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Introduction
The doubly warped product of Riemannian (semi-Riemannian) manifolds has been stud-
ied by many authors, for example, we refer to [1–5]. Several applications to theoretical
physics can be found in the literature. For instance, in [3], Beem-Powell considered the
doubly warped product for Lorentzian manifolds. Moreover, in [6, 7], Asanov studied the
generalization of the Schwarzschild metric in the Finslerian setting and obtained some
models of relativity theory described through the warped product of Finsler metrics.
Then, Shen used a construction of warped of Riemannian metrics at the vertical bundle
and obtained a Finslerian warped product metric [8]. Recently, E. Peyghan and A. Tayebi
([9]) introduced horizontal and vertical warped product Finsler manifold and they proved
that every C-reducible or proper Berwaldian doubly warped product Finsler manifold is
Riemannian.
In this paper, we study a more general product Finsler manifold that will be called con-

formally doubly warped product Finsler manifold (CDWPF), that is, the product manifold
M := M1 × M2 endowed with the metric F : TMo

1 × TMo
2 → R defined by

F(v1, v2) = eσ(π1(v1),π2(v2))
√
f 22 (π2(v2))F2

1 (π1(v1)) + f 21 (π1(v1))F2
2 (π2(v2)) ,

where (M1, F1) and (M2, F2) are two Finsler manifolds; f1 : M1 → R+ and f2 : M2 → R+

are two smooth functions on M1 and M2, respectively; π1 : M1 × M2 → M1, π2 : M1 ×
M2 → M2 are the natural projection maps; and σ : M1×M2 → R+ is a positively smooth
function onM1 × M2, TMo

1 = TM1 − 0 and TMo
2 = TM2 − 0.

For a conformally doubly warped product Finsler manifolds (CDWPF), the coefficients
of Barthel connection and its curvature tensor are studied. Moreover, the coefficients of
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Cartan connection for CDWPF are given. Finally, some special Finsler spaces concerning
a conformally doubly warped product Finsler manifold are derived.
Finally, the obtained results in this paper generalize and retrieve some results con-

cerning the doubly warped product Finsler manifold, warped product Finsler manifold,
conformally warped product Finsler manifold, product Finsler manifold and conformally
product Finsler manifold.

Notations and preliminaries
In this section, we give a brief account of the basic concepts of Finsler geometry that will
be needed throughout. This means that all notations and results which appear in this
section refer to [10–14].
LetM be an n-dimensional smooth manifold. Let (xi) be the coordinates of any point of

the base manifold M and (yi) a supporting element at the same point. We mean by TxM
the tangent space at x ∈ M and TM = ⋃

x∈M TxM the tangent bundle of M. A Finsler
structure onM is defined as follows:

Definition 1 A Finsler structure on a manifold M is a function [11–13]

F : TM → R

with the following properties:

(a) F � 0 and F(x, y) = 0 if and only if y = 0.
(b) F is C∞ on the slit tangent bundle T M := TM\{0}.
(c) F(x, y) is positively homogenous of degree one in y: F(x, λy) = λF(x, y) for all y ∈ TM

and λ > 0.
(d) The Hessian matrix gij(x, y) := 1

2
∂2F2
∂yj∂yi is positive-definite at each point of T M.

The pair (M, F) is called a Finsler space and the symmetric bilinear form g = gij(x, y)dxi ⊗
dxj is called the Finsler metric tensor of the Finsler space (M, F).

The tensor Cijk := 1
4

∂3F2
∂yk∂yj∂yi is called the Cartan torsion. It is well known that F is

called Riemannian if and only if the Cartan tensor Cijk vanishes identically [10, 13]. By
Deicke’s Theorem, F is Riemannian if and only if Ii = 0, where Ii := gjkCijk called the
mean (contraction) Cartan torsion.
The Matsumoto torsion for a Finsler structure (M, F) with dimension n is given by

Mijk := Cijk + 1
n + 1

{Ii�jk + Ij�ki + Ik�ij},

where �ij := gij − 1
F2 yi yj is the angular metric tensor and yi := gijyj = ∂F

∂yi . A Finsler
structure F is said to be C-reducible if the Matsumoto torsion vanishes identically [15].
If a Finsler manifold (M, F(x, y)) is given, then the components of the associated

canonical spray Gh and the components of the associated nonlinear connection (Barthel
connection) Gh

i are defined respectively by

Gi(x, y) := 1
4
gih{ ∂2F2

∂yh∂xj
yj − ∂F2

∂xh
}(x, y), Gh

i := ∂Gh

∂yi
.

Also, the Berwald curvature tensor is defined by

Bh
ijk :=

∂3Gh

∂yk∂yj∂yi
.
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A Finsler structure F is called Berwaldian if the Berwald curvature tensor Bh
ijk vanishes

identically.
Finally, we know that there exist at least four linear Finsler connections associated

with a Finsler structure F and they have the same nonlinear connection Gh
i namely, the

Cartan connection C� ≡ ( �h
ij ,Gh

i ,Ch
ij), the Berwald connection B� ≡ ( Gh

ij,Gh
i , 0),

the Hashiguchi connection H� ≡ ( Gh
ij,Gh

i ,Ch
ij), and the Chern (Rund) connection

R� ≡ ( �h
ij ,Gh

i , 0), where Ch
ij := 1

2 g
h� ∂g�j

∂yi , G
h
ij := ∂Gh

i
∂yj and �k

ij := 1
2 g

kh{ δghj
δxi + δghi

δxi − δgij
δxh };

δ

δxk := ∂

∂xk − Gm
k

∂
∂ym being the horizontal basis adapted to the Barthel connection Gi

j .

Barthel connection for CDWPF
In this section, we investigate the coefficients of canonical spray for the conformally dou-
bly warped product Finsler manifold (CDWPF). Moreover, the coefficients of the Barthel
connection and its curvature tensor for CDWPF are obtained.
First, we begin with the following definition.

Definition 2 Let (M1, F1) and (M2, F2) be two Finsler manifolds with dimM1 = n1
and dimM2 = n2 and f1 : M1 → R+ and f2 : M2 → R+ be two smooth functions.
Let π1 : M1 × M2 → M1, π2 : M1 × M2 → M2 be the natural projection maps and
σ : M1 × M2 → R+ be positively smooth function on M1 × M2. The product manifold
M := M1 × M2 endowed with the metric F : TMo

1 × TMo
2 → R defined by

F(v1, v2) = eσ(π1(v1),π2(v2))
√
f 22 (π2(v2))F2

1 (π1(v1)) + f 21 (π1(v1))F2
2 (π2(v2)) , (1)

where TMo
1 = TM1 − 0 and TMo

2 = TM2 − 0, called the conformally doubly warped
product Finsler manifolds (CDWPF) of the manifolds M1 and M2, and denoted by
( f2M1 × f1M2, F). In this case, σ will be called the conformally factor and f1 and f2 will be
called the warping functions.
Specially, if either f1 = 1 or f2 = 1, but not both, and σ is not constant function, then

( f2M1 × f1M2, F) will be called conformally warped product Finsler manifolds (CWPF)
of the manifolds M1 and M2. If both f1 = 1, f2 = 1, and σ is not constant function, then
( f2M1 × f1M2, F) will be called a conformally product Finsler manifold (CPF). If neither
f1 nor f2 is constant and σ = 0, then ( f2M1 × f1M2, F) will be called a doubly warped
product Finsler manifold (DWPF).

Now, let (M1, F1) and (M2, F2) be two Finsler manifolds with dimensions n1 and n2,
respectively. Hence, the two functions

gij(x, y) := ∂2F2
1

∂yi∂yj
gαβ(u, v) := ∂2F2

2
∂vα∂vβ

(2)

define Finsler metrics onM1 andM2, respectively. Let ( f2M1 × f1M2, F) be a conformally
doubly warped Finsler manifold (CDWPF) and let x ∈ M and y ∈ TxM, where x =
(x,u), y = (y, v),M := M1 × M2 and TxM = TxM1 ⊕ TuM2.
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Consequently, from Eqs. (1) and (2), the conformally doubly warped Finsler metric and
its inverse are given by

gab(x, y) := ∂2F2(x, y)
∂ya∂yb

=
(
e2σ(x,u)f 22 gij 0

0 e2σ(x,u)f 21 gαβ

)
(3)

gab(x, y) =
⎛
⎝ e−2σ(x,u) 1

f 22
gij 0

0 e−2σ(x,u) 1
f 21
gαβ

⎞
⎠ , (4)

where ya := (yi, vα), yb := (yj, vβ), gij = e2σ(x,u)f 22 gij, gαβ = e2σ(x,u)f 21 gαβ , giβ =
gαj = 0; i, j, ... ∈ {1, ..., n1}, α,β , ... ∈ {1, ..., n2} and a, b, ... ∈ {1, ..., n1 + n2}.

Proposition 1 The coefficients of conformally doubly warped canonical spray for
CDWPF are given by

G
a(x,u, y, v) = (Gi(x,u, y, v),Gα(x,u, y, v)),

where

G
i(x,u, y, v) = Gi(x, y) + 1

4
gih{2( ∂σ

∂xj
yj + ∂σ

∂uα
vα)

∂F2
1

∂yh
− 1

f 22

∂σ

∂xh
(f 22 F

2
1 + f 21 F

2
2 )

+ 1
f 22

(
∂f 22
∂uα

∂F2
1

∂yh
vα − ∂f 21

∂xh
F2
2 )} (5)

G
α(x,u, y, v) = Gα(u, v) + 1

4
gαγ {2( ∂σ

∂uβ
vβ + ∂σ

∂xj
yj)

∂F2
2

∂vα
− 1

f 21

∂σ

∂uγ
(f 22 F

2
1 + f 21 F

2
2 )

+ 1
f 21

(
∂f 21
∂xj

∂F2
2

∂vβ
yj − ∂f 22

∂uγ
F2
1 )} . (6)

Proof We know that the coefficients of canonical spray for (M1, F1), (M2, F2), and
( f2M1 × f1M2, F) are defined respectively by

Gi(x, y) = 1
4
gih{ ∂2F2

1
∂yh∂xj

yj − ∂F2
1

∂xh
}(x, y) (7)

Gα(u, v) = 1
4
gαγ { ∂2F2

2
∂vγ ∂uβ

vβ − ∂F2
2

∂uγ
}(u, v) (8)

G
a(x, y) = 1

4
gab{ ∂2F2

∂yb∂xc
yc − ∂F2

∂xb
}(x, y) . (9)

Setting a = i into (9) and noting the fact that giβ = 0, we get

G
i(x, y) = 1

4
gib{ ∂2F2

∂yb∂xc
yc − ∂F2

∂xb
}(x, y)

= 1
4
gih{ ∂2F2

∂yh∂xj
yj + ∂2F2

∂yh∂uα
vα − ∂F2

∂xh
} . (10)
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On the other hand, from (1) one can show that

∂F2

∂xj
= e2σ

{
2
∂σ

∂xj
(f 22 F

2
1 + f 21 F

2
2 ) + f 22

∂F2
1

∂xj
+ ∂f 21

∂xj
F2
2

}

∂F2

∂uα
= e2σ

{
2

∂σ

∂uα
(f 22 F

2
1 + f 21 F

2
2 ) + f 21

∂F2
2

∂uα
+ ∂f 22

∂uα
F2
1

}

∂2F2

∂yh∂xj
= e2σ f 22

{
2
∂σ

∂xj
∂2F2

1
∂yh

+ ∂2F2
1

∂yh∂xj

}

∂2F2

∂yh∂uα
= e2σ

{
2f 22

∂σ

∂uα

∂2F2
1

∂yh
+ ∂f 22

∂uα

∂F2
1

∂yh

}
.

Hence, Relation (5) follows by substituting the above relations into (10), taking into
account (3), (4) and (7).
Similarly, by putting b = α into (9), using Eq. (4), gαj = 0 and after some calculations,

one can deduce Relation (6). This completes the proof.

Proposition 2 The coefficients of conformally doubly warped product Barthel connec-
tion for CDWPF are given by

G
a
b(x, y) := ∂Ga(x, y)

∂yb
=

(
G

i
j(x,u, y, v) G

α
j (x,u, y, v)

G
i
β(x,u, y, v) G

α
β(x,u, y, v)

)
,

where

G
i
j(x,u, y, v) := ∂Gi

∂yj
= Gi

j −
1
4f 22

∂gih

∂yj
∂σ

∂xh
(
f 22 F

2
1 + f 21 F

2
2
) +

(
∂σ

∂xr
yr + ∂σ

∂uα
vα

)
δij

+ ∂σ

∂xj
yi − 1

4
gih

∂σ

∂xh
∂F2

1
∂yj

− 1
4f 22

∂gih

∂yj
∂f 21
∂xh

F2
2 + 1

2f 22

∂f 22
∂uα

vαδij ,

G
i
β(x,u, y, v) := ∂Gi

∂vβ
= 1

4
gih

{
2

∂σ

∂uβ

∂F2
1

∂yh
− 1

f 22
f 21

∂σ

∂xh
∂F2

2
∂vβ

+ 1
f 22

(
∂f 22
∂uβ

∂F2
1

∂yh
− ∂f 21

∂xh
∂F2

2
∂vβ

)}
,

G
α
j (x,u, y, v) := ∂Gα

∂yj
= 1

4
gαγ

{
2
∂σ

∂xj
∂F2

2
∂vγ

− 1
f 21

f 22
∂σ

∂uγ

∂F2
1

∂yj
+ 1

f 21

(
∂f 21
∂xj

∂F2
2

∂vγ
− ∂f 22

∂uγ

∂F2
1

∂yj

)}
,

G
α
β(x,u, y, v) := ∂Gα

∂vβ
= Gα

β − 1
4f 21

∂gαγ

∂vβ

∂σ

∂uγ
(f 22 F

2
1 + f 21 F

2
2 ) +

(
∂σ

∂xr
yr + ∂σ

∂uα
vα

)
δα
β

+ ∂σ

∂uβ
vα − 1

4
gαγ ∂σ

∂uγ

∂F2
2

∂vβ
− 1

4f 21

∂gαγ

∂vβ

∂f 22
∂uγ

F2
1 + 1

2f 21

∂f 21
∂xr

yrδα
β .

Proof The proof follows from Proposition 1 and taking into account the fact that
∂gih
∂yj

∂F21
∂yh = 0

(
∂gαγ

∂vβ
∂F22
∂vγ = 0

)
.

Corollary 1 In view of the above proposition and [9], the basis of the vertical and the hor-
izontal distributions VTMo and HTMo; M := M1 ×M2 for the CDWPF ( f2M1 × f1M2, F)
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are given respectively by
∂

∂ya
= ∂

∂yi
δia + ∂

∂vα
δα
a

δd

δdxa
= δd

δdxi
δia + δd

δduα
δα
a ,

where
δd

δdxj
:= ∂

∂xj
− G

r
j

∂

∂yj
− G

β
j

∂

∂vβ
= δ

δxj
− M

r
j

∂

∂yr
− G

β
j

∂

∂vβ
,

δd

δduα
:= ∂

∂uα
− G

r
α

∂

∂yr
− G

μ
α

∂

∂vμ
= δ

δuα
− M

μ
α

∂

∂vμ
− G

r
α

∂

∂yr
,

and
δ

δxj
:= ∂

∂xj
− Gr

j
∂

∂yj
,

δ

δuα
:= ∂

∂uα
− Gμ

α

∂

∂vμ
,

M
r
j := 1

2f 22

∂f 22
∂uα

vα δrj − 1
4f 22

∂grh
∂yj

∂f 21
∂xh

F2
2 − 1

4f 22

∂grh
∂yj

∂σ

∂xh
(f 22 F

2
1 + f 21 F

2
2 ) + ∂σ

∂xj
yr

+(
∂σ

∂xt
yt + ∂σ

∂uα
vα) δrj − 1

4
grh

∂σ

∂xh
∂F2

1
∂yj

,

M
μ
α := 1

2f 21

∂f 21
∂xi

yi δμ
α − 1

4f 21

∂gμλ

∂vα

∂f 22
∂uλ

F2
1 − 1

4f 21

∂gμλ

∂vα

∂σ

∂uλ
(f 22 F

2
1 + f 21 F

2
2 ) + ∂σ

∂xj
yr

+
(

∂σ

∂xt
yt + ∂σ

∂uλ
vλ

)
δμ
α − 1

4
gμλ ∂σ

∂uλ

∂F2
2

∂vα
,

G
r
α , G

β
j are given by Proposition 2.

Proposition 3 The coefficients of the conformally doubly warped product Barthel
curvature tensor for CDWPF are given by

R
c
ab(x,u, y, v) :=

δdGc
a

δdxb
− δdGc

b
δdxa

= (Rk
ij,Rk

iβ ,R
k
αj,Rk

αβ ,R
γ
ij ,R

γ
iβ ,R

γ
αj,R

γ
αβ),

where

R
k
ij :=

δdGk
i

δdxj
− δdGk

j

δdxi
= Rk

ij + Uij

{
δMk

i
δxj

− M
r
j G

k
ir − M

r
j
∂Mk

i
∂yr

− G
μ
j

∂Mk
i

∂vμ

}

R
k
iβ := δdGk

i
δduβ

− δdGk
β

δdxi
, R

k
αj :=

δdGk
α

δdxj
− δdGk

j

δduα
,

R
k
αβ := δdGk

α

δduβ
− δdGk

β

δduα
, R

γ
ij :=

δdG
γ
i

δdxj
− δdG

γ
j

δdxi
,

R
γ
iβ := δdG

γ
i

δduβ
− δdG

γ
β

δdxi
, R

γ
αj :=

δdG
γ
α

δdxj
− δdG

γ
j

δduα
,

R
γ
αβ := δdG

γ
α

δduβ
− δdG

γ
β

δduα
= Rγ

αβ + Uαβ

{
δM

γ
α

δuβ
− M

μ
βG

γ
αμ − M

μ
β

∂M
γ
α

∂vμ
− G

r
β

∂M
γ
α

∂yr

}
;

Ui,j{Aij} := Aij − Aji and Gk
ij := ∂Gk

i
∂yj , G

γ
αβ := ∂Gγ

α

∂vβ , (G
i
j ,Gα

j ,Gi
β ,G

α
β) are the coefficients of

conformally doubly warped product Barthel connection given by Proposition 2.
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In view of the above proposition, we have

Corollary 2 If the conformally doubly warped product Finsler manifold ( f2M1× f1M2, F)

is horizontally integrable, then (M1, F1) and (M2, F2) are horizontally integrable if and
only if the following conditions satisfy

Uij

{
δMk

i
δxj

− M
r
j G

k
ir − M

r
j
∂Mk

i
∂yr

− G
μ
j

∂Mk
i

∂vμ

}
= 0 ,

Uαβ

{
δM

γ
α

δuβ
− M

μ
βG

γ
αμ − M

μ
β

∂M
γ
α

∂vμ
− G

r
β

∂M
γ
α

∂yr

}
= 0.

Berwald connection for CDWPF
Here, the coefficients of the conformally doubly warped product Berwald connection for
CDWPF are studied and investigated.

Proposition 4 The coefficients Gc
ab(x,u, y, v) of the conformally doubly warped product

Berwald connection for CDWPF are given by

G
c
ab(x, y) :=

∂Gc
a(x, y)
∂yb

= (Gk
ij,Gk

iβ ,G
k
αj,Gk

αβ ,G
γ
ij ,G

γ
iβ ,G

γ
αj,G

γ
αβ),

where

G
k
ij :=

∂Gk
i

∂yj
= Gk

ij −
1
4f 22

∂2gkh

∂yj∂yi
∂f 21
∂xh

F2
2 − 1

4f 22

∂2gkh

∂yj∂yi
∂σ

∂xh
(f 22 F

2
1 + f 21 F

2
2 )

−1
4

∂gkh

∂yi
∂σ

∂xh
∂F2

1
∂yj

− 1
4

∂gkh

∂yj
∂σ

∂xh
∂F2

1
∂yi

+ ∂σ

∂xi
δkj + ∂σ

∂xj
δki − 1

2
gkh gij

∂σ

∂xh

= G
k
ji ,

G
k
iβ := ∂Gk

i
∂vβ

= 1
2f 22

∂f 22
∂uβ

δki − 1
4f 22

∂gkh

∂yi
∂f 21
∂xh

∂F2
2

∂vβ
− f 21

4f 22

∂gkh

∂yi
∂σ

∂xh
∂F2

2
∂vβ

+ ∂σ

∂uβ
δki = G

k
βi ,

G
k
αβ := ∂Gk

α

∂vβ
= − 1

2f 22
gkh gαβ

{
f 21

∂σ

∂xh
+ ∂f 21

∂xh

}
= G

k
βα ,

G
γ
ij := ∂G

γ
i

∂yj
= − 1

2f 21
gγα gij

{
f 22

∂σ

∂uα
+ ∂f 22

∂uα

}
= G

γ
ji ,

G
γ
iβ := ∂G

γ
i

∂vβ
= 1

2f 21

∂f 21
∂xi

δ
γ
β − 1

4f 21

∂gγα

∂vβ

∂f 22
∂uα

∂F2
1

∂yi
− f 22

4f 21

∂gγα

∂vβ

∂σ

∂uα

∂F2
1

∂yi
+ ∂σ

∂xi
δ
γ
β = G

γ
βi ,

G
γ
αβ := ∂G

γ
α

∂vβ
= Gγ

αβ − 1
4f 21

∂2gγ λ

∂vβ∂vα

∂f 22
∂uλ

F2
1 − 1

4f 21

∂2gγ λ

∂vβ∂vα

∂σ

∂uλ
(f 22 F

2
1 + f 21 F

2
2 )

−1
4

∂gγ λ

∂vα

∂σ

∂uλ

∂F2
2

∂vβ
− 1

4
∂gγ λ

∂vβ

∂σ

∂uλ

∂F2
2

∂vα
+ ∂σ

∂uα
δ
γ
β + ∂σ

∂uβ
δγ
α − 1

2
gγ λ gαβ

∂σ

∂uλ

= G
γ
βα ,

and (Gi
j ,Gα

j ,Gi
β ,G

α
β) are the coefficients of conformally doubly warped product Barthel

connection given by Proposition 2.

According to Propositions 2 and 4, we have
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Theorem 1 The conformally doubly warped product Berwald connection for CDWPF is
given by

B�d ≡ (Gc
ab(x,u, y, v),G

a
b(x,u, y, v), 0),

where Ga
b and G

c
ab are respectively given by Propositions 2 and 4.

Cartan connection for CDWPF
As in the preceding section, the coefficients of the conformally doubly warped product
Cartan connection for CDWPF are obtained and studied.

Proposition 5 The coefficients �
c
ab(x,u, y, v) of the conformally doubly warped product

Cartan connection for CDWPF are given by

�
c
ab(x,u, y, v) :=

1
2
gce

{
δdgea
δdxb

+ δdgeb
δdxa

− δdgab
δdxe

}
=(�

k
ij,�

k
iβ ,�

k
αj,�

k
αβ ,�

γ

ij ,�
γ

iβ ,�
γ

αj,�
γ

αβ),

where

�
k
ij = �k

ij +
∂σ

∂xj
δki + ∂σ

∂xi
δkj − ∂σ

∂xh
gkhgij − 1

2
gkh{Mr

j
∂ghi
∂yr

+ M
r
i
∂ghj
∂yr

− M
r
h
∂gij
∂yr

} ,

�
k
iβ = 1

2f 22
gkh{ ∂f 22

∂uβ
ghi − f 22 G

r
β

∂ghi
∂yr

+ 2f 22
∂σ

∂uβ
ghi} = �

k
βi ,

�
k
αβ = − 1

2f 22
gkh{ ∂f 21

∂xh
gαβ − f 21 G

λ
h
∂gαβ

∂vλ
+ 2f 21

∂σ

∂xh
gαβ} ,

�
γ

ij = − 1
2f 21

gγ λ{ ∂f 22
∂uλ

gij − f 22 G
r
λ

∂gij
∂yr

+ 2f 22
∂σ

∂uλ
gij} ,

�
γ

iβ = 1
2f 21

gγ λ{∂f
2
1

∂xi
gλβ − f 21 G

α
i
∂gλβ
∂vα

+ 2f 21
∂σ

∂xi
gλβ} = �

γ

βi ,

�
γ

αβ = �
γ
αβ + ∂σ

∂uα
δ
γ
β + ∂σ

∂uβ
δγ
α − ∂σ

∂uλ
gγ λgαβ − 1

2
gγ λ

{
M

μ
α

∂gλβ
∂vμ

+ M
μ
β

∂gλα

∂vμ
− M

μ
λ

∂gαβ

∂vμ

}
,

and �k
ij := 1

2 g
kh

{
δghj
δxi + δghi

δxi − δgij
δxh

}
, �

γ
αβ := 1

2 g
γ λ

{
δgλβ
δuα + δgλα

δuβ − δgαβ

δuλ

}
, M

r
j , M

μ
α are

defined by Corollary 1.

Proof The proof follows from the definition of �
c
ab(x,u, y, v) taking into account

Relations (3) and (4) and Corollary 1.

Proposition 6 The coefficients Cc
ab(x,u, y, v) of the conformally doubly warped product

Cartan tensor field for CDWPF are given by

Cc
ab(x,u, y, v) := 1

2
gce

∂gab
∂ye

=
(
Ck
ij,C

k
iβ ,C

k
αj,C

k
αβ ,C

γ

ij ,C
γ

iβ ,C
γ

αj,C
γ

αβ

)

=
(
Ck
ij , 0, 0, 0, 0, 0, 0,C

γ
αβ

)
,

where Ck
ij(x, y) := 1

2 g
kh ∂gij

∂yh and Cγ
αβ(u, v) := 1

2 g
γ λ ∂gαβ

∂vλ are the coefficients of Cartan tensor
fields of (M1, F1) and (M2, F2), respectively.
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Summing up, we have

Theorem 2 The conformally doubly warped product Cartan connection for CDWPF is
given by

C�d ≡ (�
c
ab(x,u, y, v),Ga

b(x,u, y, v),C
c
ab(x,u, y, v)),

where �
c
ab(x,u, y, v) and Cc

ab(x,u, y, v) are respectively given by Proposition 5 and 6, also
G

a
b is given by Proposition 2.

Corollary 3 For the conformally doubly warped product Finsler manifold CDWPF, we
have

(a) the conformally doubly warped product Rund connection R�d is given by

R�d ≡ (�
c
ab(x,u, y, v),Ga

b(x,u, y, v), 0).

(b) the conformally doubly warped product Hasiguchi connection H�d is given by

H�d ≡ (Gc
ab(x,u, y, v),G

a
b(x,u, y, v),C

c
ab(x,u, y, v)),

where Ga
b(x,u, y, v), G

c
ab(x,u, y, v), �

c
ab(x,u, y, v), and Cc

ab(x,u, y, v) are respectively given
by Propositions 2, 4, 5 and 6.

Some special Finsler spaces
In this section, some special Finsler spaces such as Riemannian, C-reducible, and Berwal-
dian spaces are studied for CDWPF.
First, we begin with the following two lemmas which are useful for this section.

Lemma 1 The coefficients Ia(x,u, y, v) of the conformally doubly warped product con-
traction Cartan torsion tensor for CDWPF are given by

Ia(x,u, y, v) := gbcCabc(x,u, y, v) = (Ii(x, y), 0, 0, 0, 0, 0, 0, Iα(u, v)),

where Cabc(x,u, y, v) := gdcC
d
ab, Ii(x, y) := gjkCijk(x, y) and Iα(u, v) := gβγCαβγ (u, v).

Proof The proof follows from the definition of Cabc(x,u, y, v) together with (3), (4) and
the fact that Cabc := gdcC

d
ab = (e2σ f 22 Cijk(x, y), 0, 0, 0, 0, 0, 0, e2σ f 21 Cαβγ (u, v)).

Lemma 2 The coefficients �ab(x,u, y, v) of the conformally doubly warped product
angular metric tensor for CDWPF are given by

�ab(x,u, y, v) := gab − 1
F2 yayb = (�ij, �iβ , �αj, �αβ),

where
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�ij(x,u, y, v) := gij − 1
F2 yiyj = e2σ f 22 (gij − f 22

f 22 F
2
1 + f 21 F

2
2
yiyj).

�iβ(x,u, y, v) := giβ − 1
F2 yiyβ = − e2σ f 21 f

2
2

f 22 F
2
1 + f 21 F

2
2
yivβ .

�αj(x,u, y, v) := gαj − 1
F2 yjyα = − e2σ f 21 f

2
2

f 22 F
2
1 + f 21 F

2
2
yjvα .

�αβ(x,u, y, v) := gαβ − 1
F2 yαyβ = e2σ f 21 (gαβ − f 21

f 22 F
2
1 + f 21 F

2
2
vαvβ).

Proof The proof follows from the definition of �ab(x,u, y, v) together with (3) and the
fact that ya := gabyb = (e2σ f 22 yi, e2σ f 22 vα) .

In view of Lemma 1, we have

Theorem 3 The conformally doubly warped product Finsler manifold ( f2M1 × f1M2, F)

is Riemannian if and only if (M1, F1) and (M2, F2) are Riemannian manifolds.

A doubly warped product Finsler manifold CDWPF is C-reducible if the associated
Matsumoto conformally doubly warped product tensor field Mabc(x,u, y, v) vanishes
identically.

Theorem 4 Every C-reducible conformally doubly warped product Finsler manifold
( f2M1 × f1M2, F) is Riemannian.

Proof The Matsumoto conformally doubly warped product tensor field Mabc(x,u, y, v)
is defined by

Mabc(x,u, y, v) := Cabc − 1
n + 1

{Ia�bc + Ib�ca + Ic�ab}. (11)

Hence, using Lemmas 1 and 2, the componentMαjk(x,u, y, v) has the form

Mαjk(x,u, y, v) = 1
n + 1

e2σ f 21 f
2
2 vα

f 22 F
2
1 + f 21 F

2
2
(Ij yk + Ik yj) − e2σ f 22 Iα

(n + 1)
(gjk − f 22

f 22 F
2
1 + f 21 F

2
2
yj yk).

Consequently, one can show that

Mαjk(x,u, y, v) yj yk = −e2σ f 22 F
2
1 Iα

(n + 1)
(1 − f 22 F

2
1

f 22 F
2
1 + f 21 F

2
2
).

Now, ifMαjk(x,u, y, v) vanishes, then Iα vanishes. This means that (M2, F2) is Riemannian.
Similarly, if Miαβ(x,u, y, v) = 0, then Ii = 0. Hence, (M1, F1) is also Riemannian.

Therefore, using Theorem 3, the result follows.

In view of Proposition 4, we have

Proposition 7 The coefficients Bd
abc(x,u, y, v) of the conformally doubly warped product

Berwald curvature tensor for CDWPF are given by
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B
d
abc(x,u, y, v) :=

∂Gd
ab

∂yc
= (Bk

ijl,B
k
iβl,B

k
αβl,B

k
αβλ,B

γ

ijl,B
γ

iβl,B
γ

αβl,B
γ
αβλ),

where

B
k
ijl :=

∂Gk
ij

∂yl
= Bk

ijl −
1
4f 22

∂3gkh

∂yl∂yj∂yi
∂f 21
∂xh

F2
2 − 1

4f 22

∂3gkh

∂yl∂yj∂yi
∂σ

∂xh
(f 22 F

2
1 + f 21 F

2
2 )

−1
4

∂2gkh

∂yj∂yi
∂F2

1
∂yl

∂σ

∂xh
− 1

4
∂2gkh

∂yl∂yi
∂σ

∂xh
∂F2

1
∂yj

− 1
2

∂gkh

∂yi
∂σ

∂xh
gjl − 1

4
∂2gkh

∂yl∂yj
∂σ

∂xh
∂F2

1
∂yi

−1
2

∂gkh

∂yj
∂σ

∂xh
gil − 1

2
∂gkh

∂yl
∂σ

∂xh
gij − gkh

∂σ

∂xh
Cijl ,

B
k
iβl :=

∂Gk
iβ

∂yl
= − 1

4f 22

∂2gkh

∂yl∂yi
∂F2

2
∂vβ

{ ∂f 21
∂xh

+ f 21
∂σ

∂xh
} ,

B
k
αβl :=

∂Gk
αβ

∂yl
= − 1

2f 22

∂gkh

∂yl
gαβ{ ∂f 21

∂xh
+ f 21

∂σ

∂xh
} ,

B
k
αβλ := ∂Gk

αβ

∂vλ
= − 1

f 22
gkhCαβλ{ ∂f 21

∂xh
+ f 21

∂σ

∂xh
} ,

B
γ

ijl :=
∂G

γ
ij

∂yl
= − 1

f 21
gγμCijl{ ∂f 22

∂uμ
+ f 22

∂σ

∂uμ
} ,

B
γ

iβl :=
∂G

γ
iβ

∂yl
= − 1

2f 21

∂gγμ

∂vβ
gil{ ∂f 22

∂uμ
+ f 22

∂σ

∂uμ
} ,

B
γ

αβl :=
∂G

γ
αβ

∂yl
= − 1

4f 21

∂2gγμ

∂vβ∂vα

∂F2
1

∂yl
{ ∂f 22
∂uμ

+ f 22
∂σ

∂uμ
} ,

B
γ
αβλ := ∂G

γ
αβ

∂vλ
= Bγ

αβλ − 1
4f 21

∂3gγμ

∂vλ∂vβ∂vα

∂f 22
∂uμ

F2
1 − 1

4f 21

∂3gγμ

∂vλ∂vβ∂vα

∂σ

∂uμ
(f 22 F

2
1 + f 21 F

2
2 )

−1
4

∂2gγμ

∂vβ∂vα

∂F2
2

∂vλ

∂σ

∂uμ
− 1

4
∂2gγμ

∂vλ∂vα

∂σ

∂uμ

∂F2
2

∂vβ
− 1

2
∂gγμ

∂vα

∂σ

∂uμ
gβλ − gγμ ∂σ

∂uμ
Cαβλ

−1
2

∂gγμ

∂vβ

∂σ

∂uμ
gαλ − 1

2
∂gγμ

∂vλ

∂σ

∂uμ
gαβ − 1

4
∂2gγμ

∂vλ∂vβ

∂σ

∂uμ

∂F2
2

∂vα
,

and G
k
ij,Gk

iβ ,G
k
αβ ,G

γ
ij ,G

γ
iβ ,G

γ
αβ are the coefficients of conformally doubly warped product

Berwald connection given by Proposition 4.

Definition 3 A conformally doubly warped product Finsler manifold ( f2M1 × f1M2, F)

satisfying the following conditions: ∂ f 21
∂xh + f 21

∂σ

∂xh �= 0 and ∂ f 22
∂uμ + f 22

∂σ
∂uμ �= 0 is called a

conditionally conformally doubly warped product Finsler manifold.

Theorem 5 Every conditionally conformally doubly warped product Finsler manifold
( f2M1 × f1M2, F) with vanishing Berwald curvature is Riemannian.

Definition 4 A conformally doubly warped product Finsler manifold ( f2M1 × f1M2, F)

with constant conformal factor σ is called a homothety doubly warped product Finsler
manifold.
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A Finsler manifold is called Berwald if its hv-Berwald curvature tensor vanishes
identically.

Theorem 6 Let ( f2M1 × f1M2, F) be a homothety doubly warped product Finsler mani-
fold and f1 is constant onM1 (f2 is constant onM2). Then, ( f2M1× f1M2, F) is Berwaldian

if and only if (M1, F1) is Riemannian, (M2, F2) is Berwaldian and ∂gαγ

∂vλ
∂ f 22
∂uα = 0 ((M2, F2)

is Riemannian, (M1, F1) is Berwaldian and ∂gij
∂yl

∂ f 21
∂ui = 0)

Proof Suppose that ( f2M1 × f1M2, F) is a homothety doubly warped product Finsler
manifold and f1 is constant onM1. Then, from Proposition 7, one can show that

B
γ

ijl = − 1
f 21

gγμCijl
∂f 22
∂uμ

, (12)

B
γ

iβl = − 1
2f 21

∂gγμ

∂vβ
gil

∂f 22
∂uμ

, (13)

B
γ
αβλ = Bγ

αβλ − 1
4f 21

∂3gγμ

∂vλ∂vβ∂vα

∂f 22
∂uμ

F2
1 . (14)

Now, if ( f2M1 × f1M2, F) is Berwaldian, then using (12), we conclude that Cijk vanishes,

and hence (M1, F1) is Riemanian. On the other hand, from (13), we get ∂gγμ

∂vβ
∂ f 22
∂uμ = 0.

Consequently, ∂3gγμ

∂vλ∂vβ∂vα
∂ f 22
∂uμ = 0. From which together with (14), we get Bγ

αβλ = 0. This
means that (M2, F2) is Berwaldian. The converse is proved by the same manner. This
completes the proof.

Concluding remarks

1. In this paper, we obtained some results concerning the conformally doubly warped
product Finsler manifold CDWPF; namely, we got formulas for the following:

(a) Canonical spray, Barthel connection and its curvature tensor (Propositions 1,
2, and 3) are calculated.

(b) Berwald and Cartan connections (Theorems 1 and 2) are computed.
(c) Some special Finsler spaces such as Riemannian, C-reducible and Berwald

spaces (Theorems 3, 4 and 6) are studied.

2. The above results can be obtained for the conformally warped product Finsler
manifold CWPF by setting f1 = 1.

3. The same results can be achieved for the doubly warped product Finsler manifold
DWPF by setting σ = 0 which was investigated by Peyghan and Tayebi [9] .

4. The mentioned results above can be obtained for the warped product Finsler
manifold WPF by setting σ = 0, f1 = 1, and f2 = 1.
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