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Abstract
This research presents the reader some algebraic operations related to combinatorial
games and gives a detailed outlook of a special game called Hackenbush game. We
will deduce a group with a special feature with the help of some basic algebraic
concepts. A fresh outlook to some combinatorial mathematical algebraic operations
and concepts through the evaluation of a deduced group from this game.
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Introduction
As a result of the many mathematical research done by Lagrange, Abel, Galois, and
others in the fields of geometry, number’s theory, and algebraic equations at the end of
the eighteenth century, early nineteenth century, the mathematical theory of “groups”
was discovered [1–3]. That theory has led researchers to the discovery of many essential mathematical concepts such as “sub-groups,” “graphs and groups,” and plenty
others. By building on previous credited works and researches, we can express mathematical groups as graphs. By analyzing the structures of graphs, we can deduce the
properties of their related groups, which can be done by exploiting the notion of “identity” in “group theory.”
By expressing groups by their associated graphs, or in other words “identity graphs,”
we can utilize the “identity graphs” theory’s equations and concepts to conclude the
following.
Two elements x, y in a group are adjacent or can be joined by an edge if x. y = e (e,
identity element of G).
Since we know that x. y = y. x = e, there is no need to utilize the property of commutatively. It is by convention; every element is adjoined with the identity of the group
G. This is the convention we use when trying to represent a group by a graph. The
vertices correspond to the elements of the group, hence the order of the group G
corresponds to the number of vertices in the identity graph [4, 5].
For example, see the identity graph for some groups in Figs. 1 and 2.
In this research, we will utilize the concepts of “graph theory” to analyze some
combinatorial mathematical algebraic operations and concepts through the evaluation
of a deduced group from a combinatorial game called “Hackenbush game.”
© The Author(s). 2019 Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 International
License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium,
provided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
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Fig. 1 An identity graph for the cyclic group G = 〈g| g14 = 1〉

Fig. 2 An identity graph for the Z17 = {0, 1, 2, … , 16} the group under addition modulo 17
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Combinatorial games theory
“Combinatorial game theory” describes the study of sequential games with perfect
information. When playing “Hackenbush,” all players know all the possible outcomes from a given position with no randomness [6]. The game is defined with
the following attributes:
(A) There are two players, left and right.
(B) There is always a finite number of positions, in addition to a starting position.
The game is played by the following rules:
(C) Left and right alternate making moves.
(D) Both players have access to all information always.
(E) There is no randomness to moves made, such as rolling a dice.
(F) A player loses when he/she can no longer make any legal moves.
(G) The game ends when the ending condition is met.
If we have a game G and this game includes options for player L named GL and
options for player R named GR.
Now, we will try to explain the manner of dealing with the games, as well as showing
its rules.
(A) G = {GL| GR}
Numbers represent the number of free moves or the moves possible to a particular
player. By convention, positive numbers represent an advantage for left, while negative
numbers represent an advantage for right. They are defined recursively with 0 being
the base case.
(B) 0 = { | } we will explain Zero game in detail in the section “Hackenbush game”.
(C) G = 0 means the first player loses
(D) 1 = {0 | }, 2 = {1 | }, 3 = {2 | }
(E) −1 = { | 0}, − 2 = { | −1}, − 3 = { | −2 }
Star, written as * or {0|0}, is the first player’s wins since either player must move to a
Zero game, which will be defined later in the research, therefore wins.
* + * = 0, because the first player must turn one copy of * to a 0, and the other player
will have to turn the other copy of * to a 0 as well, at this point, the first player would
lose, since 0 + 0 admits no moves.
Like all other games, the game * is neither positive nor negative, in which the first
player wins.
(F) ∗ = {0 | 0 }
(G) ∗ = − ∗
(H)G ║ 0 means the second player loses
(I) G > 0 means left wins
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Fig. 3 An example of Hackenbush game

(J) G < 0 means right wins
Up, written as ↑, is a position in combinatorial game theory [7]. In standard notation,
(K) ↑ = {0| ∗}
Down, written as ↓, is a position in combinatorial game theory [7]. In standard notation,
(L) ↓ = {∗| 0 }
(M)↓ = − ↑
We will explain the last two definitions in detail in the next section.

Hackenbush game
In Hackenbush, the drawn figure uses vertices and line segments, which are connected
to a final line called the ground. Players take turns deleting one of their lines.

Fig. 4 A simple Hackenbush game tree with values
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Fig. 5 What could this game equal?

Therefore, left and right take on the colors blue and red respectively. If there is, at any
time, a path that cannot be drawn from the ground to a line segment, the segment is
deleted. This allows for more strategic plays as a player can delete an opponent’s move
during their turn [7, 8]. Figure 3 is an example of the Hackenbush game.
Now, we will discuss how the game is played. In a game represented by Fig. 3. We
will pick left to make the first move. Left has two legal moves. He can either remove
the line on the right or the line on the top of the red line. However, the latter move is
best, because it allows right to take his middle piece, and effectively remove left’s piece
with it. Likewise, right should take his middle piece if he moves first for that same
exact reason. That would be the optimal plays in that current example. Mathematically,

Fig. 6 Example of a ∗ game with a green line
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Fig. 7 An example of an up game

after every move, the resulting game’s board becomes a sub-game of the original game’s
board, or in other words, a new game with new independent possibilities [9, 10].
Assuming optimal plays are always being made, finite values can be assigned to each
game or sub-game. These values are determined by observing the advantages the left
player has, after each move. For example, after Left makes a move, he has a moves advantage over right, but after right moves, left has b moves advantage over right.

Fig. 8 A down game, showing the negation relation
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Fig. 9 class of Zero game

Those values could be written in the form {a| b}. This form does not make any quantifiable sense at the moment, because of the actual value determined by what “a” and “b” are.
Before explaining how to find those values, we will first consider the case in which
there are no legal moves for neither players, left or right. Therefore, the player’s (with
no legal moves) score is left blank in the notation. If both players have no legal moves,
the result is a Zero game.
Definition 3.1. A Zero-game
A Zero-game is a game that scores { | } = 0, or in other words, the player who moves
next loose, assuming all moves made are optimal.
For Hackenbush, the simplest form of a Zero game equates to an empty board at the
beginning. Thus, it is obvious the first player to move has no legal move, therefore
loses. In another scenario, if we were to add one blue line, left would have 0 moves
after he removes the only possible line, and right would have no legal move giving left
a clear 1 move advantage, written {0| } = 1. This trend continues in such a manner that
{n| } = n + 1, as n equals the number of remaining moves left has, after making the
optimal move [11].

Fig. 10 Negative of a game
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Table 1 Classification of the games by outcome
Outcome

Called

Example

Negative

Second player wins

Zero

0

Zero

First player wins

Fuzzy

*

Fuzzy

Left wins

Positive

1

Negative

Right wins

Negative

−1

Positive

However, what will happen if we add the red line instead? As done before, these values
are applied with respect to the advantage of the left player. Thus, adding one line for right
results in putting left at a one move disadvantage, or a (−1) advantage. So, adding one red
line results in { | 0} = − 1. Adding two red lines would then be { | −1} = − 2. And so on to
a general form of { | −n} = − (n + 1), as n equals the number of remaining moves right has
after the optimal move.
Now with the groundwork out of the way, we can start using the values of sub-games
to determine the value of an overall game, for example, see Fig. 4.
After left moves, right has one legal move. In that case, we clearly have a { | 0 } = − 1
situation. Conversely, if right moves first, we have { 0 | } = 1. This results in the overall
game having a value of {−1| 1} = 0. It makes sense because we equally added one independent move for both players to an empty board [12], which means that the advantage
does not change. But what about the game in Fig. 5?
Now both players have been given one line each. But if left moves, right’s only legal
move is eliminated, but if right moves, left will still have one legal move. It is not so
clear what the given value of this game by implementing the “scoring rules” discussed
earlier. That is why we must utilize a new rule called the “simplicity rule,” to assign
values to the previous example [13].
Definition 3.2. A * game
A * game (pronounced star game) is an infinitesimal game that scores.
{0| 0} = ∗ resulting in the first player to move wins, assuming all moves made are
optimal [14].
For example, Hackenbush’s game has another line type that is green, which is
claimable by either player. Then, we get the following game which results in a
value of {0| 0} = ∗ (see Fig. 6). Building on the previous concept, we can see results

Fig. 11 Example of the inverse of

1
2
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Table 2 One to one function
Integer numbers (Z)

Sets of classes

.

.

.

.

.

.

.

.

.

−2

↔

Class of − 2 game

−1

↔

Class of − 1 game

0

↔

Class of 0 game

1

↔

Class of 1 game

2

↔

Class of 2 game

.

.

.

.

.

.

.

.

.

like {n| −n} = n∗, as n ∗ = n + ∗. It is also worth noting that ∗ has the property such
that ∗ + ∗ = 0, see Fig. 6.
Furthermore, there are more two infinitesimal games.
Definition 3.3. An ↑ game
An ↑-game (pronounced “up game”) is a positive infinitesimal game as the score is
{0| ∗}, favoring the Left player [15], as shown in Fig. 7:
The negative version of an up game is called a down game and defined as follows.
Definition 3.4. An ↓game
A ↓ game (pronounced “down game”) is a negative infinitesimal game as the score is
{∗| 0} which favors the right player [15].
The relation between “up” and “down” games represents the relation among the inverses of games. In every game, there is a way to reverse every move, which results in negating the value of the game originally obtained. In Hackenbush, this is obtained by
replacing every red line with a blue line and vice versa. See Fig. 8.
Property 3.1.
(A) − 21n < ↓ < 0 < ↑ < 21n
for any integer n > 0.
(B) ↓ = − ↑ .
(C) Both ↑ and ↓ are fuzz to
f↑j↓g ¼ f↑j 0g ¼
(D)
¼ f0 j↓g ¼ f0 j 0g ¼ :

.

Table 3 Addition modulo 6 in the group H6
+

CO 0

CO 1

CO 2

CO 3

CO 4

CO 5

CO 0

CO 0

CO 1

CO 2

CO 3

CO 4

CO 5

CO 1

CO 1

CO 2

CO 3

CO 4

CO 5

CO 0

CO 2

CO 2

CO 3

CO 4

CO 5

CO 0

CO 1

CO 3

CO 3

CO 4

CO 5

CO 0

CO 1

CO 2

CO 4

CO 4

CO 5

CO 0

CO 1

CO 2

CO 3

CO 5

CO 5

CO 0

CO 1

CO 2

CO 3

CO 4
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Table 4 Addition modulo 2 in the group (H2 × H2, +)
+

(0,0)

(0,1)

(1,0)

(1,1)

(0,0)

(0,0)

(0,1)

(1,0)

(1,1)

(0,1)

(0,1)

(0,0)

(1,1)

(1,0)

(1,0)

(1,0)

(1,1)

(0,0)

(0,1)

(1,1)

(1,1)

(1,0)

(0,1)

(0,0)

Hackenbush group
For every Hackenbush’s game, a class can be defined. For example, the class of Zero
game, see Fig. 9.
Let us define the binary addition operation to a set (H) of unique classes defined above


x þ y ¼ xL þ y; x þ yL jxR þ y; x þ yR
Theorem 4.1. Addition is commutative.
Proof
Base case: G + 0 = 0 + G for all games G.

 

x þ y ¼ xL þ y; x þ yL jxR þ y; x þ yR ¼ y þ xL ; yL þ xjy þ xR ; yR þ x ¼ y þ x
Theorem 4.2. Addition is associative
(x + y) + z = x + (y + z) The proof is clear.
We get negate by replacing the red (R) sides with blue (L) and vice versa and keep
the green (R, L) as it is, see Fig. 10.


−G ¼ −GR j−GL

The effect here is that all moves of left and right are switched.
G + (−G) is a second player wins. For example, right first:
Right to move, so left wins.
We can classify the games by its outcomes (Table 1).
Definition 4.1. Hackenbush group
The set H is defined as a group because the following conditions are met.
if h, h1, h2, h3 ∈ H
(A) Closure: if h1, h2 belong to H, h1 + h2 is also in H.

Fig. 12 We get the identity element
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(B) Associative h1 + (h2 + h3) = (h1 + h2) + h3 for all h1, h2, h3 in H
(C) Identity element: there is a class 0 in H such that h + 0 = 0 + h = h for all h in H

0þ0¼fjgþfjg¼fjg¼0
x þ 0 ¼ x þ f j g ¼ f X L þ 0 j X R þ 0 g ¼ fX L j X R g ¼ x
0 þ y ¼ f j g þ y ¼ f 0 þ Y L j 0 þ Y Rg ¼ f Y L j Y R g ¼ y

(D) Inverse element: for each h in H, there is an element −h in H such that
h + (−h) = (−h) + h = 0 see Fig. 11

(E) Commutative h1 + h2 = h2 + h1 for all h1, h2 in H
Definition 4.2. The group under addition modulo (n)
We can create one to one function as shown in Table 2.
If we take Hn = {0, 1, 2, … , n − 1}; 0 is the CO (class of ) Zero games, 1 is the class of
One games and so on. Let us define the operation ⊕:
for every h1, h2 ∈ Hn;

h1 þ h2
h1 þ h2 < n
h1 ⊕h2 ¼
h1 þ h2 −n h1 þ h2 ≥n
It is clear from the definition that the operation ⊕ is closure, associative, commutative, and has an identity element (0). For every element h ∈ Hn there is an inverse element n − h, or −h = n − h. Therefore, Hn is a commutative group under addition modulo
n. For example, H6 = {0, 1, 2, , 3, 4, 5} the group under addition modulo 6 is shown in
Table 3.
The inverse of the element 1 is −1 = 6 − 1 = 5 and the inverse of 2 is −2 = 6 − 2 = 4
Example 4.1. This group ( 2 × 2, +) consists of two tuples with addition defined
element-by-element modulo 2. An addition to the group table is shown in Table 4.
What is special in Hackenbush’s group?

Hackenbush group (H) is an infinite commutative group that has an element (not the
identity) when added to itself, we get the identity element, see Fig. 12.

Conclusion
In this research, we have utilized combinatorial mathematical algebraic operations and
concepts, through the evaluation of a deduced group from a combinatorial game called
Hackenbush game to define the unique Hackenbush group.
Now, what happens if we considered the multiplication’s operation on what we have
analyzed above.
xy ¼ fX L ; X R gfY L ; Y R g ¼ fX L y þ xY L −X L Y L ; X R y þ xY R −X R Y R jX L y
þxY R −X L Y R ; xY L þ X R y−X R Y L g:
Or the division’s operation that is done in terms of reciprocal and multiplication
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>
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>
>
>
>
>
>
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>
>
>
>
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>
>
>
>
>
>
:
;
;
yL
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Would that lead to the creation of Rings, Fields, etc.… and would such research be
applied to the world of Algebra? Only further research will tell how far Combinatorial
Game Theory can go.
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