of all Birkhoff central elements of L is called the
Birkhoff center.

Theorem 8 Let L be a double MS-algebra. Then, BC(L) = C(L).

Proof Let a € BC(L). Then, there exist double MS-algebras L; and L, and an isomor-
phism % from L to L; x Lj such that #(a) = (1,0). By Theorem 4, C(L) is isomorphic to
C(L1 x L1) = C(L1) x C(Ly). Thus, (1,0) € C(L1) x C(Ly). Therefore, a = h~1(1,0) €
C(L) and BC(L) C C(L).

Conversely, let a € C(L). Then, by Theorem 5 and Theorem 6, L; = (a]; and Ly =[a),
are double MS-algebras, respectively. The direct product L1 x Ly = (a]; x[a)r is a double
MS-algebra, by Theorem 7. Notice that 17, = a is the greatest element of L1 and 0z, = a
is the smallest element of Ly. Define /1 : L — L1 x Ly by h(x) = (a Ax,a Vv x). Itis already
seen that / is an isomorphism of L onto L1 x Ly. Then, h(a) = (a,a) = (11,,0r,) implies
a € BC(L). Therefore, C(L) € BC(L). O

Balanced factor congruences of a double MS-algebra
In [14], Badawy investigated the relationship between congruences and de Morgan fil-
ters of decomposable MS-algebras. In this section, we study the connection between
congruences and central elements of a double M S-algebra.

Let a be an element of a double MS-algebra L. Define a binary relation 6, on L by

xy) eb,iffxva=yVva.

Proposition 3 For any two elements a and b of a double MS-algebra L, we have
(1) 0, is a lattice congruence on L with Ker 0, = (a),
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(2 a<biffb, <0

(3)a=Dbiff0, = 6,

(4)6g = Aandb; =V,

(5) 0, is the smallest lattice congruence containing (0, a).

Proof (1). Obviously 0, is an equivalence relation on L. Let (x,y) € 6,. Then,xVa = yva.
For all z € L, by associativity and commutativity of Vv, we have

xVvVz)Va=xV(zVa)
=xV(@aVvz)

xVa)Vz

=yVv@vz
=yV(zVa)

= (yVz)Va,

and
xAz)Va = (xVa)A (zV a) by distributivity of L
=@WVvVa)A(zVa)

= (¥ A 2) V a by distributivity of L.

Then, by Theorem 2, 6, is a lattice congruence on L. Now

Ker6, = {xeL:(0,x) €6,}
={xel:a=0vVa=xVa}

={xel:x<a}=[a).

(2) Leta < band (x,y) € 6,. Hence, x Va = yVa. Then,xVavb =yvavb
implies x vV b = y v b. This gives (x,y) € 6, and 6, C 6. Conversely, let 6, 6. Since
(aANb)Va=a=aVa,then (a A ba) € 0,. By hypotheses, (a A b,a) € 0. Then,
(anb)yvb=avbimplies b = a Vv b. Therefore, a < b.

(3) It is obvious.

(4) Since for any (x,y) € 6y, we have x = y. Then, 6y = A. For all x,y € L, we have
xVv1=1=yV1andhence (x,y) € 0;. Hence, 6, = V.

(5) Let 6 be a lattice congruence containing (0, ). Suppose that (x,y) € 0,. Then,xVa =
y V a. Since (x,%), (0,a) € 0, then (x,x V a) € 6. Also, (¥,7), (0,a) € 6 give (y,y V a) € 0.
Then, (x,x V a), (x V a,y) € 6 imply (x,y) € 0. So,6, C 6. O

Proposition 4 For any two elements a and b of a double MS-algebra L, we have
(1) Banb = 04 N Op,
(2) Oavp = 0a v Op
(3)6,00, =006,
(4)6, 00, =06,V 0y,
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Proof (1). Since anb < a, b, then by Proposition 3(2), 0,5 S 64, 0p. Thus, 0,5 C 6,M6p.
Conversely, let (x,y) € 6, N O. Then

x,9) €6,N0, = (x,7) € 6, and (x,y) € 6
= xVa=yVaandxVb=yVb
= @Va)A@xVvb)y=@Vva)A@yVb)
= xV (a Ab) =y V (a ADb) by distributivity of L
= X)) € Oanp-

Therefore, 6, N 6y, C O, and O np = 6, N Gp.

(2) Since a,b < a Vv b, then 6,,6;, < 6,,,. Hence, 6, is an upper bound of 6, and 6.
Assume that 6, is an upper bound of 6, and 6. Then, by Proposition 3(2), 6,0, < 6,
imply that a, b < c. We prove that 6, C 0.. Let (x,y) € 6,yp. Then,xvVavb=yvavhb.
Hence,x Vavbvc=yVvaVvbVvcimpliesxVc=yVcand (xy) € 0. This shows that
0,4vp is the least upper bound of 6, and 6y, that is, 6,5, = 6, V 6.

(3) Let (x,5) € 6, o 0. Then, there exists g € L such that (x,q) € 6, and (g,y) € 6. Thus,
xVa=gVaandqVvb=yVvbPuts= (aVvy) A DbVx).Now

avs=av{@avy n®vVvx)}
= (@aVvaVvy) A (aV bV x) by distributivity of L
=(@VvyAn@vbvgasavg=aVvx

(avy)A@avbvyasbvg=bvy

a Vv {y A (b V y)} by distributivity of L
a V y by the absorbtion identity.

Then, (s,y) € 0,. Also

bvs=bv{avy A(bVx)}
= (a Vv bVy) A (bV x) by distributivity of L
=bvavg AnbVvx)yasbvg=bVy
=bBVvavx)yA(bvx)asxVa=qVa
= bV {(a V x) A x} by distributivity of L
= b V x by the absorbtion identity.

Then, (x,s) € 6. Therefore, (x,y) € 6} 0 6, and 6, o O, C 0}, 0 O,. Conversely, let (x,7) €
0p00,. Then, there exists s € L such that (x,s) € 6, and (s,y) € 0,.Sett = (bVy) A(aVx).
Then, wecangetaVvit=aVxand bVt =>bVvywhich means (x,£) € 6, and (£,y) € 6.
Therefore, (x,y) € 6, 0 0p. S0, 6, 06, C 6, 0 6.

(4) Let (x,5) € 6, o 6. Then, there exists g € L such that (x,q) € 6, and (q,y) € 6. Then,
xVa=gqVaandqVb=yV b. Using associativity and commutativity of v, we get

(avbyvex=(avx)Vb=(@avgVvb=av(gvb)y=av(yVvb)y=(@vb)vy.



Badawy Journal of the Egyptian Mathematical Society (2019) 27:6 Page 12 of 15

Then, (x,y) € 6,5. Conversely, let (x,y) € 6,,5. Then,aVvbVvx = avVv bvVvy.Set
qg=(aVvx)A(Vy). Wehave

avg=av{lavx)n®dVvy)

(aV x) A (aV bV y) by distributivity of L

(avx)A(@aVvbVvx)

=aVxasavx<aVbVax.

Then, (x,q) € 0,. Also, we can get (g,y) € 0p. Therefore, (x,y) € 0,06, and 0, 0500
O

Theorem 9 For any two elements a and b of a double MS-algebra L, we have
(1) 6, is compatible with ° if and only ifa v a°® = 1,
(2) 6, is compatible with * if and only ifa™ Anatt =0,
(3) 0, is a congruence on L if and only ifa € C(L).

Proof (1). Let (x,y) € 6, and a® VvV a = 1. Then, x V a = y vV a. We prove that (x,) € 6,
implies (x°,5°) € 6,.

xy)€b, =>xVa=yVa
= x°ANa° = (xVa) =(Va)® =y Aa° by Theorem 1(5)
= ° Aa®) Va= (y° Aa®) V a Dby joining two sides with a
= (x°Va)A (@ Vva)=(x"Va)A (a®V a) by the distributivity of L
= x°Va=x°Vaasa®Vva=1

= (x°,9°) €6,

Then, (x°,5°) € 6,. Conversely, let 6, is compatible with °. Since (0, a) € 6, by Proposition
3(5), then (1,a°)) € 6,. Hence, (a,a), (1,a°)) € 6, implies (1,a Vv a®) € 6,. Therefore,
l=1vVva=av(@va®)=aVbh.

(2) Let a™ A a™ = 0. Using the properties of dual MS-algebra (L;™ ) and Proposition 1,
wegetat Va>atvatt =@ Aat)T = 0" = 1and hencea™ v a = 1. Now, let
(x,5) € 0,. We have

x,y) €, >xVa=yVa
=t Arat=@kva)t =@ Vvat =y" Aa' by Proposition 1(5)
= (" Aa")Vva=(y" Aa") Vv abyjoining two sides with a
= (" va)A@ va) =& vVa) A (a" Vv a) by the distributivity of L

= ax"va=x"vaasatva=1.

Then, (x*,y%) € 6,. Conversely, let 6, is compatible with *. Then, (0,a) € 6, implies
(1,a™)) € 6,.Since (a,a), (1,a")) € 6,,then (1,ava™) € §,.Hence,1 =1vVa=avar.
It follows thatat AatT = (@vahH)T =17 =0.

(3)Asa € C(L),thenavVv a® = l,arna™ = 0,and a = a°°, the proof follows (1)
and (2). O

Now, we introduce the concept of factor congruences for double MS-algebras.
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Definition 6 A congruence 0 on a double MS-algebra L is called a factor congruence if
there is a congruence ¥ on L such that® N = A, 0 vV = V and 0 permutes with .

Theorem 10 Let L be a double MS-algebra and 6 a congruence on L. Then, 6 is a factor
congruence on L if and only if 0 = 6, for some a € C(L).

Proof Let a € C(L). Hence, a®° € C(L). Using Theorem 9(3), we deduce that 6, and 6,
are congruences on L. Hence, we get

04V 0z0 = O4va0 by Proposition 4(2)
=0asava® =1
= V by Proposition 3(4),

07 N Oz = Oynq0 by Proposition 4(1)
=0pasana® =0
= A by Proposition 3(4),

04 0 040 = 040 0 0, by Proposition 4(3).

Therefore, 0, is a factor congruence on L, whenever a € C(L). Conversely, let 6 be a
factor congruence on L. Then, there exists a congruence ¢ on L such that v = V
and & N = A. Since (0,1) € V = 0 v ¢y = 0 o ¢, then there exists ¥ € L such that
(0,x) € 6 and (x,1) € . Thus, (0,x°°) € 6 and (x°°,1) € . We prove that 6 = 6,0 such
that x°° € C(L). Since (0,x°°) € 6, then by Proposition 3(5), 6,00 < 0. Now, let (p,q) € 6.
Then, (p, q), (x°°,x°°) € 6 implies (p V x°°,q Vv x°°) € 6. Since (x°°, 1), (p,p), (4,q9) € V¥,
then (x°°Vvp, 1), (x°°Vvq, 1) € ¥.Hence, (x°°Vp,x°°Vq) € . Therefore, (x°°Vp,x°°Vvq) €
0 Ny = A. It follows that x°° V p = x°° Vv g and hence (p,q) € 6y00. S0, 8 C 6, and
0 = Oxoo. This deduce that 000 is a congruence on L. So, by Theorem 9(3),x°° € C(L). O

Now, we introduce the concept of balanced factor congruences of a double MS-algebra.

Definition 7 A congruence 6 on a double MS-algebra L is called balanced if (6 v «) N
(0 Vv &) = 6 for all factor congruence a and its complement &. The set B(L) of all balanced
factor congruences which admit a balanced complement is called the Boolean center of L.

Example 2 Consider the double MS-algebra L as in Example 1. Factor congruences on L
are given as follows:

0o = A,60 =V,0, ={{0,c,a},{x,y,2},{b,d, 1}},0, = {{0,%, b}, {c,y,d}, {4,z 1}}.

It is observed that the Boolean lattice B(L), of all balanced factor congruences is B(L) =
{60, 64, Op, 01} which is represented in Fig. 5. Clearly C(L) and B(L) are isomorphic Boolean

lattices.
Lemma 1 Let L be a double MS-algebra and x € C(L). Then, 0, is balanced.

Proof Let « be a factor congruence on L and & be its complement. Using Theorem 10,
there exist a,b € C(L) such that = 6, and @ = 0. Hence,« N@ = Aanda Va = V.
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Fig.5 B(L)

We have

G V)N Oy Va) = OxVO,)N (0, V 0
= Oxva N Oxvp by Proposition 4(2)
= Oxva)r@xvb) Dy Proposition 4(1)
= Opv(anp) by distributivity of L
= 0, V (6, N 6p) by Proposition 4(2) and (1), respectively
=0,V (eNa)
=60,VAasaNa=A
= Oyas A C O forallx € L.

Then, 6, is balanced. O
We close this section with the following two important results.

Theorem 11 Let L be a double MS-algebra. Then, the Boolean center B(L) of L is
precisely the set {6, : a € C(L)}.

Theorem 12 Let L be a double MS-algebra. Then, the Boolean center B(L) is a Boolean
algebra and the mapping a > 6, is an isomorphism of C(L) onto B(L).

Proof The set of all balanced factor congruences of L is B(L) = {0, : a € C(L)} by
Theorem 11. It is clear that §; = V is the greatest element of B(L) and 6y = A is the
smallest element of B(L) by Proposition 3(4). Also, by Proposition 4(1),(2), respectively,
we have 6, N0, = 0, and 6, Vv 0, = 0, for all 6,6, € B(L). Then, (B(L); N, V, By, 61) is
a bounded lattice. For all 8,, 6, 6, € B(L), by distributivity of C(L), we get 0,N (0, vV 6,) =
0a N Opve = Ounavh) = Oavbynave) = Bave N Oave = 0 V 0p) N (0, V 6.). Thus, B(L) is
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a distributive lattice. The complement of 0, is 8,o. Then, B(L) is a Boolean algebra. The
proof of the rest part of this theorem is straightforward. O
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