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Introduction

Any differential equation obtained from a given differential equation and having the
property that its solution is an integrating factor of the other is known as adjoint dif-
ferential equation. Self-adjoint singularly perturbed differential equation is a differential
equation whose highest order derivative is multiplied by a small positive parameter
and that has the same solution as its adjoint equation [1, 2]. In a singularly perturbed
problem, small positive parameter affects the highest order derivative(s) of the differen-
tial equation which gives rise to large gradients in the solution over narrow regions of
the domain, so that the presence of a small perturbation parameter in the differential
equation typically leads to boundary layers in the solution, which makes the conver-
gence analysis very difficult [3]. As Miller et al. [2], boundary layer is a region of the in-
dependent variable over which the dependent variable changes rapidly.
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Singularly perturbed second-order boundary value problem occur very frequently in
fluid motion, chemical reactor theory, elasticity, diffusion in polymer, reaction-diffusion
equation, control of chaotic system, and so on [4]. Upon setting ¢ =0, if the order of
singularly perturbed differential equations is reduced by one, then the problem is called
convection-diffusion type and if the order is reduced by two, it is called reaction-
diffusion type. Hence, second-order singularly perturbed self-adjoint ordinary differen-
tial equations are types of reaction-diffusion problems. Since the solution of this
problem exhibits one or two layers, the existing numerical methods give good results
only when the mesh size / is smaller than the perturbation parameter ¢ (i.e., < ¢). But
it is an expensive and time-consuming process. If we take /i > ¢, the existing classical
numerical methods produce oscillatory solution and pollute the solution in the entire
interval, because of boundary layer behavior. In connection to this, there are some
numerical methods suggested by various authors for solving self-adjoint singular per-
turbation problems, namely, initial value technique [5], quintic spline method [6], non-
polynomial spline functions method [7], difference scheme using cubic spline [8], finite
difference method with variable mesh [9], fitted mesh B-spline collocation method [10],
higher order numerical methods [11].

More recently, Fasika et al. [12-14] and Feyisa and Gemechis [15] have developed a
higher (fourth, sixth, eighth, and tenth) order compact finite difference method to solve
singularly perturbed reaction-diffusion problems. These authors developed higher order
compact finite difference methods for the constant coefficients of diffusion and reaction
terms of the problem. Even though their methods give more accurate numerical solu-
tions, it is restricted to treat constant coefficient problem. Also, other scholars, Terefe
et al. [16] and Yitbarek et al. [17], have presented fourth- and sixth-order stable central
difference method, respectively, for solving self-adjoint singularly perturbed two-point
boundary value problem. Therefore, the main objective of this study is to develop a
stable and more accurate numerical method that works for solving both constant and
variable coefficient second-order self-adjoint singularly perturbed boundary value
problems.

In this paper, we planned a fourth-order stable central difference with Richardson
extrapolation method for solving second-order self-adjoint singularly perturbed bound-
ary value problems. First, the derivative in the given differential equation is replaced by
the finite difference approximations. Then, the ordinary differential equation converts
to a linear system of algebraic equations, and these algebraic equations are transformed
to a tri-diagonal system, which can easily be solved by the Thomas algorithm. Further,
coding of the program in MATLAB software for the obtained tri-diagonal system has
been performed. To validate the applicability of the method, some model examples are
considered for numerical experimentation. Both the theoretical and numerical rates of
convergence of the scheme have been investigated.

Formulation of the method

Consider the singularly perturbed self-adjoint boundary value problem of the form:

~e(a0)y (x)) + b)) = gl). xQ=(0,1) 1)

subject to the boundary conditions:
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y(0) =a
and
y(1)=p (2)

where ¢ is a perturbation parameter that satisfies 0 <e< <1, a, 8 are given constants
and the functions a(x) =0, b(x) =0 and g(x) are assumed to be sufficiently continuous
differentiable functions. By product rule differentiation, Eq. (1) can be re-written as:

~ey (%) + plx)y (%) + a(x)y(x) = () (3)

where

In order to develop the finite difference method, the interval [0, 1] is divided into N
equal sub-intervals with set of grid points x; =xg + ik, for i=0, 1, 2, ..., N, where h = ﬁ

For convenience, let p(x;) = p;, q(%i) = q;,7(%:) = 5,5 (1) = 3, - 7y<” (xi) = 5"

Assume that y(x) has continuous higher order derivatives on [0, 1], and to develop
the fourth-order stable central difference scheme, we use Taylor’s series expansion in
order to get central difference formula for y;, andy; .

’ h2 / h3 1y h4 4 h 5 h 6
)’z+1:yi+hyl"5‘53’1‘/‘*‘5%/"‘])’5) 5,3’5) 61%() - (4)

S W W5 K s
Yior = yirhy g =g g g g (5)

From Egs. (4) and (5), we have:

2 4 2
YV W B 5 d v Vi1=2Y + ¥ B
, = — . =T 6
¥i 7 Vi ~goY T oandy, ) )i T (6)
where 71 = 2,7 and 7, = 54 y,©

Substituting Eq. (6) into the discrete form of Eq. (3) gives:

) Pih . ih4 (5)
%J’i"’ﬂ(yiﬂ_}’i ) " (3’1+1 2y, + ;. ) 6 J’i +1_2yl 1203’;‘ +ro=f; (7)

where
To = Pﬂ'l —&T)

Differentiating Eq. (3) successively and considering at the nodal points yields:
1y 1 !’ ! ’ ’ !
=g (b + (b + @)y + a1 (8)

1 1y ! ! ! ' ] ' '
J’t<4) == (Piyi, n (2Pi +q,'>3’i/ + (p,'/ +2g; )yi +q; %"f,«’) 9)
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1 ! 4 ! ’ ! rr 1 ! o
3 == (po® + (32 +a.)y + (30" +34, )3 + (0 +34 )7, +ai v~f, )

Using Eq. (10), the term which contains y,*) from Eq. (7) becomes:

4 21,4 (4) (4)
L L (3p<’ +q‘)yr”'—p"h
120 7 12067 71206 P A g,

-pih” N pih -
" 134 )y . 4
1208 Pi T34 )y 500 Ta0g )

(30 +34,)%

Also, from Egs. (4) and (5), we have the central finite difference approximation:

rYir17 Vi

yi 2h +T3

and

" Vie1=29; T ¥

i h2 + TAL (12)

where

- .

I3="gJi

and

= 1w
4T T

Putting Eq. ((12), into Eq. (11) gives:

4 214 (4)
-pil (5) pih (4) pih ( ’ ) "y
. = - A 3p. . .

120 7 12067~ 120 \Pi T 9i)7

LS
- (1208 (30; + 3%-)) (i41=29 + 1) (13)

3 'Y 1 4 4
pl® pa'ht | pht -
'(1208 (P +3q")>(yi+1 Yir) = "Ta0e Y T Ta0elt T

where

4

(b + 34, )72 222 (30, +34 )7
¢ T T 0 P

Pih4
120¢

T5 =

Substituting Eq. (13) into Eq. (7) and rearranging, we get:

B (B B Yo
<LL' 120e )yi+ <2h 240¢ (£ +34;) ) (i1-9i1)

€ | B} o o pil®  pik* ;. N -
- <hg + 1268 (3Pi + 3%’)) 1=+ i) - (6 + 120¢ (3Pi + ql) y (14)

eh* p’h’ ph* .
+<§' 1208)%L Fre =S 0.

where

Te =T+ T5

Again, using Eq. (9), the term which contains yl(.4> from Eq. (14) becomes:

Page 4 of 14



Siraj et al. Journal of the Egyptian Mathematical Society (2019) 27:50

"2 9 a4
g pig;h
< 12 1208 )”JF”

ﬁ_??hz} 4_ Pih2_ P?hZL Ty
12 120¢)” 12 1202 )7
(12 120 2> ( D; + qi)) (yi+1_2yi +yi—l) (15)

W opit
((24 240&) pit ql))(yiﬂ_yi-l)_(E_uoSZ)f"

2 2
where 77 = (% 12052)(2pz + qz)T4 + (12 12032)@ + 2%)
Substituting Eq. (15) into Eq. (14) yields:

_pa M a1 pla i
1206 | 12 1208 )

3
+ (57 - ’2”;?, (pi +3q;) + (2;; z L;é;z)) (b +24,) Oia711)
(hz + fé}(z) (31’; + 3@) <1_12 - inzl(l)/;z)) ( Pli + qi) (Vii1—2: +5i1) (16)
(4 e vl ) L5 o o
2 2,4 4
= s+ (3 oo )l
where
I3 = Tg + T7.
For simplicity, let
Ai=q;~ pthles +%_pizqés2 ' Bi= 4_2405(17 +3q;) + (*_24052)(17 +2q)
2
Ci= % * gl(q)s (3‘” Pt 3‘1;) (112 fé:&) (2p i+ ql‘)
D; = %_W (319, + qz)_l__ 120s2 ) Hh( ) =fi+ (il; +4 12052 )fz fégsf
Then, Eq. (16) re-written as:
A; + Bi(¥i11-9i-1) ~Ci(031-2i + 9,1) + Diy; + 75 = Hh(i) (17)

Lastly, using Eq. (8), the term that contains y, from Eq. (17) becomes:

w D D; /. Dyg; D ..
Dy," == l(yt+1 -2y, + i 1) +2T,ll£ (Pi +‘L‘) (yHl_yi—l) + lsl yi_;lfi +19 (18)
where
.D; D;
T9 :pl T4 +—T3
€ €

Putting Eq. (18) into Eq. (17), and write in three-term recurrence relation:
~Eiyiy + Fiyi=Giyiy + 110 = Hi (19)

whereE; = C;- +B +2(p, +q;), Fi=4 +D‘11+2(C )G C‘—%_B"ﬁs
(p, +q,) and H,- = Hh(i) + ;fiw1th truncation error: T,y = Tg + To.

Page 5 of 14
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Richardson extrapolation

The basic idea behind extrapolation is that whenever the leading term in the error for
an approximation formula is known, we can combine two approximations obtained
from the formula using different values of the mesh sizes /1 and 0.5/ to obtain a higher
order approximation and the technique is known as Richardson extrapolation. This
procedure is a convergence acceleration technique which consists of a linear combin-
ation of two computed approximations of a solution (applied on two nested meshes).
The linear combination turns out to be a better approximation.

Since the truncation error of the formulated method Eq. (19) is O(4*), we have

| y(x:)-Yn | <C(h*) (20)

where y(x;) and Yy are exact and approximate solutions respectively, C is constant in-
dependent of mesh sizes 4.

Let Q*N be the mesh obtained by bisecting each mesh interval in Q" and denote the
approximation of the solution on o by Y,n. Consider Eq. (20) works for any 4 =0,
which implies:

y(x,-)—YNSC(h4) + RN, xeN (21)

So that it also works for any %:ﬁO and yields:
N
y(x:)-Yon<C ( <§> ) + RN x QN (22)

where the remainders, RY and R*M, are of O(h6). A combination of inequalities in Egs.
(21) and (22) leads to 15y(x;) — (16Yon - Yn) = O(h®), which suggests that

(Yn)® = % (16Yn-Yy) (23)

is also an approximation of y(x;). Using this approximation to evaluate the truncation
error, we obtain:

| () (Yn) | <CH® (24)

Now, using the solutions obtained by the scheme given by Eq. (19), we get another
third solution in terms of the two by Eq. (23). This is Richardson extrapolation method
for the fourth-order finite-difference scheme only to accelerate the rate of convergence
to sixth order.

Consistency of the method

Local truncation errors refer to the differences between the original differential
equation and its finite difference approximations at grid points. Local truncation errors
measure how well a finite difference discretization approximates the differential

equation [18]. In our case, the last truncation error in Eq. (19) is 719 = 73 + To.

But, from Egs. (16) and (17), we have 13 = 14 + 7and 19 = p"TD’ T4+ % 73, So that:

piDi

D;
T10 =Te¢ + 77 + Ty +—1T3
£
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p:Di

i
Tio=To+ 75+ 77+ T4+?T3,

because of Eq. (13)
Also, from Egs. (13) and (15), we have:

4 4
P sy 2 (s 43
1008 Pi +34; )73~ 1500 (3p: +34 )7

h2 pi2h4 (2 ’ + ) + h2 pi2h4 ( " + 2 /)
T = _— . )T _— . )T
77 12 12022 J\Pi T4 )T\ 1y T 100e2 ) \PE T 2i) T

Hence, the truncation errors are re-written as:

Dl‘ h2 p.2h4 " ’ ph4 "
= — = , 2 ,)— ! , 3qg.
o =To+ <s * <12 12082) (p, +24;) = To0e i q‘))rg

T5 =

2
L (BDi (K _plH (2,+ )pih“(grergf) . 25)
e \12 12082 \FPi T 4i) "0, \PPi T4 ) | T
Again, from Egs. (6), (7), and ((12) into Eq. (25) and after rearranging yields:
| TE | <Ch* (26)

where TE = 1,5 and

1. (p ph (35 + ) p’ (1 pK (v/ +24) pl
=lz 3p; —- " +2g.)- "4 3g.
<=l (12e+12052 P+ i) + 0+ \ 13 T0e) (P T 241) g, (P +341)

6J’i

1 w(p  pir (3 + ai) PR (1 plK () + ) P (307 + 34
— 3p, — % +q,)- 3 +3
T127 126 T 12082 \Pi T 1) T g0 T 12 T 100e2 ) \PPi T 9) " 150 PP T

€ pH?
& ) Pi
360”7 5040

yi(7) ‘

Thus, the developed scheme without applying Richardson extrapolation is fourth
order accurate or order of convergence is O(h™). As Zhilin et al. [18], a finite difference
scheme is called consistent if the limit of truncation error (TE) is equal to zero as the
mesh size /1 goes to zero. Hence, this definition of consistency on the proposed method
which is given in Eq. (19) with the local truncation error in Eqgs. (24) and (26) satisfied
as:

lim 7E = lim Ch* = lim Ch® =0
h—0 h—0 h—0
Thus, the proposed method is consistent.
Stability of the method
Consider the developed scheme in Eq. (19) which is given by:
“Eiyi 1+ Fiyi=Giyy = Hi

But, the coefficients E;, F; and G; are given in terms of A; B; C; and D; with its
values stated in Eq. (17). If we multiply both sides of Eq. (17) by #* and consider the
limit ash — 0, we get:

Ai:Bi:Di:OandCi:e (27)

Using the values in Eq. (27), the coefficients E;, F;, and G;in Eq. (19) becomes:

Page 7 of 14
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E,=G,=¢ and F; = 2¢ (28)
Considering both Eqgs. (27) and (28), into Eq. (19), which can be written in matrix
form:
MY =H (29)
where the matrices:
26 —¢ 0 - - 0 1 h2H1 + &y,
- 2 - 0 : Vs W H,
0 - 2 . 0 O : :
M=1,0 o - -+ & ol¥Y=]|: and H = :
S0 -—e 2 —e Ynoo WHy_»
o -~ 0 0 -g 2¢ N WHy 1 + eyy

Here, M is a tri-diagonal matrix. M is irreducible if its co-diagonals contain non-zero
elements only. The co-diagonal contains E;, G;. It is easily seen that, for sufficiently
small #(i.e. h —0), E;#0 and G;=20,Vi=1,2, -, N-1.

Hence, M is irreducible. Again, one can observe that |E; | >0 and | G; | >0 and in
each row of M, the sum of the two off-diagonal elements is less than or equal to the
modulus of the diagonal element (i.e., |F; | = | E; | + | G;|). This proves the diagonal
dominance of M. Under these conditions, the Thomas algorithm is stable for suffi-
ciently small %, as shown in [19].

As proved by Smith [20], the eigenvalues of a tri-diagonal matrix (N - 1) x (N - 1) of
matrix M are:

ST ST
A = Fi-2/EG; cos ™ = 28(1— Cosﬁ>, s=1,2,...,N-1 (30)
Also, from trigonometric identity, we have 1- cos$ = 2 sin>$%. Hence, the eigen-

values of matrix M can be re-written as:
A = 28(2 sin? ﬂ) = de sin® o <4e (31)
2N 2N

A finite difference method for the BVPs is stable if M is invertible and
IM<C, YO <h< h (32)

where C and hgare two constants that are independent of /,[20].

Table 1 Comparison of maximum absolute errors for Example 1

€ N=8 N=16 N=32 N=64 N=128 N =256
Present method
27 84257e-08 1.3480e— 09 2110911 33035e- 13 1.2490e— 14 7.4385e— 15
277 85202e—07 14078e— 08 2.2312e-10 35109 12 54401e— 14 23620e— 14
28 6.6238e— 05 1.6978e— 06 2.8399e— 08 45168e—10 7.0878e— 12 1.0836e— 13
27" 45141e-03 4.1790e- 04 2.1462e- 05 9.9671e— 07 1.8913e- 08 3.0955e— 10
Method in [16]
273 144e— 03 3.64e— 04 9.06e— 05 226e-05 5.66e— 06 141e-06
27 371e-03 857e— 04 2.08e— 04 5.09e— 05 1.26e— 05 3.16e—06
278 463e-03 1.65e— 03 233e-04 6.09e— 05 1.73e~ 05 437e-06

2712 6.76e— 02 3.76e-02 740e-03 6.17e— 04 3.54e-05 4.74e—06
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0.3

—©— Exact Solution

0.2
—#—— Numerical Solution

0.1

% 1 1 1 1 1 1 1 1 1 %
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

X

Fig. 1 The behavior of exact and numerical solution for Example 1 at = 10"% and N=100

Since, matrix M is symmetric also its inverse matrix M is symmetric and the eigen-
values M is given by /1%’ we have

MMl = £ = 4 <C, where C is independent of h.

Thus, the developed scheme in Eq. (19) is stable.

A consistent and stable finite difference method is convergent by Lax’s equivalence
theorem [20]. Hence, as we have shown above, the proposed method is satisfying the

2@ T T T T
—6— Numerical Solutions
—+— Exact Solutions

Solutins

1 e
0 0.1 0.2 0.3 0.4 05 06 0.7 0.8 0.9 1

- 1 L 1 1 |

X

Fig. 2 The physical behavior of the solution for Example 2 at N=64 and e=10"°
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Errors

0.1

Fig. 3 Point-wise absolute errors of Example 1 at e =2""2 with different mesh size h

criteria for both consistency and stability which are equivalents to convergence of the
method.

Numerical examples and results
In order to test the validity of the proposed method and to demonstrate their conver-

gence computationally, we have taken two model examples of singularly perturbed self-

x 10°
1.2

—O— Epsilon=2-3
—*Epsilon=2-5
—+—Epsilon=2-6

Errors

0 0.1 02 03 04 05 06 07 08 09 1

Fig. 4 Point-wise absolute errors for Example 1 at N =32 and different perturbation parameters
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Table 2 Comparison between with and without Richardson methods of maximum absolute errors
for Example 1

£ N=8 N=16 N=32 N =064 N=128 N=256

With Richardson extrapolation

2% 84257e-08 1.3480e- 09 2.1109e-11 3.3035e-13 1.2490e- 14 74385e-15
27°  85202e-07 1.4078e— 08 2.2312e-10 3510912 54401e- 14 2.3620e—- 14
28 6.6238e— 05 1.6978e— 06 2.8399e- 08 45168e—10 7.0878e—12 1.0836e— 13
27" 45141e-03 4.1790e—- 04 2.1462e-05 9.9671e-07 1.8913e-08 3.0955e-10
Without Richardson extrapolation
273 1.9663e— 05 1.273%—- 06 8.1142e—-08 5.0815e-09 3.1775e-10 1.9855e—11
27 1.4465e—- 04 9.7270e- 06 6.1899%e- 07 3.8861e—-08 24324e-09 1.5212e-10
28 7.1344e-03 5.8790e- 04 3.6784e—05 2.3006e- 06 14381e—-07 9.0025e—- 09

2712 7.6315e-02 3.7522e-02 7.8643e—03 6.9834e—- 04 4.4580e— 05 2.8040e—06

adjoint second-order two-point boundary value problems with exact solutions. The

maximum absolute errors (AE) at the nodal points are given by | AE |= | max, | y(x;)-

(Yn)® |. And the rate of convergence (R) can be calculated by the formula:

_ log(YN)ext— log(YZN)ext

R log2

where y(x;) and (Yy)® are exact solution and numerical solution, respectively, at the
nodal point x;. And for the rate of convergence Yy and Y,y are the numerical solutions
obtained on the mesh size /# and %, respectively.

Example 1: Consider the singularly perturbed self-adjoint problem:

!

—s((l —I—xz)y’(x)) + (1 +x-a)y(x) = f(x), 0<x<1

subject to the boundary conditions y(0) = y(1) = 0(, \;vhere f (x) is chosen such that the
exact solution is given by: y(x) = 1+ (x—1) eVi—xe &

Example 2: Consider the following self-adjoint singular perturbation problem:

—ey (%) +ﬁ ((x+ 1)\/§)y(x) =f(x), O0<x<1

Table 3 Comparison of rate of convergence for Example 1

13 N=8 N=16 N=32 N=64
With Richardson extrapolation
27° 59194 5.9795 5.9898 6.0121
2 52859 59017 59744 59938
27" 34332 4.2833 44285 57197
Without Richardson extrapolation
27 4.0747 4.0277 4.0061 4.0011
278 36016 3.9980 3.9989 3.9997

2712 1.0472 2.2541 34933 3.9694
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Table 4 Comparison of maximum absolute errors for Example 2

N c— (WN)o.zs e — (lN)o.5 e (%)0.75 e — (1)1.0

Present method

16 1.3049%- 06 1.2226e- 06 1.2374e-06 1.6007e— 06
32 1.7972e-08 1.7143e—- 08 2.1783e-08 5.6182e—-08
64 2.6954e—-10 2.7457e-10 53161e-10 5.7507e—-09
128 4.1296e—- 12 4.7784e—12 2.1287e—11 54866e—10
256 6.0396e- 14 2.8866e— 13 1.4388e—-12 5.0873e—-11
Method in [17]

16 2.9718e—04 4.9658e— 04 8.9268e— 04 1.7181e-03
32 2.0905e- 05 4.1607e—- 05 9.0798e- 05 2.3653e—-04
64 1.4884e— 06 3.4999e- 06 9.8228e— 06 3.9036e—- 05
128 1.0650e— 07 3.0026e—- 07 1.1659%— 06 74775e—06
256 7.6403e-09 2.6424e-08 1.5321e-07 1.5612e—-06

with boundary conditions y(0) =2 and y(1) = - 1, where f{x) is chosen such that the
exp Vet — exp ﬁ))

exact solution is given by: y(x) = - cos(%) + 3 =D
1- exp v

Discussion and conclusion
In this paper, we described the fourth-order stable central difference method with Rich-
ardson extrapolation for solving second-order self-adjoint singularly perturbed bound-
ary value problems. To demonstrate the competence of the method, we applied it on
two model examples by taking different values for the perturbation parameter, ¢, and
mesh size, #. Numerical results obtained by the present method have been associated
with numerical results obtained by the methods in [16, 17], and the results are summa-
rized in Tables 1 and 4. Moreover, the maximum absolute errors decrease rapidly as
the number of mesh points N increases. Further, as shown in Figs. 1 and 2, the pro-
posed method approximates the exact solution very well for % > g, for which most of
the current methods fail to give good results. To further verify the applicability of the
planned method, graphs were plotted aimed at Examples 1 and 2 for exact solutions
versus the numerical solutions obtained. As Figs. 1 and 2 indicate good agreement of
the results, presenting exact as well as numerical solutions, which proves the reliability
of the method. Also, Figs. 3 and 4 specify the effects of perturbation parameter and
mesh sizes of the solution domain.

Further, the numerical results presented in this paper validate the improvement of
the proposed method over some of the existing methods described in the literature.
Both the theoretical and numerical error bounds have been established for the fourth

Table 5 Rate of convergence for Example 2

N c— (ﬁ)o.zs e (ﬁ)o‘s c— (%)0,75 c— (1)1.0

16 6.1820 6.1562 5.8280 4.8325
32 6.0591 59643 5.3567 3.2883
64 6.0284 5.8445 4.6423 3.3898

128 6.0954 4.0491 3.8870 34309
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and sixth-order methods. Hence, the Richardson extrapolation method accelerates
fourth order into sixth order convergent as given in Table 2. The results in Tables 3
and 5 further confirmed that the computational rate of convergence and theoretical es-
timates are in agreement (Tables 4 and 5). Generally, the present method is consistent,
is stable, and gives more accurate numerical solution for solving second-order self-

adjoint singularly perturbed boundary value problems.
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