Faried et al. Journal of the Egyptian Mathematical Society
https://doi.org/10.1186/542787-019-0036-7

(2019) 27:37

Journal of the Egyptian
Mathematical Society

ORIGINAL RESEARCH Open Access
Check for
updates

Solvability of initial-boundary value
problem of a multiple characteristic
fifth-order operator-differential equation

Nashat Faried', Labib Rashed', Abdel Baset I. Ahmed?” and Mohamed A. Labeeb?

*Correspondence:

abdel2007@yandex.ru Abstract

?Helwan University, 11865 Cairo, In this study, we establish existence-uniqueness of a vector function in appropriate
Egypt

Full list of author information is
available at the end of the article

Sobolev-type space for a boundary value problem of a fifth-order operator differential
equation. Proper conditions are obtained for the given problem to be well-posed.

Much effort is devoted to develop the association between these conditions and the
operator coefficients of the investigated equation. In this paper, accurate estimates of
the norms of the intermediate derivatives operators are presented and used to
determine the solvability conditions.
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Introduction
Initial-boundary value problem theory in Banach or Hilbert space on the real axis is useful
because it enables to study equations of parabolic and elliptic differential operators with
initial-boundary conditions.
We shall study the following initial-boundary value problem in a separable Hilbert
space H :
5 5—j

2 N\[(d 3 d
j=

x € R = (—00,400) (1.1)
d*u(0)

=0,5=0,1,2,3 12

dxs s (1.2)

where A is a self-adjoint positively defined operator and A;,j = 1,2,3,4,5 are lin-
ear unbounded operators. From now on, the derivatives are accepted through the
distributions theory (see [1]). We specify the following subspaces.

We consider f(x) € Ly(R; H), and u(x) € W25 (R; H), where:

+00 :
Ly(R H) = 1 f ) : If O, wm) = </ @I dx) - +00}’
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W3 (R; H) = [u(t) L U0 ¢ LR H), ASu() € LZ(R;H)} . With the norm
1
5 2
12t v (rirpy = (||%||%2(R;H) + ||A5u||i2(R;H)) (see [2-5]).

Definition 1 If for any f(x) € Ly(R; H), there exists a vector function u(x) € WZS (R, H)
that satisfies (1.1) almost everywhere in R, then it is known as a regular solution of (1.1)

Definition 2 If for any function f(x) € La(R; H), there exists a regular solution u(x) e
Wg (R; H) of (1.1) satisfying the initial boundary conditions (1.2) in the sense that

. dt
Jim 43— L4
x—0 dx*

and the inequality

lg=0, i=01,23

”M” WZS(R;H) < ConSt”f”Lz(R;H);

holds, then problems (1.1) and (1.2) will be regularly solvable (see [6, 7]).

Main results
From the theorem of intermediate derivatives (see [8, 9]) if u(x) € W25(R;H), then

A>T % € Ly(R; H),j = 1,5 and the following inequalities:

. dux)
AT
l g

Izawsen < cillllws gy ) = 1,2:3,4,5 (2.1)

are correct.
Equation 1.1 has the following operator form: Qu(x) = Qou(x) + Qiu(x) = f(x), where
2 3 5
Qo = (—57 +A2) (% +A) and Q = Y3 A, 4L
The following theorem provides the association between the norms of operators of
intermediate derivatives and the solvability conditions of the problems (1.1) and (1.2).

Theorem 1 The operator Qg isomorphically maps the space W25 (R; H) onto the space
Ly (R; H), moreover, for f (x) € Lo(R; H) and Eq. 1.1 has a solution

+00
ux) = / G(x — )f (s)ds + uo(x),

—00
where
(E+2A(x — ) +24%(x — 5)>+
Gx—s) =2"* 1 +843(x — 5)?)e A¢=9474, if x>s,
AE—9) 44 if x<s,

4 o0
up(x) = —27% ((E + 2Ax + 2A%% + 3A3x3> / e A A4 (5)ds+
0

4 0
+ (E — 245 +2A4%% — 3A333) / e A=) A= (5)ds+

—00

0
+ 2Ax (E — 24s + 24%7) / e A=A (5)ds+

—0Q0

0
+ 24%x% (E — 2As) f e A=A (5)ds+
—o0

4 0
+-A%3 / eA(xS)A4f(s)ds> .
3 —o0
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Proof Let Eq. 1.1 has a solution u(x) = u;(x) 4 up(x), where

“+0o0
u1(x) = / G(x — s)f (s)ds,

—0o0

and
uo(x) = goe % + prAxe ™A + o A2x%e A 4 P3ABxPe 4%,
¢0 = _MI(O),
b1 = o — A1} (0),
1 1 -2 1
¢2 =1 — 5450 - EA u7(0),
b3 = ~g0— AT 0) — ~p1 + 9
3 6 0 6 1 9 1 25

First, we find Green’s function of Eq. 1.1 where, 4; =0, j = 1,2,3,4,5.
The operator Qg can be simplified on the following form:

Qo = 4 +A 4 +A '

0~ dx dx ’

then applying Fourier transform to the equation Qpu(x) = f(x), we obtain:
(—iE + A)GEE + A)*u(®) = £ ).

where E- identity operator and ;(S ),f (&) are Fourier transforms to the functions
u(x), f(x), respectively.
Thus, the polynomial operator pencil (i€E — A)(i£E + A)* is invertible, and moreover,

= CeE+ @i+ a & 22)

+00 -
u(x) = / (—iEE+A) ' GEE+A) T ()t Vdg.

—00
Using Cauchy’s theorem of residues,
atx < s
e (t—s)
Res= lim ——— =27%A@9 44
iE—~A (IEE+ A)*
atx > s

1 dS eig“(t—s)
Res=— lim —|—— | =
6it>-AdE3\ —iEE+A

8
= (E +2A(x —s) + 24%(x — 8)> + gA3(x - s)3> e A=) 44,

Then from inequality (2.1), it is simple to prove that Qp which acts from WS (R;H) to
Ly(R; H) is bounded (see [10]).

Now, we show that u(x) € Wf (R; H).

Using the Parseval’s equality and (2.2), we obtain:

2 _ *u 2 A5 y112 _
16l yys sy = |5 Wiy + 1A L, iy =
= [lig>u@I3, gy + 1A @, oy =

= lic5(—i§E + A) " GEE + A) " €112, o+
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HIAS(—IEE + A) " GEE+ A ©12, ) <

< suplli¢> (=it E + A) T GCE + A N wllf O, o+
CeR

+sug||A5<—icE +A) T GCE+ A TR g O, - (23)
Ce

From the spectral decomposition of the operator A (o (A)— the spectrum of operator A)
for e R (see [11]), we have:

lig® (—iCE + A) T GE + A) o m =y ey, 18 (=it +0) 7ML +0) 74 <

lz|®
< sup ————— <1, (2.4)

o€a(A) (;—2 +O'2)%
IA®(—iE+ A) " (CE+A) Ypon = sup |0°(—ilE+0) '@E+0)7Y <
oeo(A)

ob

- <1 (2.5)

< sup :

oeo(A) (£%2402)
From (2.4) and (2.5) into (2.3), we obtain:

1435 iy = 2 Oy = 21 I gy

Hence, u(x) € W3 (R; H).
Using the Banach theorem of the inverse operator, then the operator Qq is an isomor-
phism from W25 (R; H) to Ly(R; H) (see [12]). O

Before we formulate exact conditions on regular solution of the problems (1.1) and
(1.2), expressed only by its operator coefficients, we must estimate the norms of inter-
mediate derivative operators participating in the perturbed part of the given equation.
Theorem 1 leads to the norm ||Qoul|z,z;) is equivalent to the norm ||M||W25(R;H) in
the space W25 (R; H). Therefore by the norm ||Qou||1,®;H), the theorem on intermediate
derivatives is valid as well.

Theorem 2 When the function u(x) € W; (R; H), so it keeps the following inequalities:

I A M
dx5

Iz, ®m < bjllQoutll,riH),j = 1,5 (2.6)

true, where by = by = %,l@ =b3 = %,% = 1see[13].

Proof To establish the validity of inequalities (2.6), we take Qou(x) = f(x) and apply the
Fourier transformation as follows:

LAV (i0)> (—iCE + A)LGCE + A4 (©) Ly ) <

< sup A/ (i8)> 7 (—icE + A) T GCE + A o nf (Ol @)
e

j=123,45 (2.7)

For ¢ € R, we have:

1A/ (i¢)> 7 (—i¢E + A) " GCE + A) " Hlpon <
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< sup |0/(i¢)*/(—=itE+0) '(E+ o)t =
ogea(A)

n((5—i)/z)
= sup T =b,j=12345
nz%zo (T] + 1)2

Using inequalities (2.7), we have:
147 (i0)> 7 (—itE+ AT GCE + A) " (O L@ <

=< b]'”f(g)”Lz(R;H),j =12, 3»4’ 5.
O

Lemma 1 The operator Qq continuously acts from W25 (R;H) to Ly(R; H) provided that
the operators AjA_f,j =1,2,3,4,5 are bounded in H.

Considering the results found up to now see [14], for problems (1.1) and (1.2), we get
the possibility to establish regular solvability conditions.

Theorem 3 Let |k| < 2A0(A = Ax > AoE, Ao > 0) for any u(t) € W/g(R; H), then holds
the inequality

b(k) (et IALA ™ -1 + () A2A 2 o1 + c3(R) [ A3A ™3 | o 1+
+ea (k)| AsA™ | o 1) < 1 see [15],

where
3
_ 4xolro+k| |2 _ 2) 4ol ro+k|
c1(k) = [1 + Gioth? ] ) CZ(k) = Dotk [1 + Gioth? ]
o ad 40| ro+k| 8A3
c3(k) = (2ho+k)2 [1 T @ioi? | cak) = <2ko+k)3’
and
A . k* 1
T F0saz<y
b(k) = { 2° (25-4)2 ’
2hglk| if L<® 21
43—k’ 3 = wml

Theorem 4 Suppose that the operators AjA_/ ,j = 1,4, be bounded in H and they hold
the inequality

4
D GRBINAA [ < 1,
j=1
where the numbers Cij(k),j = 1,2,3,4 and b(k) are determined in Theorem 3 so the
problems (1.1) and (1.2) are regularly solvable (see [16, 17]).

Proof where f(x) € Ly(R;H),u(x) € W25 (R;H) and by Theorem (1.1), there exists
a bounded inverse operator to Qy, which acts from Ly(R; H) to Wf (R; H); then after
replacing Qou(x) = w(x) in Eq. 1.1, it can be written as (E + Q1 Qal) w(x) =f(x).

Now, we prove under the theorem conditions see [18], that

1Q1Qy s it > Lo ety < 1.

By Theorem 3, we have:
||Q1Q0 WL, wH) = ||Q1M||L2<RH) < Z, 1 IIA/
< Y4 A_]||H—>H||A] |y ) <

PR ||L2(RH) <
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< 3 GUROBGOIAAT 51 1| QoL (ritt) =
= Z;L=1 CiObINAA - IV ®H) -

Consequently,

1Q1Qy ooy < Yjey GO IAAT |non < 1. Thus, the oper-
ator £ + Q1Q, 1 is invertible in Ly(R;H); therefore, u(x) can be determined by

u(x) = Qal (E + QlQal)ilf(x); moreover:

-1
—1 -1
”u”WZS(R;H) = ||Q0 ||L2(R;H)ﬁ WZS(R;H) X || ((E + QIQ() )) ||L2(R;H)%L2(R;H) ”f”Lz(R;H)

< constHfHLz(R;H)

Conclusion

In the whole real axis, with a multiple characteristic, fifth-order and self-adjoint differen-
tial operator has not been researched so far. We demonstrated the association between
the coefficients of the differential operator and the conditions of problems (1.1) and (1.2)
to be regularly solvable. We estimated the norms of intermediate derivative operators
which appear in the essential part of the investigated equation, and we proved that the
maximum value of the b;,j = 1,2,3,4,5 does not exceed one. The norms of the linear
operators participating in the second part are estimated and used to formulate the exact
solvability conditions.
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