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Abstract
This paper is devoted to study the existence of at least one continuous mild solution to
semilinear fractional differential inclusion with deviated-advanced nonlocal conditions.
We develop the results obtained, by exchanging the deviated-advanced nonlocal
condition to an integral form. Our results will be accomplished by using the nonlinear
Leray-Schauder’s alternative fixed point theorem. The main results are well illustrated
with the aid of an example.
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Introduction
In the last two decades, fractional differential equations have become one of the most
important branches in mathematics, due to its wide range of applications in different
fields of sciences and engineering, such as in physics, chemistry, and biology [1–7].
Over the decades, a number of definitions of fractional derivatives are presented such

as the most prevalent definitions of Riemann-Liouville and Caputo. Differential inclu-
sions established as a part of the general theory of differential equations and penetrated
different areas of sciences as a consequence of their numerous applications [8–19].
Many authors are interested in studying different classes of differential inclusions by

using several forms of accompanying conditions. Nonlocal conditions have a leading
role in describing some peculiarities of chemical, biological, physical, or other processes
occurring at various positions inside the domain, which is clearly not possible with
the end-point (initial/boundary) conditions. In fact, nonlocal conditions give more pre-
cise measurements, accurate results, and better effect than the classical conditions. For
instance, to describe the diffusion phenomenon of a small amount of gas in a transpar-
ent tube, Deng [20] used the final nonlocal condition u(x,T) − Gu(x) = ∑m

j=1 bju(x, tj),
where G is given function and tj ∈ J and bj are real numbers. Also, the integral boundary
conditions have various applications in blood flow problems, theorem-elasticity, chemical
engineering, populations dynamics, etc. [8, 21].
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Chang and Nieto [12] studied the existence of solutions for the class of fractional
differential inclusion

cDδy(t) ∈ F(t, y(t)), t ∈[0, 1]
with the boundary conditions y(0) = α, y(1) = β , α,β �= 0, where cDδ is the Caputo
fractional derivative of order δ ∈ (1, 2).
Lian et al. [22] discussed the existence of mild solutions for the fractional differential

inclusions
cDqu(t) ∈ Au(t) + F(t,u(t)), q ∈ (0, 1), t ∈[0, b]

with the nonlocal condition

u(0) = g(u),

where A : D(A) → X is the infinitesimal generator of a strongly continuous semigroup
{T(t)}t≥0 on X, F is an upper-Carathéodory set-valued function, and the nonlocal term g
is a given function from C(J ,X) into X.
Wang et al. [16] gave two existence results to the nonlocal semilinear differential

inclusions with fractional order
cDqu(t) ∈ Au(t) + F(t,u(t)), q ∈ (0, 1), t ∈[0, 1]

with the nonlocal condition

u(0) =
m∑

k=1
aku(tk), 0 = t0 < t1 ≤ t2 ≤ ... ≤ tm = 1,

when the nonlinear term F :[ 0, 1]×E → P(E) − {φ} is a multifunction, E is a separable
Banach space and A is a bounded operator.
El-Sayed et al. [23] discussed the existence of solutions to the differential inclusion

x′(t) ∈ F(t, x(t)), a.e, t ∈ (0, 1)

under the new nonlocal conditions, the deviated-advanced nonlocal condition,
m∑

k=1
akx(φ(τk)) = α

n∑

j=1
bjx(ψ(ηj)), ak , bj > 0.

where F(., .) is a set-valued function from [0, 1]×R into P(R+) (the power set ofR+), α >

0 is a parameter, τk , ηj ∈ (0, 1), and φ, ψ are, respectively, deviated and advanced given
functions. In [23], some special cases of nonlocal and integral conditions are displayed
such as

∑m
k=1 akx(φ(τk)) = 0 where τk ∈ (0, 1),

∑m
k=1 akx(φ(τk)) = αx(ψ(η)), where

τk , η ∈ (0, 1) and
∫ 1
0 x(φ(s))ds = α

∫ 1
0 x(ψ(s))ds.

The aim of this paper is to discuss the existence of solutions to the following class of
deviated-advanced nonlocal semilinear fractional differential inclusions

{
cDαu(t) − A(t)u(t) ∈ F(t,u(t)), a.e, t ∈ J :=[ 0,T] ,T < ∞;
∑m

k=1 aku(φ(τk)) = λ
∑n

j=1 bju(ψ(ηj)), ak , bj > 0.
(1)

where F : J × R → P(R+) is L1-Carathéodory set-valued function, τk , ηj ∈ J , λ > 0 is a
parameter, and φ,ψ are, respectively, deviated and advanced given functions. cDα denotes
the Caputo fractional derivative of order α ∈ (0, 1), and A(t) is a bounded linear operator
on a Banach space X with domain D(A) ⊂ X. We develop our results to the following
class of nonlocal problems with deviated-advanced integral conditions
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{
cDαu(t) − A(t)u(t) ∈ F(t,u(t)), a.e, t ∈ J ;
∫ T
0 u(φ(s))ds = λ

∫ T
0 u(ψ(s))ds,

(2)

This paper is organized as follows: In the “Preliminaries” section, we display some
preliminary definitions and theorems which are used throughout this paper. In the
“Existence results” section, we study the existence of at least one continuous mild solution
to Problem (1) by applying the nonlinear alternative fixed point theorem of Leray-
Schauder type, and we promote our outcomes to Problem (2) by giving an example to
illustrate our results.

Preliminaries
Here, we introduce the main definitions and theorems which are used throughout this
paper.
As usual, let R be the set of all real numbers and N be the set of all positive integers.

For a Banach space (X, ‖.‖X), let P(X) be the family of all subsets of X, B(X) be the class
of all bounded linear operators on X with the norm ‖S‖B := sup {‖Sv‖ : ‖v‖ = 1}, C(J ,X)

be the set of all continuous functions u : J → X with the norm ‖u‖C := sup{‖u(t)‖ : u ∈
C(J ,X), t ∈ J}, Cn(J ,X) be the set of all n-differentiable functions with u(n) ∈ C(J ,X), n ∈
N, AC(J ,X) be the set of all absolutely continuous functions from J into X, and L1(J ,X) be
the class of Lebesgue integrable functions v : J → X with the norm ‖v‖L1 :=

∫
J ‖v(t)‖dt.

Let φ : J → J be a deviated continuous real valued function (i.e., φ(t) ≤ t) andψ : J → J
be an advanced continuous real valued function (i.e., ψ(t) ≥ t). As an example of the
deviated function φ, we can take φ(t) = θ t, θ ∈ (0, 1) or φ(t) = t − θ , θ ∈ J , t > θ .
As an example of the advanced function ψ , we can consider ψ(t) = σ t, σ > 1 or
ψ(t) = t + θ , θ ∈ J , t < θ .

Definition 1 ([4]) The fractional integral of order α > 0 with the lower limit 0 for a
function u is defined as

Iαu(t) = 1
�(α)

∫ t

0
(t − s)α−1u(s)ds, t > 0.

provided that the right-hand side is pointwise defined on (0,∞), where �(.) is the gamma
function.

Definition 2 ([4]) The Caputo fractional derivative of order α where 0 < α < 1 with the
lower limit 0 for a function u ∈ AC(J ,X) is defined as

cDαu(t) = I1−αD1u(t), t > 0, D1 = d/dt.

Define Pbd(X) := {W ∈ P(X) : W is bounded}, Pcp(X) := {W ∈ P(X) :
W is compact}, Pcv(X) := {W ∈ P(X) : W is convex}, and Pcp,cv(X) := {W ∈ P(X) :
W is compact and convex}.
For two sets Z and Y, a (set-valued) function F : Z → P(Y ) assigns to each z ∈ Z some

F(z) ⊆ Y . A fixed point of F is a point u ∈ Z such that u ∈ F(u). The graph of F is
G(F) := {

(z, y) ∈ Z × Y ; y ∈ F(z)
}
. A function f : Z → Y is said to be a selection of F if

G(f ) ⊆ G(F).
A set-valued function F : X → P(X) is convex (closed) valued if F(x) is convex (closed)

for all x ∈ X. F is bounded on bounded sets if F(W ) := ∪x∈WF(x) is bounded in X for
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all W ∈ Pbd(X), that is, supx∈W {sup{|z| : z ∈ F(x)}} < ∞. F is said to be completely
continuous if F(W ) is relatively compact for everyW ∈ Pbd(X) . If F is completely contin-
uous with nonempty compact values, then F is upper semicontinuous if and only if G(F)

is closed. For more details, see [10, 24].

Definition 3 ([25]) A set-valued function F : J×R → P(R) is called L1-Carathéodory if

(a) t → F(t,u) is measurable for each u ∈ R;
(b) u → F(t,u) is upper semicontinuous for almost all t ∈ J ;
(c) For each r > 0, there exists κr ∈ L1(J ,R) such that

‖F(t,u)‖ = sup{|v| : v ∈ F(t,u)} ≤ κr(t) for a.e t ∈ J and all |u| ≤ r. (3)

Definition 4 ([26]) For each u ∈ C(J ,R), define the set of L1-selections of F by

S1F ,u := {f ∈ L1(J ,R) : f (t) ∈ F(t,u(t)) for a.e. t ∈ J}. (4)

Theorem 1 ([26]) The set of selections S1F ,u is nonempty for any L1-Carathéodory set-
valued function F : J × R → P(R) for each u ∈ C(J ,R).

Theorem 2 ([25, 27]) Let X be a Banach space, M be a closed convex subset of X, 
 be
an open subset of M and 0 ∈ 
. Suppose that F : 
 → Pcp,cv(M) is upper semicontinuous
and compact map. Then, either

(i) F has a fixed point in 
, or
(ii) There is a u ∈ 
 and � ∈ (0, 1) with u ∈ � Fu.

Lemma 1 ([26]) Let X be a Banach space, F : J ×R → Pcp,cv(X) be an L1-Carathéodory
set-valued map, and � : L1(J ,X) → C(J ,X) be a linear continuous map. Then, the
operator

� o S1F : C(J ,X) → Pcp,cv(C(J ,X)), u 
→ �(S1F ,u)

is a closed graph operator in C(J ,X) × C(J ,X).

Existence results
Consider the following assumptions:

(H1) A(t) is a bounded linear operator on R where t → A(t) is continuous in the strong
operator topology and N = max{|A(t)|: t ∈ J} .

(H2) F : J × R → P(R) is L1-Carathéodory and has nonempty, compact, and convex
values;

(H3) φ : J → J , φ(t) ≤ t is a deviated continuous function.
(H4) ψ : J → J , ψ(t) ≥ t is an advanced continuous function.
(H5) There exists a constant ν > 0 such that

ν �(1 + α)

Tα
(
νN + ‖κ‖L1

) [
1 + |γ |

(
|λ|∑n

j=1 bj +
∑m

k=1 ak
) ] > 1.

where γ :=
(∑m

k=1 ak − λ
∑n

j=1 bj
)−1

.

We need the following lemma to define a mild solution for Problem (1).
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Lemma 2 Let
∑m

k=1 ak �= λ
∑n

j=1 bj. For a given single-valued function μ ∈ C(J ,R), the
solution of the nonlocal problem

{
cDαu(t) = A(t)u(t) + μ(t) a.e. t ∈ J ;
∑m

k=1 aku(φ(τk)) = λ
∑n

j=1 bju(ψ(ηj)), ak , bj > 0.
(5)

can be expressed by the integral equation

u(t) = γ λ

n∑

j=1
bj
∫ ψ(ηj)

0

(ψ(ηj) − s)α−1

�(α)
A(s)u(s)ds + γ λ

n∑

j=1
bj
∫ ψ(ηj)

0

(ψ(ηj) − s)α−1

�(α)
μ(s) ds

− γ

m∑

k=1
ak
∫ φ(τk)

0

(φ(τk) − s)α−1

�(α)
A(s)u(s)ds − γ

m∑

k=1
ak
∫ φ(τk)

0

(φ(τk) − s)α−1

�(α)
μ(s) ds

+
∫ t

0

(t − s)α−1

�(α)
A(s)u(s)ds +

∫ t

0

(t − s)α−1

�(α)
μ(s) ds.

(6)

Proof Let u(t) be a solution for Problem (5). Operating Iα on both sides of the fractional
differential equation of Problem (5), we get

u(t) = u(0) +
∫ t

0

(t − s)α−1

�(α)
A(s)u(s)ds +

∫ t

0

(t − s)α−1

�(α)
μ(s) ds. (7)

Putting t = φ(τk) in (7), we obtain

u(φ(τk)) = u(0)+
∫ φ(τk)

0

(φ(τk) − s)α−1

�(α)
A(s)u(s)ds+

∫ φ(τk)

0

(φ(τk) − s)α−1

�(α)
μ(s) ds,

then
m∑

k=1
aku(φ(τk)) =

m∑

k=1
aku(0) +

m∑

k=1
ak
∫ φ(τk)

0

(φ(τk) − s)α−1

�(α)
A(s)u(s) ds

+
m∑

k=1
ak
∫ φ(τk)

0

(φ(τk) − s)α−1

�(α)
μ(s) ds. (8)

Putting t = ψ(ηj) in (7), we obtain

u(ψ(ηj)) = u(0)+
∫ ψ(ηj)

0

(ψ(ηj) − s)α−1

�(α)
A(s)u(s) ds+

∫ ψ(ηj)

0

(ψ(ηj) − s)α−1

�(α)
μ(s) ds,

then

λ

n∑

j=1
bju(ψ(ηj)) = λ

n∑

j=1
bju(0) + λ

n∑

j=1
bj
∫ ψ(ηj)

0

(ψ(ηj) − s)α−1

�(α)
A(s)u(s) ds

+ λ

n∑

j=1
bj
∫ ψ(ηj)

0

(ψ(ηj) − s)α−1

�(α)
μ(s) ds. (9)

From (8), (9), and the nonlocal condition of Problem (5), we get

u(0) = γ λ

n∑

j=1
bj
∫ ψ(ηj)

0

(ψ(ηj) − s)α−1

�(α)
A(s)u(s) ds + γ λ

n∑

j=1
bj
∫ ψ(ηj)

0

(ψ(ηj) − s)α−1

�(α)
μ(s) ds

− γ

m∑

k=1
ak
∫ φ(τk)

0

(φ(τk) − s)α−1

�(α)
A(s)u(s) ds − γ

m∑

k=1
ak
∫ φ(τk)

0

(φ(τk) − s)α−1

�(α)
μ(s) ds.

(10)

Substituting (10) into (7), we get the required.
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Definition 5 A function u ∈ C(J ,R) is said to be a mild solution for Problem (1), if
m∑

k=1
ak u(φ(τk)) = λ

n∑

j=1
bj u(ψ(ηj)), ak , bj > 0

and there exists a function f ∈ L1(J ,R) such that f (t) ∈ F(t,u(t)) a.e. on J, and u(t)
satisfies the integral equation

u(t) = γ λ

n∑

j=1
bj
∫ ψ(ηj)

0

(ψ(ηj) − s)α−1

�(α)
A(s)u(s) ds + γ λ

n∑

j=1
bj
∫ ψ(ηj)

0

(ψ(ηj) − s)α−1

�(α)
f (s) ds

− γ

m∑

k=1
ak
∫ φ(τk)

0

(φ(τk) − s)α−1

�(α)
A(s)u(s) ds − γ

m∑

k=1
ak
∫ φ(τk)

0

(φ(τk) − s)α−1

�(α)
f (s) ds

+
∫ t

0

(t − s)α−1

�(α)
A(s)u(s) ds +

∫ t

0

(t − s)α−1

�(α)
f (s) ds.

(11)

In view of the nonlinear alternative fixed point theorem of Leray-Schauder type
(Theorem 2), we will discuss the existence of at least one mild solution for Problem (1).

Theorem 3 Let the assumptions (H1)-(H5) be satisfied and
∑m

k=1 ak �= λ
∑n

j=1 bj. Then,
Problem (1) has at least one mild solution u ∈ C(J ,R).

Proof Since assumption (H2) is satisfied, then by applying Theorem 1, there exists a
single-valued selection f ∈ S1F ,u. So, consider the set-valued operator K : C(J ,R) →
P(C(J ,R)) such that

Ku(t) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

g ∈ C(J ,R) : g(t) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

γ λ
∑n

j=1 bj
∫ ψ(ηj)
0

(ψ(ηj)−s)α−1

�(α)
A(s)u(s) ds

+γ λ
∑n

j=1 bj
∫ ψ(ηj)
0

(ψ(ηj)−s)α−1

�(α)
f (s) ds

−γ
∑m

k=1 ak
∫ φ(τk)
0

(φ(τk)−s)α−1

�(α)
A(s)u(s) ds

−γ
∑m

k=1 ak
∫ φ(τk)
0

(φ(τk)−s)α−1

�(α)
f (s) ds

+ ∫ t
0

(t−s)α−1

�(α)
A(s)u(s)ds + ∫ t

0
(t−s)α−1

�(α)
f (s) ds

, f ∈ S1F ,u

⎫
⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎭

.

(12)

That is, for each g ∈ Ku, u ∈ C(J ,R), there exists f ∈ S1F ,u such that

g(t) = γ λ

n∑

j=1
bj
∫ ψ(ηj)

0

(ψ(ηj) − s)α−1

�(α)
A(s)u(s) ds + γ λ

n∑

j=1
bj
∫ ψ(ηj)

0

(ψ(ηj) − s)α−1

�(α)
f (s) ds

− γ

m∑

k=1
ak
∫ φ(τk)

0

(φ(τk) − s)α−1

�(α)
A(s)u(s) ds − γ

m∑

k=1
ak
∫ φ(τk)

0

(φ(τk) − s)α−1

�(α)
f (s) ds

+
∫ t

0

(t − s)α−1

�(α)
A(s)u(s) ds +

∫ t

0

(t − s)α−1

�(α)
f (s) ds.

(13)

Now, we will show that K satisfies the hypotheses of Theorem 2.
The proof will be given in 4 steps:

Step 1: (K is convex for each u ∈ C(J ,R))
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Using assumption (H2), we have F has a convex values, then the set of selections S1F ,u is
convex. Therefore, the step is obvious.
Step 2: (K is a completely continuous operator)
Firstly, we have to show that K maps bounded sets into bounded sets in C(J ,R).
For a positive number r, let Br ⊂ C(J ,R) be defined as

Br = {u ∈ C(J ,R) : ‖u‖ ≤ r} . (14)

Clearly, Br is a bounded ball in C(J ,R).
Using (13) with applying (H3) and (H4), we get

g(t) ≤ γ λ

n∑

j=1
bj
∫ ηj

0

(ηj − s)α−1

�(α)
A(s)u(s) ds + γ λ

n∑

j=1
bj
∫ ηj

0

(ηj − s)α−1

�(α)
f (s) ds

− γ

m∑

k=1
ak
∫ τk

0

(τk − s)α−1

�(α)
A(s)u(s)ds − γ

m∑

k=1
ak
∫ τk

0

(τk − s)α−1

�(α)
f (s) ds

+
∫ t

0

(t − s)α−1

�(α)
A(s)u(s) ds +

∫ t

0

(t − s)α−1

�(α)
f (s) ds, (15)

then for u ∈ Br ,

‖g‖ ≤ (
rN + ‖κ‖L1

) |λγ |
n∑

j=1
bj
∫ ηj

0

(ηj − s)α−1

�(α)
ds + (

rN + ‖κ‖L1
) |γ |

m∑

k=1
ak
∫ τk

0

(τk − s)α−1

�(α)
ds

+ (
rN + ‖κ‖L1

)
∫ t

0

(t − s)α−1

�(α)
ds

≤ Tα
(
rN + ‖κ‖L1

)

�(1 + α)

⎡

⎣ 1 + |γ |
⎛

⎝|λ|
n∑

j=1
bj +

m∑

k=1
ak

⎞

⎠

⎤

⎦ .

Thus, K maps bounded sets into bounded sets in C(J ,R).
Secondly, we have to prove that K maps bounded sets into equicontinuous sets of

C(J ,R).
Let 0 < t1 < t2 < T , for each g ∈ Ku and u ∈ Br .

g(t2) − g(t1) =
∫ t2

0

(t2 − s)α−1

�(α)
A(s)u(s) ds −

∫ t1

0

(t1 − s)α−1

�(α)
A(s)u(s) ds

+
∫ t2

0

(t2 − s)α−1

�(α)
f (s)ds −

∫ t1

0

(t1 − s)α−1

�(α)
f (s) ds

=
∫ t2

t1

(t2 − s)α−1

�(α)
A(s)u(s) ds +

∫ t2

t1

(t2 − s)α−1

�(α)
f (s) ds

+
∫ t1

0

(
(t2 − s)α−1

�(α)
− (t1 − s)α−1

�(α)

)

A(s)u(s) ds

+
∫ t1

0

(
(t2 − s)α−1

�(α)
− (t1 − s)α−1

�(α)

)

f (s) ds,
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then

|g(t2) − g(t1)| ≤ N
∫ t2

t1

(t2 − s)α−1

�(α)
|u(s)| ds +

∫ t2

t1

(t2 − s)α−1

�(α)
|f (s)| ds

+ N
∫ t1

0

(
(t2 − s)α−1

�(α)
− (t1 − s)α−1

�(α)

)

|u(s)| ds

+
∫ t1

0

(
(t2 − s)α−1

�(α)
− (t1 − s)α−1

�(α)

)

|f (s)| ds

≤ (
rN + ‖κ‖L1

)
(∫ t2

t1

(t2 − s)α−1

�(α)
ds +

∫ t1

0

(
(t2 − s)α−1

�(α)
− (t1 − s)α−1

�(α)

)

ds
)

≤ 1
�(α + 1)

(
rN + ‖κ‖L1

) |tα2 − tα1 |.
(16)

Obviously, the right-hand side tends to 0 independently of u ∈ Br as t2 tends to t1.
That is, K maps bounded sets into equicontinuous sets of C(J ,R). Applying Arzela-Ascoli
theorem, we have that K is a completely continuous operator.
Step 3: (K is an upper semicontinuous operator)
From (H2) and step 2, K is completely continuous with nonempty compact values. So, we
have to show that K has a closed graph to be an upper semicontinuous operator.
Let un → ǔ, gn → ǧ where gn ∈ Kun. We need to prove that ǧ ∈ Kǔ. Associated with

gn ∈ Kun, there exists fn ∈ S1F ,un such that for each t ∈ J , we have

gn(t) = γ λ

n∑

j=1
bj
∫ ψ(ηj)

0

(ψ(ηj) − s)α−1

�(α)
A(s)un(s) ds + γ λ

n∑

j=1
bj
∫ ψ(ηj)

0

(ψ(ηj) − s)α−1

�(α)
fn(s) ds

− γ

m∑

k=1
ak
∫ φ(τk)

0

(φ(τk) − s)α−1

�(α)
A(s)un(s) ds − γ

m∑

k=1
ak
∫ φ(τk)

0

(φ(τk) − s)α−1

�(α)
fn(s) ds

+
∫ t

0

(t − s)α−1

�(α)
A(s)un(s) ds +

∫ t

0

(t − s)α−1

�(α)
fn(s) ds.

(17)

We want to prove that there exists f̌ ∈ S1F ,ǔ such that for all t ∈ J , we have

ǧ(t) = γ λ

n∑

j=1
bj
∫ ψ(ηj)

0

(ψ(ηj) − s)α−1

�(α)
A(s)ǔ(s) ds + γ λ

n∑

j=1
bj
∫ ψ(ηj)

0

(ψ(ηj) − s)α−1

�(α)
f̌ (s) ds

− γ

m∑

k=1
ak
∫ φ(τk)

0

(φ(τk) − s)α−1

�(α)
A(s)ǔ(s) ds − γ

m∑

k=1
ak
∫ φ(τk)

0

(φ(τk) − s)α−1

�(α)
f̌ (s) ds

+
∫ t

0

(t − s)α−1

�(α)
A(s)ǔ(s) ds +

∫ t

0

(t − s)α−1

�(α)
f̌ (s) ds.

(18)

In view of Lemma 1, define the continuous linear operator � : L1(J ,R) → C(J ,R) as

�(f )(t) = γ λ

n∑

j=1
bj
∫ ψ(ηj)

0

(ψ(ηj) − s)α−1

�(α)
A(s)u(s) ds + γ λ

n∑

j=1
bj
∫ ψ(ηj)

0

(ψ(ηj) − s)α−1

�(α)
f (s) ds

− γ

m∑

k=1
ak
∫ φ(τk)

0

(φ(τk) − s)α−1

�(α)
A(s)u(s) ds − γ

m∑

k=1
ak
∫ φ(τk)

0

(φ(τk) − s)α−1

�(α)
f (s) ds

+
∫ t

0

(t − s)α−1

�(α)
A(s)u(s) ds +

∫ t

0

(t − s)α−1

�(α)
f (s) ds.

(19)
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Thus,

|gn(t) − ǧ(t)| ≤ |γ λ|N
n∑

j=1
bj
∫ ψ(ηj)

0

(ψ(ηj) − s)α−1

�(α)
|un(s) − ǔ(s)| ds

+ |γ λ|
n∑

j=1
bj
∫ ψ(ηj)

0

(ψ(ηj) − s)α−1

�(α)
|fn(s) − f̌ (s)| ds

+ |γ |N
m∑

k=1
ak
∫ φ(τk)

0

(φ(τk) − s)α−1

�(α)
|un(s) − ǔ(s)| ds

+ |γ |
m∑

k=1
ak
∫ φ(τk)

0

(φ(τk) − s)α−1

�(α)
|fn(s) − f̌ (s)| ds

+ N
∫ t

0

(t − s)α−1

�(α)
|un(s) − u(s)| ds +

∫ t

0

(t − s)α−1

�(α)
|fn(s) − f̌ (s)| ds.

(20)

That is, gn(t) → ǧ(t) as n → ∞. Applying Lemma 1, we have � o S1F ,u as a closed graph
operator in C(J ,R) ×C(J ,R) and gn ∈ �(S1F ,un). Since un → ǔ, then we have ǧ(t) satisfies
(18) for some f̌ ∈ S1F ,ǔ. Therefore, K is an upper semicontinuous operator.
Step 4: (There exists an open set 
 ⊂ C(J ,R) with u /∈ Ku for � ∈ (0, 1) and u ∈ ∂
)
Let � ∈ (0, 1) and u ∈ � Ku. Then, there exists f ∈ L1(J ,R) with f ∈ S1F ,u, such that, for
t ∈ J , we have g ∈ Ku satisfies (13). As in proving step 2, we get

‖g‖ ≤ Tα
(
N‖u‖ + ‖κ‖L1

)

�(1 + α)

⎡

⎣ 1 + |γ |
⎛

⎝|λ|
n∑

j=1
bj +

m∑

k=1
ak

⎞

⎠

⎤

⎦ .

Thus,

�(1 + α)‖u‖
Tα

(
N‖u‖ + ‖κ‖L1

) [
1 + |γ |

(
|λ|∑n

j=1 bj +
∑m

k=1 ak
) ] ≤ 1.

In view of (H5), there exists ν such that ν �= ‖u‖. Set

 := {u ∈ C(J ,R) : ‖u‖ < ν + 1}.

From the definition of 
, there is no u ∈ ∂
 such that u ∈ � Ku for some � ∈ (0, 1).
Further, we have that the operator K : 
 → Pcp,cv(Br) is an upper semicontinuous and
completely continuous operator.
Consequently, by the nonlinear alternative of Leray-Schauder type (Theorem 2), we

deduce that K has a fixed point u ∈ 
 which is a mild solution for Problem (1).

To prove the existence of at least onemild solution for Problem (2), we give the following
lemma.

Lemma 3 Let
∑m

k=1 ak �= λ
∑n

j=1 bj. For a given single-valued function y ∈ C(J ,R), the
solution of the nonlocal problem

{
cDαu(t) = A(t)u(t) + y(t) a.e. t ∈ J ;
∫ T
0 u(φ(s))ds = λ

∫ T
0 u(ψ(s))ds

(21)

can be expressed by the integral equation
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u(t) = βλ

∫ T

0

∫ ψ(s)

0

(ψ(s) − θ)α−1

�(α)
A(θ)u(θ)dθds + βλ

∫ T

0

∫ ψ(s)

0

(ψ(s) − θ)α−1

�(α)
y(θ)dθds

− β

∫ T

0

∫ φ(s)

0

(φ(s) − θ)α−1

�(α)
A(θ)u(θ)dθds − β

∫ T

0

∫ φ(s)

0

(φ(s) − θ)α−1

�(α)
y(θ)dθds

+
∫ t

0

(t − θ)α−1

�(α)
A(θ)u(θ)dθ +

∫ t

0

(t − θ)α−1

�(α)
y(θ)dθ ,

(22)

where β = 1
T(1−λ)

and λ �= 1.

Proof Let u(t) be a solution for Problem (21). Operating Iα on both sides of the
fractional differential equation of Problem (21), we get

u(t) = u(0) +
∫ t

0

(t − θ)α−1

�(α)
A(θ)u(θ)dθ +

∫ t

0

(t − θ)α−1

�(α)
y(θ)dθ . (23)

Putting t = φ(s) in (23), we obtain

u(φ(s)) = u(0) +
∫ φ(s)

0

(φ(s) − θ)α−1

�(α)
A(θ)u(θ)dθ +

∫ φ(s)

0

(φ(s) − θ)α−1

�(α)
y(θ)dθ ,

then
∫ T

0
u(φ(s))ds =

∫ T

0
u(0)ds +

∫ T

0

∫ φ(s)

0

(φ(s) − θ)α−1

�(α)
A(θ)u(θ)dθds

+
∫ T

0

∫ φ(s)

0

(φ(s) − θ)α−1

�(α)
y(θ)dθds. (24)

Putting t = ψ(s) in (23), we obtain

u(ψ(s))=u(0)+
∫ ψ(s)

0

(ψ(s) − θ)α−1

�(α)
A(θ)u(θ)dθ+

∫ ψ(s)

0

(ψ(s) − θ)α−1

�(α)
g(θ ,u(θ))dθ ,

then

λ

∫ T

0
u(ψ(s))ds = λ

∫ T

0
u(0)ds + λ

∫ T

0

∫ ψ(s)

0

(ψ(s) − θ)α−1

�(α)
A(θ)u(θ)dθds

+ λ

∫ T

0

∫ ψ(s)

0

(ψ(s) − θ)α−1

�(α)
y(θ)dθds, λ �= 1. (25)

From (24), (25), and the nonlocal condition of Problem (21), we get

u(0) = βλ

∫ T

0

∫ ψ(s)

0

(ψ(s) − θ)α−1

�(α)
A(θ)u(θ)dθds + βλ

∫ T

0

∫ ψ(s)

0

(ψ(s) − θ)α−1

�(α)
y(θ)dθds

− β

∫ T

0

∫ φ(s)

0

(φ(s) − θ)α−1

�(α)
A(θ)u(θ)dθds − β

∫ T

0

∫ φ(s)

0

(φ(s) − θ)α−1

�(α)
y(θ)dθds.

(26)

where λ �= 1 and β = 1
T(1−λ)

.
Substituting (26) into (23), we get (22). Then, the proof is completed.

Definition 6 A function u ∈ C(J ,R) is said to be a mild solution for Problem (2), if
∫ T

0
u(φ(s))ds = λ

∫ T

0
u(ψ(s))ds,
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and there exists a function f ∈ L1(J ,R) such that f (t) ∈ F(t,u(t)) a.e. on J, and u(t)
satisfies the integral equation

u(t) = βλ

∫ T

0

∫ ψ(s)

0

(ψ(s) − θ)α−1

�(α)
A(θ)u(θ)dθds + βλ

∫ T

0

∫ ψ(s)

0

(ψ(s) − θ)α−1

�(α)
f (θ)dθds

− β

∫ T

0

∫ φ(s)

0

(φ(s) − θ)α−1

�(α)
A(θ)u(θ)dθds − β

∫ T

0

∫ φ(s)

0

(φ(s) − θ)α−1

�(α)
f (θ)dθds

+
∫ t

0

(t − θ)α−1

�(α)
A(θ)u(θ)dθ +

∫ t

0

(t − θ)α−1

�(α)
f (θ)dθ .

As in proving Theorem 3, we infer the existence of at least one mild solution for
Problem (2).

Theorem 4 Let the assumptions (H1)–(H4) be satisfied. Then, Problem (2) has at least
one solution u ∈ C(J ,R) if there exists a positive constant � such that

� �(2 + α)

Tα(2 + α)
(
� N + ||κ||L1

) > 1. (27)

Proof Since the assumption (H2) be satisfied, then by applying Theorem 1, there exists
a single-valued selection f ∈ S1F ,u. So, consider the set-valued operator Q : C(J ,R) →
P(C(J ,R)) such that

Qu(t) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

h ∈ C(J ,R) : h(t) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

βλ
∫ T
0
∫ ψ(s)
0

(ψ(s)−θ)α−1

�(α)
A(θ)u(θ)dθds

+βλ
∫ T
0
∫ ψ(s)
0

(ψ(s)−θ)α−1

�(α)
f (θ)dθds

−β
∫ T
0
∫ φ(s)
0

(φ(s)−θ)α−1

�(α)
A(θ)u(θ)dθds

−β
∫ T
0
∫ φ(s)
0

(φ(s)−θ)α−1

�(α)
f (θ)dθds

+ ∫ t
0

(t−θ)α−1

�(α)
A(θ)u(θ)dθ + ∫ t

0
(t−θ)α−1

�(α)
f (θ)dθ .

, f ∈ S1F ,u

⎫
⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎭

.

(28)

We have to show that Q satisfies the hypotheses of Theorem 2.
Step 1:
In view of (H2), F has convex values, then S1F ,u is a convex set. So, Q is convex for each
u ∈ C(J ,R).
Step 2:
Consider the bounded ball Bσ ⊂ C(J ,R) such that

Bσ = {u ∈ C(J ,R) : ‖u‖ ≤ σ , σ > 0} . (29)

Then, for each h ∈ Qu, u ∈ Bσ , there exists f ∈ S1F ,u, such that

h(t) = βλ

∫ T

0

∫ ψ(s)

0

(ψ(s) − θ)α−1

�(α)
A(θ)u(θ)dθds + βλ

∫ T

0

∫ ψ(s)

0

(ψ(s) − θ)α−1

�(α)
f (θ)dθds

− β

∫ T

0

∫ φ(s)

0

(φ(s) − θ)α−1

�(α)
A(θ)u(θ)dθds − β

∫ T

0

∫ φ(s)

0

(φ(s) − θ)α−1

�(α)
f (θ)dθds

+
∫ t

0

(t − θ)α−1

�(α)
A(θ)u(θ)dθ +

∫ t

0

(t − θ)α−1

�(α)
f (θ)dθ .

(30)
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Applying (H3) and (H4),

h(t) ≤ βλ

∫ T

0

∫ s

0

(s − θ)α−1

�(α)
A(θ)u(θ)dθds + βλ

∫ T

0

∫ s

0

(s − θ)α−1

�(α)
f (θ)dθds

− β

∫ T

0

∫ s

0

(s − θ)α−1

�(α)
A(θ)u(θ)dθds − β

∫ T

0

∫ s

0

(s − θ)α−1

�(α)
f (θ)dθds

+
∫ t

0

(t − θ)α−1

�(α)
A(θ)u(θ)dθ +

∫ t

0

(t − θ)α−1

�(α)
f (θ)dθ

≤ β(λ − 1)
∫ T

0

∫ s

0

(s − θ)α−1

�(α)
A(θ)u(θ)dθds + β(λ − 1)

∫ T

0

∫ s

0

(s − θ)α−1

�(α)
f (θ)dθds

+
∫ t

0

(t − θ)α−1

�(α)
A(θ)u(θ)dθ +

∫ t

0

(t − θ)α−1

�(α)
f (θ)dθ .

(31)

For u ∈ Br , we obtain

|h(t)| ≤ (
σN + ||κ||L1

)
(

|β(λ − 1)|
∫ T

0

∫ s

0

(s − θ)α−1

�(α)
dθds +

∫ t

0

(t − θ)α−1

�(α)
dθ

)

≤ Tα
(
σN + ||κ||L1

)

�(1 + α)

(
T |β(λ − 1)|

1 + α
+ 1

)

≤ Tα (2 + α)
(
σN + ||κ||L1

)

�(2 + α)
. (32)

Thus, Qmaps bounded sets into bounded sets in C(J ,R).
Let 0 < t1 < t2 < T , for each h ∈ Qu and u ∈ Bσ . Using (30), as in proving (16), we get

|h(t2) − h(t1)| ≤ σN + ‖κ‖L1
�(α + 1)

|tα2 − tα1 | → 0 as t2 → t1.

Therefore, Q maps bounded sets into equicontinuous sets of C(J ,R). Applying Arzela-
Ascoli theorem, we have that Q is a completely continuous operator.
Step 3:
Let un → ǔ, hn → ȟ where hn ∈ Qun. We have to prove that ȟ ∈ Qǔ.
Associated with hn ∈ Qun, there exists fn ∈ S1F ,un such that for each t ∈ J , we have

hn(t) = βλ

∫ T

0

∫ ψ(s)

0

(ψ(s) − θ)α−1

�(α)
A(θ)un(θ)dθds + βλ

∫ T

0

∫ ψ(s)

0

(ψ(s) − θ)α−1

�(α)
fn(θ)dθds

− β

∫ T

0

∫ φ(s)

0

(φ(s) − θ)α−1

�(α)
A(θ)un(θ)dθds − β

∫ T

0

∫ φ(s)

0

(φ(s) − θ)α−1

�(α)
fn(θ)dθds

+
∫ t

0

(t − θ)α−1

�(α)
A(θ)un(θ)dθ +

∫ t

0

(t − θ)α−1

�(α)
fn(θ)dθ

≤ βλ

∫ T

0

∫ s

0

(s − θ)α−1

�(α)
A(θ)un(θ)dθds + βλ

∫ T

0

∫ s

0

(s − θ)α−1

�(α)
fn(θ)dθds

− β

∫ T

0

∫ s

0

(s − θ)α−1

�(α)
A(θ)un(θ)dθds − β

∫ T

0

∫ s

0

(s − θ)α−1

�(α)
fn(θ)dθds

+
∫ t

0

(t − θ)α−1

�(α)
A(θ)un(θ)dθ +

∫ t

0

(t − θ)α−1

�(α)
fn(θ)dθ
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We want to prove that there exists f̌ ∈ S1F ,ǔ, such that for all t ∈ J , we get

ȟ(t) = βλ

∫ T

0

∫ ψ(s)

0

(ψ(s) − θ)α−1

�(α)
A(θ)ǔ(θ)dθds + βλ

∫ T

0

∫ ψ(s)

0

(ψ(s) − θ)α−1

�(α)
f̌ (θ)dθds

− β

∫ T

0

∫ φ(s)

0

(φ(s) − θ)α−1

�(α)
A(θ)ǔ(θ)dθds − β

∫ T

0

∫ φ(s)

0

(φ(s) − θ)α−1

�(α)
f̌ (θ)dθds

+
∫ t

0

(t − θ)α−1

�(α)
A(θ)ǔ(θ)dθ +

∫ t

0

(t − θ)α−1

�(α)
f̌ (θ)dθ .

(33)

In view of Lemma 1, define the continuous linear operator � : L1(J ,R) → C(J ,R) as

�(f )(t) = βλ

∫ T

0

∫ ψ(s)

0

(ψ(s) − θ)α−1

�(α)
A(θ)u(θ)dθds + βλ

∫ T

0

∫ ψ(s)

0

(ψ(s) − θ)α−1

�(α)
f (θ)dθds

− β

∫ T

0

∫ φ(s)

0

(φ(s) − θ)α−1

�(α)
A(θ)u(θ)dθds − β

∫ T

0

∫ φ(s)

0

(φ(s) − θ)α−1

�(α)
f (θ)dθds

+
∫ t

0

(t − θ)α−1

�(α)
A(θ)u(θ)dθ +

∫ t

0

(t − θ)α−1

�(α)
f (θ)dθ .

(34)

Thus,

|hn(t) − ȟ(t)| ≤ N |λβ|
∫ T

0

∫ ψ(s)

0

(ψ(s) − θ)α−1

�(α)
|un(θ) − ǔ(θ)| dθds

+ |λβ|
∫ T

0

∫ ψ(s)

0

(ψ(s) − θ)α−1

�(α)
|fn(θ) − f̌ (θ)| dθds

+ N |β|
∫ T

0

∫ φ(s)

0

(φ(s) − θ)α−1

�(α)
|un(θ) − ǔ(θ)|dθds

+ |β|
∫ T

0

∫ φ(s)

0

(φ(s) − θ)α−1

�(α)
|fn(θ) − f̌ (θ)| dθds

+ N
∫ t

0

(t − θ)α−1

�(α)
|un(θ) − ǔ(θ)|dθ +

∫ t

0

(t − θ)α−1

�(α)
|fn(θ) − f̌ (θ)| dθ .

(35)

That is, hn(t) → ȟ(t) as n → ∞. Lemma 1 gives that � o S1F ,u is a closed graph operator
in C(J ,R) × C(J ,R) and hn ∈ �(S1F ,un). Since un → ǔ, then ȟ(t) satisfies (34) for some
f̌ ∈ S1F ,ǔ.
Therefore, Q is an upper semicontinuous operator.

Step 4:
Let � ∈ (0, 1) and u ∈ � Qu. Then, there exists f ∈ L1(J ,R) with f ∈ S1F ,u, such that, for
t ∈ J , we have h ∈ Qu satisfies (30). As in proving (32), we get

‖h‖ ≤ Tα (2 + α)
(
N‖u‖ + ||κ||L1

)

�(2 + α)
.

Thus,
�(2 + α) ‖u‖

Tα(2 + α)
(
N‖u‖ + ||κ||L1

) ≤ 1.

In view of (27), there exists � such that � �= ‖u‖. Set
ϒ := {u ∈ C(J ,R) : ‖u‖ < � + 1}.
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It is clear that there is no u ∈ ∂ϒ such that u ∈ � Qu for some � ∈ (0, 1). Further, we
get that the operator Q : ϒ → Pcp,cv(Bσ ) is an upper semicontinuous and completely
continuous operator.
Consequently, by the nonlinear alternative of Leray-Schauder type, we deduce that Q

has a fixed point u ∈ ϒ which is a mild solution for Problem (2).

Finally, we give an illustrative example.

Example 1 Consider the following fractional differential inclusion

cD0.4 − 0.01 sinu(t) ∈
[ |u|3

|u|3 + 3
+ 4t3 + 5,

|u|
|u| + 1

+ 2t + 1
]

a.e. t ∈[ 0, 1] . (36)

Here, α = 2
5 , A(t)u(t) = 1

100 sinu(t), N = 1
100 , T = 1, J =[ 0, 1] and F : J × R → P(R) is

a set-valued map given by

u → F(t,u) =
[ |u|3

|u|3 + 3
+ 4t3 + 5,

|u|
|u| + 1

+ 2t + 1
]

.

For f ∈ F(t,u), we have

|f | ≤ max
{ |u|3

|u|3 + 3
+ t3,

|u|
|u| + 1

+ 1
}

≤ 10, u ∈ R.

Then,

‖F(t,u)‖P = sup {|v| : v ∈ F(t,u), u ∈ R} ≤ 10 and ‖κ‖L1 = 10.

Consider the deviated-advanced nonlocal condition:
2∑

k=1
4−ku(t2k ) = 9

4

3∑

j=1
2−ju(

√
tj ). (37)

Clearly, m = 2, n = 3, ak = 4−k ,
∑m

k=1 ak = 5
16 , bj = 2−j,

∑n
j=1 bj = 7

8 , λ = 9
4 ,

γ = − 32
53 , φ : J → J is defined by t 
→ t2, and ψ : J → J is defined by t 
→ √

t.
Applying assumption (H5), we get ν > 27.5321. Therefore, all conditions of Theorem 3

are satisfied. So, there exists at least one solution for Problem (36) with condition (37).
Now, consider the deviated-advanced nonlocal integral condition:
∫ 1

0
u(s2) ds = 9

4

∫ 1

0
u(

√
s ) ds. (38)

Here, λ = 9
4 > 1, then β = − 4

5 . In view of (27), there exists � > 19.7017. Therefore, all
conditions of Theorem 4 are satisfied. So, there exists at least one solution for problem (36)
with the integral condition (38).

Remark 1 For ak = tk − tk−1, τk ∈[ tk−1, tk]⊂ J and bj = tj − tj−1, ηj ∈
[ tj−1, tj]⊂ J , the nonlocal condition for Problem (1) will be

∑m
k=1(tk − tk−1) u(φ(τk)) =

λ
∑n

j=1(tj − tj−1) u(ψ(ηj)). For u ∈ C(J ,R), we have lim
m→∞

∑m
k=1(tk − tk−1) u(φ(τk)) =

λ lim
n→∞

∑n
j=1(tj − tj−1) u(ψ(ηj)) which can be transformed into the nonlocal integral

condition
∫ T
0 u(φ(s))ds = λ

∫ T
0 u(ψ(s))ds of Problem (2).
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