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Introduction

In 1965, Zadeh [1] came out with the concept of fuzzy subsets (or fuzzy sets for briefly)
which is, indeed, an extension of the classical notion of the ordinary sets. This concept
was defined by Zadeh as a function A : X — [0, 1] where X is a non-empty set. Here, A
is a fuzzy subset of X and the number A(x) € [0, 1] is called the degree of membership
of the element x in A for every x € X. Zadeh also in [2] defined the fuzzy relation as a
fuzzy subset of the Cartesian product X x Y. Subsequently, many researchers [3—7] and
others studied fuzzy relations in various contexts. Fuzzy sets and fuzzy relations have
many applications in diverse types of sciences, for example, in data bases, pattern rec-
ognition, neural network, fuzzy modelling, economy, medicine, and multicriteria
decision-making. The concept of Zadeh has, however, some limitations in dealing with
uncertainties. Atanasov [8] developed the theory of intuitionistic fuzzy sets as a
generalization of fuzzy sets introduced by Zadeh to overcome these difficulties. Atana-
sov defined the intuitionistic fuzzy set as a pair of fuzzy sets, namely a membership
and non-membership functions, which represent positive and negative aspects of the
given information. After that, many researchers applied the notion of intuitionistic
fuzzy sets to topology, algebra, and other branches of mathematics. Intuitionistic fuzzy
set theory is widely applied in solving real-life problems. An example of such applica-
tion is the optimization in intuitionistic fuzzy environment where by applying this con-
cept, it is possible to reformulate the optimization problem by using degrees of
rejection of constraints and values of the objective which are non-admissible. This con-
cept allows one to define the degree of rejection which cannot be simply a complement
of the degree of acceptance. The idea of a positive and negative information was
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confirmed by psychological investigations and is widely studied in diverse domains of
engineering.

In this paper, we introduce the concept of compatibility of intuitionistic fuzzy relation
with the well-known group (Z,, @) where @ is the sum modulo n. However, we obtain
a characterizations of intuitionistic fuzzy relation compatible with the group (Z,, ®)
throughout the isomorphic group (I, ) where I, ={1,2, ..., n}.

The paper is organized in four sections. The first section is devoted to the introduc-
tion of the paper and the second section is devoted to introduce some definitions and
some operations on the ordinary fuzzy relations and intuitionistic fuzzy relations. In
the third section, which is the main in this paper, some important results are obtained
using the operations and notations introduced in Section 2. The last section is devoted
to the conclusion.

Basic Definitions
We give here some definitions and notations which are applied throughout the paper.

Definition 2.1. [1] Let X be a non-empty set. A function A from X to the unit interval
[0, 1] is called a fuzzy subset of X. The number A(x) is called a membership grade of x
in A for every x € X

Definition 2.2. [2] Let X be a non-empty set. A function R from X x X to the unit
interval [0, 1] is called a fuzzy relation on X.

If card X = n where n € N, then R may be represented by a matrix €[0, 1]” " (called a
fuzzy matrix). There is a large number of papers on fuzzy matrices from 1977 to now.

Definition 2.3. [8] Let X be a non-empty set and A, A?: X —[0,1] be two fuzzy sub-
sets of X such that Ax)+A%x) <1 for every xeX. A pair F = (A,A%) is called an
intuitionistic fuzzy subset of X where A(x) denotes the degree of membership and A%(x)
denotes the degree of non-membership of every x € X to F respectively.

Definition 2.4. [4] Let X be a nonempty set and R, RY: X x X— [0,1] be two fuzzy re-
lations on X such that R(x,y) + R%(x,y) <1 for every x, ye X. A pair p = (R, R?) is called
an intuitionistic fuzzy relation on X.

Similarly, as of ordinary fuzzy relations, if card X = n where n € N, then p may be rep-
resented by a matrix €([0, 1] x [0, 1])"*" (called an intuitionistic fuzzy matrix). Note
that the elements of such matrices are taken from the set

F={{a,a”) :a+a’<1 } such that a,a’€[0,1]

The family of all intuitionistic fuzzy relations on a non-empty set X is denoted by
IFR(X). If p = (R, R% is an intuitionistic fuzzy relation with R(x,y) + R(x, y) <1 for every
x, y € X, then p is reduced to be ordinary fuzzy relation. This explains why the concept
of intuitionistic fuzzy relations is an extension of that of the ordinary fuzzy ones. If the
fuzzy relation 7, : X x X — [0, 1] is associated to each intuitionistic fuzzy relation p = (R,
R%, where (%, y) =1 - R(x,y) - R(x, y) for every x, y € X, the number 7,(x, y) is called
an index of an element (x, y) in the intuitionistic fuzzy relation p. It is also described as
an index (a degree) of hesitation whether x and y are in the relation p or not. This value
is also regarded as a measure of non-determinacy or uncertainty (see [11]), and it is
useful in some applications namely in decision-making problems.



Emam Journal of the Egyptian Mathematical Society (2019) 27:54 Page 3 of 14

From Definition 2. 4, we see that an intuitionistic fuzzy relation is a pair of fuzzy rela-
tions which represent a membership and non-membership functions, respectively. This
description is connected with the existence of positive and negative information about
the given relation. The symbols R(x, y) and R%(x, y) may be regarded as a lower bound
on membership and a lower bound on non-membership of a pair (x, y), respectively.

Some basic operations on intuitionistic fuzzy relations IFR(X) are extensions of the
respective operations on ordinary fuzzy relations. As a result, operations on the set of
ordinary fuzzy relations are particular cases of the ones on the set IFR(X).

Definition 2.5. [3]. Let p = (R, RY, 6=(S, 8% e IFR(X). Then, the following operations
are defined as follows:

sum : pvo = <RVS, Rd/\Sd>,
intersection : pAc = <R/\S,Rded>,
composition : pec = <R°S,Rd ='/Sd>7
complement : p° = (R%,R)
where
(RVS)(x,7) = R(x,y)vS(x,y) = max(R(x,y),S(x,y))x, yeX
(RAS) (%, y) = R(x,y)AS(x,y) = min(R(x,y),S(x,y) x,yeX

(RS)(%,3) = Vaex (R(x. 2)1S(2.)
(R*s") (9 = A (R(x.2)v8" (2.)

We may write p>=p -p, p> = p* - p, and in general, p*=p*~ '+ p for every ke N. If p,
o€ IFR(X), then we write p <o if and only if p(x, y) < a(x, y). That is p < ¢ if and only if
R(x,y) < S(x,y) and R¥(x, y) = S%x, y) for all x, y€ X and p = o if and only if R(x, y) = S(x,
y) and R¥(x, ) =S4, y) for all x, ye X. Also, p<o if and only if R(x,y) <S(x,y) and
R(x, y) > S%x, y) for all x, ye X

Definition 2.6. [4, 12] Let p = (R, R% e IFR(X). Then, the converse intuitionistic fuzzy
relation of p is denoted by p~* and is defined as p—* = (R™*, (RY)™"), where R™(x,) = R(y,
x) and (RY)(x, y) = Ry, x) for every x, ye X.

Definition 2.7. [4, 12] Let p = (R, R*) € IFR(X). Then p is called an:

(a) intuitionistic fuzzy symmetric if and only if p~'=p,

(b) intuitionistic fuzzy transitive if and only if p* < p, i.e., p(x, ¥) A p(3, 2) < p(x, 2) for all
x, v, z€X,

(¢) intuitionistic fuzzy reflexive if and only if p(x, x) = (1, 0) for all x € X,

(d) intuitionistic fuzzy irreflexive if and only if p(x, x) =<0, 1) for all xe X.

Definition 2.8. [7, 9, 10] Let G be a multiplicative semi-group. A fuzzy relation R on
G is called a left G-compatible fuzzy relation if R(xa, xb) = R(a, b) for every a, b, x€ G,
and it is called a right G-compatible fuzzy relation if R(ax, bx) =2 R(a, b) for every a, b,
x € G. It is called a G-compatible fuzzy relation if it is left and right G-compatible fuzzy
relation.
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Z,-Compatible Intuitionistic Fuzzy Relations

Let Z, = {l; =0,l, =1,....1, = n—1}. Then, as it is well known, (Z,, ®) is an abelian
group where the operation @ is the sum modulo #. Let us put [;®/;=1;,; for every i
jel,=1{1,2,...,n; where n€ N. Then, (J,, ) is also an abelian group where the operation
= is defined on the set I,, as follows:

wil [ itiLif it j-1sn,
=it j-l-n if i+ j-1>n.

The mapping ¢:(Z,,®) — (I,,+) defined by ¢(/;@®[)=i+j is an isomorphism of
groups and the two groups are isomorphic, and so, the intuitionistic fuzzy relations de-
fined on the group (Z,, ®) may be regarded as that of the isomorphic group (I, ). In
the following, we write Z,, instead of (Z,,, ®) for simplicity.

Definition 3.1. The relation p = (R, R%) € IFR(I,, #) is called a left Z,-compatible if and
only if R(;, j) < R(k i, k+j) and R, j) = R*k+i, k+j) for every i, j, kel,. Similarly, p is
called a right Z,-compatible if and only if R(,j) < R(i  k,j + k) and R, j) = R%i « k,j + k)
for every i, j, k€1, From this definition, since the operation = is abelian, we see that
when the intuitionistic fuzzy relation p is a left Z,-compatible, it is also a right Z,--
compatible and then we call it Z,-compatible. Moreover, since, (1, *) is a group and p

is a Z,,-compatible, we get
R(i, j) <R(ixk, jxk) = R(ixksk™, jxk«k™) = R(i, j)
and
R4(i, j) 2R (ixk, jxk) = R* (iskxk ™", jakxk™) = R%(i, )

Thus, an intuitionistic fuzzy relation p = (R, R%) is called a Z,-compatible if and only
if R(i,j) = R(i » k, j « k) and R, j) = R(i « k, j « k) for every i, j, keI, so that R(i, i) = R(j, j)
and R%(i, i) = R%(j, ) for every i, j, kel,. ie., p(i,i) = p(j,j) for every i, j, ke l,. Here, the
two fuzzy relations R and R? are also Z,-compatible.

Remark 3.1. When the two fuzzy relations R and R* in Definition 3.1 are presented by
fuzzy matrices, then these fuzzy matrices are completely determined by their first rows
(or first column) and so we may write b; to express p(1, i) ={R(1, i), RU(1,0)).

Proposition 3.1. Let p = (R, R*y € IFR(I,,, #). Then, p is a Z,-compatible if and only if
pi,)) =pi®k jDK) for every i, j, ke,

Proof. First, we notice that i @ k=i« k=2 for every i, j, k€ I,,. Now, let p be an intuitio-
nistic fuzzy relation compatible with the group Z,, and let i, j, k€ I,,. Then, by the com-

mutativity of = and noting that k = 2 € I,, we have:
pli, j) = plix(kx2), j*(k«2) = p(i®k, jOk).

Conversely, suppose that p(i,j) = p(i ® k,j @ k) for every, j, kel,. Since k=nel, and
k=2=1, we have:

pli, j) = p(i®(kxn), jO(kxn))
= p(ix(kxn)*2, jx(kxn)x2) = p(ixk, jxk).

Therefore, p is a Z,-compatible intuitionistic fuzzy relation.
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Proposition 3.2. The following statements are equivalent:
(1) p is a Z,, - compatible intuitionistic fuzzy relation,
(2) p(i,)) = by,
(3) if p(i, j) = b, then p(j, i) = by for every i, j, kel,,.
Proof. (1) implies (2).
Let p be a Z,-compatible intuitionistic fuzzy relation. Then
p(i,)) =pli=k,j=k) for every i, j, ke l,
and so

p(l71) :p(l‘*iiaj*jil) :p(laj*iil) = bj*i’1 = bz”l*]"

(2) implies (1).
Let p(i, j) = b;,; for every i, j, k€ I,
Then,

p(l*k? ]*k) = b(i*k)’l*(j*k) = bk’l*i"*j*k = bi’l*j = p(la ])

Thus, p is a Z,-compatible intuitionistic fuzzy relation.

(2) implies (3).

Let p(i, j) = b;y1,; and let p(i, j) = by for every i, j, k€ I,,. Then,
pli,j) = br = bi,;

and so

bk—l = b(i’l*j)_l = bi—l*i = p(], i).

(3) implies (2).

Suppose that p(j, i) = b whenever p(i, j) = by for every i, j, k€ l,. We will show that
p(la ]) = bi’l*j'

Since by-1,; = b; = p(1,i), we get

pli;1) = bt = b1y,

Thus,

p(1,i) = by, and p(i; 1) = b1,y
Therefore,
pli,j) = brl*,’

Remarks 3.2. (1) It follows from Proposition 3.2 that the number of elements of a Z,-
compatible intuitionistic fuzzy relation is at most equal n.

(2) If a relation p is presented by an intuitionistic fuzzy matrix, then we can obtain
this matrix from the table of (Z,, ®) by replacing the ith row by i "' # row and / by b.

(3) By Proposition 3.1, we can see that:

(@) pli)) =bgisj—iv1y with b, . ;=b;,

(@D) pl,))=pli®k,jOk) =p(i+1,j+1) with p(n+1,n+h)=p(1,h) for every i, j, ke,

(iii) p(n,j) = b; 1) for every jel,.

(4) The rows parallel to the diagonal have the same elements.

Example 3.1. If =4, then Z4 = {l; = 0,1, = 1,13 = 2,14 = 3} and the table of (Z,, ®)

is as follows:
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& L L I3 L
h b L I3 L
L I I3 Iy L
I3 I3 Iy T I
lo Lo I L I3

Since [;' =1y I,' =14, and [3' = I3, it follows from Proposition 3.1 that the follow-

ing matrix:
b1 by b3 by
| ba b1 by b3
P~ | bs by by by
by b3 by by

represents an intuitionistic fuzzy relation compatible with the group Z, where b;e F
for all i =1, 2, 3, 4. This matrix is called circulant as it is well known.

Proposition 3.3. Let p = (R, R?) and o = (S, $%) be two Z,-compatible intuitionistic fuzzy
relations. Then, p~*, p, pV 0, p Ao and p - o are also intuitionistic fuzzy relations.

Proof. We only prove that the composition of p and ¢ is also a Z,-compatible intuitio-
nistic fuzzy relation and the proof of the others are straightforward. Now,

n

pog(i,j)—<V( ll/\Sl},/S R”’zle”’(l/)>

Since we have that R, S, R and S? are all Z,-compatible fuzzy relations, we write

peoli,j) = <>/ (R(ixk, Lk ) AS(Ixk, jak), IN (R (i, k) VS (Ixk, j*k)>

=1

h=1 h=1

= <V (R(ixk, h)AS(h, j*k),/\n (R?(ixk, h)vS? (h, j*k)>

(since (1, #) is a group)
= peo(ixk, jxk).

Therefore, p - 0 is a Z,-compatible intuitionistic fuzzy relation.

Remarks 3.3. By Proposition 3.4., we have:

(1) If p is a Z,-compatible intuitionistic fuzzy relation, then so also p* for all ke N.

(2) If B is the set of all Z,-compatible intuitionistic fuzzy relations, then (5, A), (3, V),
and (B, -) are monoids with unite element ¢, ey,and &3 respectively, where ¢, &,and &3
and are defined as €;(5,/) =(1,0), &(i,j) =(0, 1), and

o (@0 ifi=],
w0 =4 oy ]

for every i, jeI,.

Definition 3.2. Let p =(R, R Y, 0={(S, Sd) € IFR(1,,). Then, we define p© o, proe
IFR(1,) as
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(0,1) if R(i,/)<S(i, j) and R4(i, j)=S%(i, ),
(poo)(i,j) =< (0,R*i, j)) if R(i, /) <S(i, j) and R? (i, j) < S*(i, j),
(R(i, j),R*(i, ))) if R(i,J) > S(i, }).

and

(p>0) (i) = I\ (RG, 1), R (5,1))>(S (L, /), (1, /)
where

(R(, j), R (i, J))>(S (L, k)51, K))

(1,0) if R(i, /) <S(4, ),
:{ (S(L,k),0) if R(i,j) > S(I, k) and R%(i, j) =S(1, k),
(S(1,k), 81, k) ) if R(i, j) > S(I,k) and R%(i, j) < S*(1, k)
for every i, j, kel,

Proposition 3.4. Let p=(R, RY and o=(S,5% be two Z,,-compatible intuitionistic
fuzzy relations. Then, p© o and pro are also Z,-compatible intuitionistic fuzzy
relations.

Proof. To prove that p &0 is a Z,-compatible intuitionistic fuzzy relation, let r=p
© 0. Then,

(i, j) = (T(i. }), T*(i. /)

(0,1) if R(i, j)<S(i,j) and R*(i,)=S(i, j)
=< (0RG, ) i R(i.)<S(i. ) and R(i, j) < $%(i. ),
< (l,]),R (i, ) >1fR i,j) > S(i, ).

Now, we have three cases:
Case (i). If R(i, j) < S(i, ) and R%(i, /) = $%(i, j), then

R(ixk, jxk) < S(ixk, jxk)
and
R (isck, k)= S (ixk, jwk).

Therefore,
(4, j) = €0, 1)=1(i = k, j = k).
Case (ii). If R(i,j) < S(i,j) and R%(i,j) < §(i, ), then

R(ixk, jxk)<S(ixk, jxk)
and
R (ixk, jxk) < S%(ixk, jxk).
Therefore,
7(i, j) = (0,R4(i, j)) = (0,R(ixk, j+k)) = T(ik, jk)
Case (iii). If R(i,j) > S(i, ), then R(i = k, j = k) > S(i » k, j = k) and so
r(ixk, jxk) = (R(ixk, jxk), R (ixk, j¥k))
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= (R(i, ), R(i, })) = (i, j).

Therefore, p © o is a Z,-compatible intuitionistic fuzzy relation.
To show that p> o is a Z,-compatible intuitionistic fuzzy relation, let # = p> 0. Then,
we have

= /\ ((R(ixk, ), R (ixk, ) y>(S(h, jsk), 8¢ (h, j+k)))

(since (I, =) is a group)

=y(i =k, j = k) for every i, j, ke I,.p.

Thus, the intuitionistic fuzzy relation p > o is a Z,-compatible.

Corollary 3.1. Let p be a Z,-compatible intuitionistic fuzzy relation. Then, Vp and Ap
are Z,-intuitionistic fuzzy relations where VGp=p Ap " and Ap=p©Sp~".

Proof. By Propositions 3.3 and 3.4.

It is noted that if p € [FR(X) for any non-empty set X, then Vp is an intuitionistic
fuzzy symmetric and Ap is an intuitionistic fuzzy irreflexive. Moreover, p=A4p vV p

(see [4])
Example 3.2. Let n=3 and p =(R, RY, 6=(S,8% eIFR(I;) be presented by matrices:
[05 0.6 0.7] 04 02 0.3
R=107 05 06|, R“= 103 04 02
0.6 0.7 0.5] 02 03 04
and
[0.6 0.7 0.5] 03 03 04
S=105 06 07],8%=1]04 03 03
0.7 0.5 0.6] 03 04 03

Then, it is easy to see that both p and o are Z3-compatible and

(0,1)  (0,02) (0.7,0.3)
peo = |(0.7,03) (0,1)  (0,02) |,
(0,0.2) (0.7,0.3)  (0,1)

(0.5,0.4) (0.5,0.4) (0.6,0)
po = | (0.6,0) (0.5,04) (0.5 0.4)
(0.5,0.4) (0.6,0) (0.5,0.4)

which they are also Z3-compatible intuitionistic fuzzy relations.
Let & = (E, E) € IFR(I,,, +) be presented by matrices:
0o - 1 1 - 0
E=|: = i|andE?= |: 2
1 - 0 o - 1

Thus,
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0,1) - (1,0

o [0) ifitj=nt1,
el j) = { (0,1) otherwise. ’

Then, we have the following proposition.

Proposition 3.5. Let p € IFR(I,, ») be a Z,-compatible. Then, €-p is an intuitionistic
Sfuzzy symmetric.

Proof. Let T=¢-p. Then, from the definition of the intuitionistic fuzzy relation ¢, we
can see that 7(i,j) = p(n — i + 1, ) for every i, j € I,. Since we have that p is a Z,-compat-
ible, we get for every i, j€1,

(5, )) =p(n-i+ 1@k, j® k) (by Proposition 3.2)

and so

(i, j) = p(n—i + 1@k, j®k) = p(1, j®i) = bja;.

Similarly, we can prove that 7(i, /) = b;e ;. Hence, 7 is intuitionistic fuzzy symmetric.

Proposition 3.6. Let p € IFR(I,, =) be a Z,-compatible. Then, p is an intuitionistic
fuzzy symmetric if and only if p(1,i ) =p(1,n+2-1i) for every i€l,

Proof. Let p be intuitionistic fuzzy symmetric. Then,

p(L,i)=plki=k)=pi=k k) for every kel,.

Taking k=n-i, we get

p(lal) zp(n—l,n—i) =p(n,n—i+ 1) :P(l,ﬂ—l+2 )

Conversely, suppose p(1,i ) =p(1,n—-i+2 ) for every i € I,,. Then, p(i, 1) = p(i = k, k) for
every ke I, Taking also k=n-i,we get p(i,1 )=p(1,n—i+2). Thus, p(1,i)=p(,1).
Since we have that p is a Z,-compatible, we conclude

p(Li)=p2,i+1)=p3,i+2)=..=p(ni+n-1).
and
pi,1)=p(i+1,2) =p(i+2,3)=..=p(i+n-1,n).

But p(1,i ) =p(i, 1), so that p(u, v ) = p(v, u ) for every u, vel,. Therefore, p is intui-
tionistic fuzzy symmetric. This completes the proof.

Corollary 3.2. Let p € IFR(I,, ») be a Z,-compatible. Then p is an intuitionistic fuzzy
symmetric. If and only if p(1,7 ) = p(1,i") for every i€ 1,.

Proof. Since i ' =n—i+2 (for i#1 ) with respect to the operation = defined on the
group (I, ).

Note:

Using Proposition 3.6, the intuitionistic fuzzy relation in Example 3.1 is intuitionistic
fuzzy symmetric if and only if b, = by since 27! =4 and 37" = 3.

Theorem 3.1. Let p = (R, RY, o=1(S,8% eIFR(I,) be two Z,-compatible. Then, p
coO=0°p.
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Proof. Let =(T, T = peoand 7=(Q, Q=0 p. Then, 7 and # are Z,-compatible
by Proposition 3.3. Now, (1, k) =(T(1, k), T, k)

= <V (R(1,1)AS(1, /<)),l:/n\1 (R*(1,1)vs4(1, k)>

and

”(l’k) = <Q(17k)’Qd(lak)>
<V S(1,0)AR(L, k) é\ 11de(1/<)>

In the following, we show that T(1, k) = Q(1, k) and similarly T%1, k) = Q*(1, k) ). Since
7T and o are Z,-compatible intuitionistic fuzzy relations, the fuzzy relations 7" and Q
are also Z,-compatible. We rewrite 7(1, k) as follows:

n

V R(1,1)AS(1, k) =

k n
=V (R, D)AS(1,k + 1- D), V (ROLDAS(Ln+ K+ 1-D))
1 1)AS(1, K))V(R(1, 2)AS (1. k-1)
C3)AS(L, k=2))V... v (R(1, K)AS(1,1))
L K)AS(1, 1)V(R(1, k-1)AS(1, 1))
Jk+2)AS(1, n-2)

=1
= (R(1,
V(R(1
V(R(1
(R(l
(R(l,n—l)AS(l,k+2))
V(R(1,m)AS(1,k + 1)

Similarly, we compute Q(1, k) as follows:

Q(l,k) - V (S(1, ))AR(L, k)

fl\i/lSll/\lenLll V S(1,)AR(L, 1 + k + 1-1))
(S(1. 1)AR(L, K))¥(S(1, 2)AR(1 k-1)
V(S(1,3)AR(1, k-2))v...v(S(1,k)AR(1, 1))
V(S(1,k)AR(1,1)v(S(1, k 1)AR(1,n))
S(l,k—l—Z)/\R(l,n 2))

,__II

(S(l,n—l)/\R(l,k—l— 2))
V(S(1, m)AR(L, k + 1)

From these computations of T(1, k) and Q(1, k), it is clear that =Q(1, k). In a similar
way, we can show that T, k) = Q*(1, k). Thus, 7(1, k) = n(1, k). Again, since 7 and # are
Z,-compatible intuitionistic fuzzy relations and 7(1, k) = (1, k), we get 7 =y, ie, p
cag=0°p.

Definition 3.2. For p = (R, R € IFR(1,), we define the two intuitionistic fuzzy relations
pr=(Ry, (Rd)L> and py =Ry, (Rd)u> as follows:

R (i, j) = min{R(uxixkxv, uxjxkxv), i, j k,u,vel,},
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(Rd)L(i, j) = max{Rd(u*i*k*V, wxjxk*v), i, j,k,u,vel_n }
and

Ry (i, j) = max{R(uxixkxv, uxjxkxv), i, j k,u,vel,},

(Rd)u(i, j) = min{Rd(u*bkl(*V7 wkjxk*v), i, j,k,u,vel n }

The following two propositions have interesting properties. They enable us to con-
struct two Z,-compatible intuitionistic fuzzy relations p; and p; on (I, *) from any
given intuitionistic fuzzy relation p on (I, ). Moreover, p; <p < p.

Proposition 3.7. Let p=(R, RY e IFR(L,). Then, pr€IFR(L,, %) is a Z,-compatible
intuitionistic fuzzy relation. Moreover, it is the largest one contained in p.

Proof. First, we notice that the number u = k» v must be one of the different elements
of the group (I, ») and so also u » v. Now, we show that the intuitionistic fuzzy relation
pr is a Z,-compatible. We have:

R (i,]) = min{R(uxixv, uxjxv), i,j,u,vel,}
= min{R(ix1, jx1), (R(i*2, j*2), ..., (R(ixn, jxn)}.

Also,

Ry (ixk, jxk) = min{R(uxixk*v,uxjxk*v), i,j k,u,vel,}
= min{R(ix1, j*1), R(ix2, j*2), ..., R(i*n, jxn)}.

Therefore, R;(i,j) = Ri(i = k, j = k). Hence, the fuzzy relation R; is a Z,-compatible fuzzy
relation. Similarly, we can prove that the fuzzy relation (RY, is a Z,-compatible fuzzy
relation. Therefore, p; is a Z,-compatible intuitionistic fuzzy relation.

By the definition of p; it is clear that R;(i, j) < R(i, /) and also, RY, G, j) = R, j) Thus,
PLEP-

Now, let E=(L, L% € IFR(I,,, =) be a Z,-compatible such that {<p. We will show that
&< p;. Since we have that

LG, j)=L=i,u=j)=Lu=i=v,u=j*v) <Ru=ixv,ux=j=v) for every i, j, u, v € I, we obtain
L(i, j) < min{R(uxixv,uxjxv) : i, ju,vel, } = Ry(i, ).

Similarly, we can show that
L(i, j) 2 max{ R (wxixv, uxj*v) : i, j,u,vel, }= (Rd)L(i, ).

Thus, {<py.
Proposition 3.8: Let p = (R,R?), p, = (R\,R}), p, = (Ry R})eIFR(I,, ). Then, we have:

(1) p1<p, implies (p;);;<(py)y
(2) p, isa Z,~compatible

B (ou)" = (),
@ (P1VP2)yy = (P1)yV(P2)y

Proof. The proof of (1) is clear and the proof of (2) is similar to the proof of p; in
Proposition 3.7. However, we only prove (3) and (4).
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(3) Let py = (Ryy, (R?) ) € IFR(I,,, =). Then,
(Ru)_l(i7 J) = Ry(j,i) = max{R(ujxv,uxixv): i, j u,vel,}

= max{R‘l(kaj*v7 Uxikv) i,j,u,ve[,,}
= (R_l)u

Thus,
(Ru)" = (R),,

Similarly, we can show that (RN )™ = (R, This completes the proof and hence
) = Ny

@ (p1)yVp)y = (R)yV(R2)y), ((Rbli)u/\(Rg)ﬁ »and  (pVpy)y = ((RiVRy)y,
(RiiARg)u>-

Now, we show that ((R1);;V (R2)1y) = (R1 V Ry)¢. For every i, j, u, ve I, we have:

(R V(R ) (i) = max(R)y (i), (Ra)y i)
= max( max{R; (uxixv, uxjxv)}, max{Ry(uxixv,uxjxv)})
= max({ max(Ry (uxixv, wkjxv)}, {Ry(uxixv, ukjxv)})
= max{(RiVRy)(uxixv,uxj*xv} = (RiVRy), (i, ).
Also, for every i, j, u, v € I, we have:
(RY) A (RS) ) (0. ) = min((RY)y (i, ). (R) (i, /)
= min( min{(R{ (uxixkxv, wrjxv}, min{ (RS (wxiskxv, uxjxkxv})
= min({ min(R{(uxixv, wxjsv}, { (R (wrisv, uxjxv})
= min{ (R{ARS) (wxixv, uxjsv)} = (R{ARE) (i, ).

Therefore, (p1 V p2)u=(P)uV (P2)
Analogously, we can prove the following proposition.

Proposition 3.9. Let p = (R,RY), p, = (R;,R?), p, = (RyRS)eIFR(I,,*). Then, we
have:

(1) p1 < po implies (p1) < (p2):

@) () =7

(3) (pr A p2)r=(p) N (pa)r

Corollary 3.3. Let p be intuitionistic reflexive (irreflexive). Then, p;; (pr) is intuitionis-
tic fuzzy reflexive (irreflexive).

Proposition 3.10. Let p = (R, R?) € IFR(1,,, ). If p is a Z,-compatible, then p; = p; = p.

Proof Let py=(Ry; (R%),) be a Z,-compatible intuitionistic fuzzy relation. Then, both

Ry and (R, are also Z,,-compatible fuzzy relations and so,
Ry (i, j) = max{(R(uxixv,uxjxv), i, ju,vel,} = R(i,j)

and
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(Rd)u(i, j) = min{ (Rd(u*i*v, wkjxv), i, j,u, ve[,,} = R(i, j)

Therefore, p;; = p.
Similarly, it can be shown that p; = p.
Example 3.3: For n =4, let p = (R, R% e IFR(1,) be presented by matrices:

05 0.7 08 0.2 05 03 02 06
|08 03 04 09 . o1 06 06 o0
R=107 05 03 06|®™F =103 04 05 04
09 1.0 0 04 01 0 1.0 03
Thus,
(0.5,05) (0.7,0.3) (0.8,0.2) (0.2,0.6)
1 (0.8,01) (0.3,0.6) (0.4,0.6) (0.9,0)
P= 107,03 (0.504) (0.3,0.5) (0.6,0.4)
(0.9,0.1)  (1,0) 0,1)  (0.4,0.3)
Since
05 09 1 08 03 01 00 01
|08 05 09 1 ~ |01 03 01 00
Ru=|"1" 08 05 09| ™ ®)u= 100 01 03 01
09 1 08 05 01 00 01 03
03 04 07 0 06 06 03 1
0 03 04 07 ~n |1 06 06 03
Ri=107 0 03 04|™®) =103 1 o6 06l
04 07 0 03 06 03 1 06
we have:

(0.8,0,1) (0.5,0.3) (0.9,0.1)  (1,0)
(1,0)  (0.8,0,1) (0.5,0.3) (0.9,0.1)

(05,03) (09,0.1) (1,00  (0.8,0,1)
Pu=
0.9,0.1)  (1,0)  (0.8,0,1) (0.5,0.3)

and

(0.3,0.6) (0.4,0.6) (0.7,0.3)  (0,1)

| 0,1)  (0.3,06) (0.4,0.6) (0.7,0.3)
PL=110.7,03) (0,1) (0.3,0.6) (0.4,0.6)
(0.4,0.6) (0.7,03)  (0,1)  (0.3,0.6)

It is clear that the fuzzy relations Ry, (R, Ry, and (RY); are all Z,-compatible and
so pyr and p; are Z,-compatible intuitionistic fuzzy relations. Also, we see that R; <R <
Ry and (R, 2 R > (R%),. So that p, <p<py .

As an instance, we compute Ry (2, 3) and (R,/2, 3) as follows:

Ry(2,3)=max{R(u+2+v,u+3+v): u,vely}. Since we have that (I, =) is an abelian

group, we conclude u = v must be one of the numbers 1, 2, 3 and 4. So that
R;(2,3) = max{R(2x1,3x%1), R(2x2,3%2), R(2x3, 3%3), R(2x4, 3x4)}
= max{R(2,3),R(3,4),R(4,1),R(1,2)}
= max{0.4,0.6,0.9,0.7} = 0.9
Also
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(R%),,(2,3) = min{R%(2,3),R(3,4),R%(4,1),R*(1,2)} =0
Then

pu(2,3) =(0.9,0.1)

Similarly, we have p, (2, 3) = (0.4, 0.6)

Conclusion

The operations v, A, = and @ play an important role in the whole of the paper. We
explored the interesting properties of intuitionistic fuzzy relations which are compatible
with the group (Z,, ®) which isomorphic to the group (f,, =). These relations are, of
course, finite and they are circulants. Given any finite intuitionistic fuzzy relation p, we
define in Section 3 two finite intuitionistic fuzzy relations p; and p;. We showed that
these relations are compatible with the group (Z,, ®), and hence they are circulants.
Thus, this result enables us to construct two circulant intuitionistic fuzzy relations from
any given one.

Abbreviations

IFR(X): The family of intuitionistic fuzzy relations on a nonempty set X; IFR(/,, *): The family of intuitionistic fuzzy
relations on the group (I, *), where [,={1,2, ..., n}
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