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Introduction

In 2014, Hida [1] introduced a definition for the soft topological group as a soft topo-
logical structure on a crisp group under suitable conditions; otherwise, Tariq Shah [2]
introduced the soft topological group as a soft set over a group, although both have the
same title but they refer to different structures, while in 2013, Nazmul and Samanta [3]
construct a soft topological space from a parametrized family of topological spaces but he
did not study the properties for this structure and the relation between the parametrized
topologies and the resulting one. In this paper, we introduce a generalization for the two
different definitions of soft topological groups showing that each one of the two defini-
tions is a special case of our definition, study the structure made by Nazmul and Samanta
[3], and use the same technique to obtain a soft topological group via Hida [1]’s concept.
Also, we introduce the soft rough and rough soft topological group showing the relation
between the two definitions.

Preliminaries and notations
In this section, we list the main basic definitions we need in this paper, starting by the
definition of ordinary topological group.
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Definition 1 [4] Topological group is a group (G, *) together with a topology on G
satisfies:

1 The mappingf : G x G —> G defined by f (x,y) = x = y is continuous.
2 The inverse mappingi: G —> G defined by i(x) = x~! is continuous.

Then, we need the basic definitions of soft set and soft topology.

Definition 2 [5] Let U be an initial universe and A be a set of parameters. Then, a soft
set over U is a function F : A — P(U).

In what follows, we use tilde (°) to distinguish “soft” objects from usual ones. For exam-
ple, for a subset X of U, X denotes the soft set satisfying that X(a) = X for alla € A. The
set of all soft sets over U is denoted by S(U).

Definition 3 [6] Let (F,A) and (F', A) be soft sets over U where A is a set of parameters.
Then

o (Soft subset) F is a soft subset of F, denoted by FCF', if F(a) C F'(a) for alla € A.
® (Soft equality) F is soft equal to F', denoted by F=F', if both FCF' and F'CF hold.
e (Soft intersection) The soft intersection of F and F', denoted by FNF', is defined by
(FNF')(a) = F(a) N F'(a) for everya € A.
® (Soft union) The soft union of F and F', denoted by FOF', is defined by
(FOF')(a) = F(a) U F'(a) for everya € A.
e (Soft complement) The soft complement of F, denoted by F¢, is defined by
Fé(a) = U \ F(a) for everya € A.

There are more than one definition for the soft point; we will depend on the following

one.

Definition 4 [7] A soft set (F,A) is called a soft point in (X, A), denoted by x, if:
(x}, € = ¢

¢, € #e

xe(€) =

Definition 5 ([8, 9]). A family t of soft sets over U is called a soft topology on U if it
satisfies:

e pandll €1,
e 7 js closed under finite soft intersection,

e 7 is closed under (arbitrary) soft union.

We refer to a triplet (U, T, A) as a soft topological space. Each member of 7 is called a
soft open set.

Definition 6 [10]

e A soft topological space (X, T, A) is said to be a soft Ty-space if for every two different
soft points x,,y. there exists a soft set (G, A) such that x.€ G, ye/é G orx.¢ G, Yo € G.
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® A soft topological space (X, T, A) is said to be a soft T -space if for every two different
soft points xe, y. there exists soft sets (G, A), (F,A) such that x.€ G, ye/é G, and x.¢
F,yy€F.

e A soft topological space (X, t,A) is said to be a soft T-space if for every two different
soft points x,, ye there exists soft sets (G, A), (F,A) such that x.€ G, ye/é G, %
F,yp& F, and (G,A)N(F,A) = .

Definition 7 [11] A soft topological space (X, t,A) is called a soft connected space if
(X, A) cannot be expressed as a soft union of two separated soft sets. Otherwise, it is called

a soft disconnected space.

Definition 8 [12] A family ¥ of soft sets is a cover of a soft set (F, A) if (F, A)CU{(F;,A) :
(Fi,A) € V,i € I}. It is a soft open cover if each member of V is a soft open set. A subcover
of V is a subfamily of V which is also a cover.

Definition 9 [12] A soft topological space (U, t,A) is compact if each soft open cover of
U has a finite subcover.

The first definition of the soft topological group is the following:

Definition 10 [1] Let G = (G, %) be a group. We say that (G, t,E) is a soft topological
group if T is a soft topology on G with a parameter set E and the following conditions are
satisfied:

1. Forevery (g,h) € G x G and a soft neighborhood F of g * h € G, there exist soft

neighborhoods Fy and Fj, of g and h, respectively, such that Fy s F;,CF.

2 Theinversion functioni : G — G, where i(x) : x — x~1,Vx € G is soft continuous.

While the second definition is as follows:

Definition 11 [2] Let T be a topology defined on a group (G, ). Let (F, A) be a non-null
soft set defined over G. Then, the triplet (F, A, ) is called soft topological group over G if:

1 F(a) is a subgroup of G for alla € A.
2 The mapping (x,y) — x %y~ ! of the topological space F(a) x F(a) onto F(a) is
continuous for all a € A.

Finally, we will need the definitions of rough set, rough group, and topological rough

groups.

Definition 12 [13] Let U be a finite non-empty set called universe and R be an equiv-
alence relation on U. The pair (U, R) is called an approximation space, denoted by K =
(U, R).

Definition 13 [13] Let K = (U, R) be an approximation space and X be a subset of U.
The set X = {x|[x] RN X # ¢} is called upper approximation of X in K.

Definition 14 [14] Let K = (U,R) be an approximation space and x be a binary
operation defined on U. A subset G of U is called a rough group if:
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Vx,y € GxxyeG.
x is associative over G.

Je € G such thatVx € G,x e = e*x x = x.

BN =

Vx € G,3y € Gsuchthatxxy =yxx =e.

Definition 15 [15] A topological rough group is a rough group (G, ) together with a
topology T on G satisfying the following two properties:

1. The mappingf : G x G — G defined by f(x,y) = x * y is continuous with respect
to the product topology on G x G and the topology TG on G induced by t.

2. The inverse mapping g : G — G defined by g(x) = x~! is continuous with respect
to the topology g on G induced by t.

Generalized soft topological group
The two different definitions of topological groups can be generalized in the following
one.

Definition 16 Let (G, *) be a group, (G,t,A) be a soft topology on G, and (F,E) be
a non-null soft set defined on G, where A, E are two different sets of parameters. Then,
(F,t,A,E, ) is called a generalized soft topological group over G if:

1. F(w) is a subgroup of G for alla € E.

2. Foreverya € E with the restricted soft topology T |r () , for every
(g, h) € F(a) x F(a) and a soft neighborhood K of g x h € F(«) , there exist soft
neighborhoods K, and Kj, of g and h, respectively, such that Ky s K, CF (o).

3 Foreverya € E with the restricted soft topology t|r(), the inversion function
iy : F(a) — F(a) is soft continuous.

The following remark shows that the two definitions of topological group are a special
case of ours.

Remark1 1. If(F,E)= G, then (F,t,A, E, %) is a soft topological group via Hida’s

concept.

2. If A contains one parameter, then (F,t,A, E, %) is a soft topological group via Tariq
Shah’s concept.

Example 1Let G = (Z4,+4), A = f{ai,ax},E = e, e}, T = {(ﬁ, Z4,

{(alr {(_)1 é})’ (ﬂZ! ¢)}1 {(%b/{ilé})’ (ﬂZ: Z4)}}1 and (F’ E) - {(61! {(_)) 2})’ (le Z4~)}'
Note that t|F;) = {$, 10,2}, {(a1,{0,2}), (a2, $)}, {(a1, $), (a2, {0,2)}}, and t|Fey) = T.
Clearly, (F,t,A, E, +4) is a generalized soft topological group.

Definition 17 Let (F, 1, A, E, x) be a generalized soft topological group over a group G
and F' be a soft subset of F. Then, (F',t, A, E, %) is substructure of {F,t, A, E, x) if itself is a
generalized soft topological group over G.

Example 2 Conusider (F,t,A, E, +4) in Example 1, (F,t,A, E, +4), (F,t,{a1}, E, +4), and
(Za,T,A, E, +4) are a substructures of (F, 7, A, E, +4).
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Definition 18 Let (G, *1) and (H, *2) be two groups, and M C G,L C H such that
(M, t,A,E,*x1) and (L,0,A,E, x3) are two generalized soft topological groups over G, H,
respectively. Then, F = (f1, f2) is called a morphism if:

1. fi:{(G,t,A) = (H,o,A) is soft continuous.
2. fo:(G,*1) = (H,*2) is a group homomorphism.

Theorem 1 The image of a generalized soft topological group under a morphism F is,
also, a generalized soft topological group.

Proof Let (G,*1) and (H,*) be two groups, and M C G,L C H such that
(M, t,A,E,*1) and (L,0,A, E, *2) are two generalized soft topological groups over G, H,
respectively, and let F = (f1, f2) be a morphism. Then, F{(M, t, A, E, 1)} is a generalized
soft topological group. Since for all @ € E, f,(F(«)) < H as f; is a group homomorphism,
and the second and third conditions follow from the fact that the composition of two

continuous functions is continuous. O

Definition 19 The generalized soft topological group (F,t,A,E,x) is said to be T;
generalized soft topological group if (G, T, A) is a soft T; topological space.

Theorem 2 Let (G, *1) and (H,*3) be two groups, and K C G, L C H such that
(K, t,A,E,*1) and (L,0,A, E,*2) are two generalized soft topological groups over G, H.
If (K,t,A,E, 1) is a T; generalized soft topological group, then F((K,t,A,E,*1)) is a T;
generalized soft topological group.

Proof Straight forward from the definition. O

Theorem 3 For any generalized soft topological group (F,t,A,E, %), the following are

equivalents:

1. (F,t,A,E, x) is Tg generalized soft topological group.
2. (F,t,A,E, x) is T generalized soft topological group.
3. (F,t,A,E, %) is Ty generalized soft topological group.

Proof Straight forward from the definition. O

New soft topological structure

The following proposition is introduced by Nazmul and Samanta [3], but the authors
did not study the properties of their construction, so we study the relation between this
construction and the crisp topologies.

Proposition 1 [3] Let (X, A, ) be a soft topological space and t* be the topologies on
X Let t* = {(G,A) € SX) : G(a) € %Yo € A}. Then, T is a soft topology on X with
[T*]* = t%, Va € A.

Corollary 1 Given a soft topological space (X,A,t), T* = {(G,A) € SX) : G(o) €
% Yo € A} is the finest soft topological space containing (X, A, v) and satisfying [ T*]* =
% Vo € A.
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Note that it is not necessary that the parametrized topologies come from a soft topo-
logical space; they may be any set of topological structures defined on the same universal

set and assign a parameter to each one of them.

Theorem 4 Let X be a universal set. Given a collection <7, where &/ = {1y,a € A} and
A is a set of parameters of topological spaces over X, and let T = {(G,A) € S(X) : G(a) €

Tq, Vo € A}

1.
2.

Proof

2.

If Ty is T; topological space Va € A, then T* is a soft T; space fori = 0,1, 2.

If ty is compact topological space Vo € A, A is a finite set of parameters, then T* is
a soft compact space.

If 7 is disconnected topological space for some a € A, then t* is a soft

disconnected space.

® Fori=0,letx,, 9y € t* be two different soft points, where x,y € X
ando,0’ € A. Ifoe = &/, thenx # y,3 G € 1, such thatx € G,y € G. Then,
(G, A) € t*such that
G, ¢’ =q;
¢, o’ #a.

Thus, x4 € (G,A),y4 & (G,A) . Then, t* is a soft Ty topological space.
If ” # a, then (G, A) € t*such that

G(a//) —

X, o =a;

¢, o’ #a.
Thus, x4 € (G,A),ys € (G,A) . Then, 7* is a soft T topological space.

G(a//) —

Fori=1,letx, € t*, wherex € X and o € A.

X—{x}, a =a;

X, o #a.

xS (o) € t*. Then, the soft point x, is closed Vo € A,Vx € X. Thus, t*is a

x5 (o) =

soft T topological space.

For i =2, let x4, v, € T* be two different soft points, where x,y € X and
a,0' € A lfa =o', thenx #y,3 G,H € 14 such

thatx € G,y € H,GN H = ¢. Then, 3(G, A), (H,A) € t*such that

G(a//) — G! a// =
¢, o’ #a.
H, " =q;
and H(") = “ “
¢, a’ #a.

Thus, x, € (G,A),yy € (H,A), and (G,A)N(H,A) = ¢. Then, t* is a soft T
topological space.
If « # o/, then (G, A), (H,A) € t*such that

G(a//) — X’ (XH =0,
¢, o’ #a.
X, " — /;
and H(a") = “ a,
¢, o #£a.

Thus, X4 € (G, E), ¥y € (H,A), and (G, A)N(H,A) = ¢. Then, t* is a soft T

topological space.

Let € be a soft open cover for X. Then, €% is an open cover Va € E, but 7% is
compact Ya € E, then there exists a finite open cover (€%) for €% Vu € E. Set
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n = max|(€%)’|. Assume, without loss of generality, that |(€%)'| = n, V& € E. Then,
there exists a finite open cover €' = {(C;, E),i = 1,2, ..., n}, where
Ci(x) = (C)*,V € E.

3. Let 1y, be disconnected, a1 € A. Then, 3 Gy, Hy, € o, such that Gy, UHy, =X
and Gy, N Hy, = ¢. Set

Gy @ =01 ;

Gla) = X, oFog.
and H(x) = :Hal’ o=
¢, o F .
Thus, (G,A)U(H, A) = X and (G, A)N(H,A) = ¢, and t* is soft disconnected
space.
Note that the set of parameters A, in Theorem 4, should be finite. O

Example 3 Let X = N, 1, = {N, P(A,,)}, where A,, is a set consisting of n elements. Each
T, is a compact topological space because it consists of 2" + 1 open sets, but (N, t*,N) is

not a soft compact topological space.

Remark 2 Let (X,1,A) be a soft topological space which is not Ty soft topological
space and for all « € A,(X,t%) is a T, topological space. Then, (X,t*,A) is a finer soft
topological space of (X, T, A) which is soft Ty topological space.

Example 4 Consider (ZZJ T;A)rA = {Oll,O[z} thld T= {(2;1 {(alr {(_)})r (Olg, {i})};
{(a1, {1}), (a2, {0}, E X Zs}. We have T = {¢, Zy, {0}, {1}} = 1% which is T, topological
spaces.

Remark 3 Let (X, T, A) be a soft connected topological space and for some a € A, (X, %)
is a disconnected topological space. Then, (X, t*, A) is a finer soft disconnected topological
space of (X, T,A).

Example 5 Consider (Z3,t,A),A = {a1,az} and © = {®, {(c1, {OD)},
{(01,{1,2)), (a2, {0, 1)}, EX Z3}. We have t** = {¢, Z3, {0}, {1, 2}} which is not a connected
topological spaces and t** = {¢,Z3,{0,1}}, and we have F; = {(a1,{0}), (a2, Z3)} and
Fy = {(a1,{1,2)}), (a2, ¢} which is a soft disconnection for t*.

Now, we can use the same technique to construct a soft topological group via Hida’s
concept starting from a parametrized family of topological groups. We shall not repeat
the proof for the soft topology, and we will prove the algebraic condition.

Theorem 5 Let G be a group, given a collection o/ = {(G, *, 14),a € A}, where A is a set
of parameters, of topological groups over G and let t* = {(F,A) € S(G) : F(a) € 14,V €
A}. Then, (G, x, T*) is a soft topological group via Hida [1] concept and [ T*]* = 1% Vu € A,
where A is a parameter set.

Proof Consider the soft topological space t™ constructed in [3] Proposition 2.11. Let
%,y € G, (F,A) be soft open set such that xy~! & F. Then, Vo € A,xy~! € F(a) € % But
7% is a topological group Vo € A, then 3H%, K such thatx € H%,y € K*andxy~! € F(a).
Set Fy(a) = H* and Fy (o) = K%, then Fy, F, € T*. O
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Remark 4 A soft topological group via Hida [1] concept may not generate a
parametrized family of topological groups, as it was shown in the following example.

Example 6 [1] Let us consider the soft space (Za,t,E), with E = {ej, ez} and T is
generated by {9, {(e1, (1]}, {(e2, {0))}, E x Zy}. Note that O and 1 have exactly one soft
neighborhood, namely E x Zy. It is then evident that, with the additive structure on Z , the
soft space(Zy, v, E) is indeed a soft topological group. However, a trivial verification shows
that neither (Za, te,) = (Z2,{Z2, ¢, {1}}) nor (Z,, Tey) = (Lo, {722, @, {0} isa topological
group.

Soft rough and rough soft topological group

Another generalization for soft topological group is putting it in the rough form and
putting the topological rough group in the soft form. In this section, we introduce a
definition for both showing the relation between them.

Definition 20 Let (U, R) be an approximation space, ' C U, (U, t,A) be a soft topol-
ogy on U where A is a set of parameters, and let x be a binary operation defined on U. Then,
(U',1,R, %, A) is called a soft rough topological group if (U', %) is topological rough group
with 1y, Yo € A. In other words, a soft rough topological group is a parametrized family of
topological rough groups.

Example 7 We introduce two examples for soft rough topological group as follows:

o Letl = 7o, U/R = {E1,Es, E3}, where E; = {0,1,2}, E; = {3,4,5},E3 = {6,7,8},
A = {ay,ay), and let r; = {U, ¢, {(a1,{2,4,5,7)), (a2, {2,3,6,7})}. Then,
(U, 19, R, %, A) is a soft rough topological group.

o LetU = Zoy, U/R = {E1, Ey, E3}, where E; = {0,1,2},E> = {3,4,5}, E3 = {6,7,8},
A = {ay1,a3}, and let vy = {U, $, {(a,{2,4,5,7}), (a1,{2,3,6,7})}. Then,
(U', 73, R, %,A) is a soft rough topological group.

Remark 5 The intersection between two soft rough topological groups is not necessary a
soft rough topological group.

Example 8 Counsider the two examples above.
We have 1) Nty = {1, ¢, {(a1,{2,7)), (a2, {2, 7})}} which is not a topological rough group
forall a € A since (2,7} is not a rough group because 2 x 2 = 4 ¢ H(a) = E; U E;.

Remark 6 Let (U, T, R, %, A) be a soft rough topological group. If A contains one element,
then (U, *) is isomorphic to a rough topological group.

Definition 21 Let (X, T, A) be a soft topological space, (X, R) be an approximation space,
and * be a binary relation on X and G C X. We say that (G, t,R,*,A) is a rough soft
topological group if the following conditions are satisfied:

1. Forevery (g, h) € G x G and a soft neighborhood F ofg x h € G, there exist soft
neighborhoods F, and Fj, of g and h, respectively, such that Fy % F,CF .
2. The inversion function i : G — G is soft continuous.
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Example 9 Let U = Zo, U/R = (Ei,Ey E3) where Ey = {0,1,2},E, =
(3,4,5),E3 = {6,7,8}, A = {aj, a2}, V = {2,4,5,7, W = (2,3,6,7}, and let T =
{t,¢,V, W, {(a1,$), (a2, V)}, {(a1,9), (az, W)}, {(a1,$), (a2, LD}, {(a1, V), (a2, $)},

{(a1, V), (a2, W)}, {(a1, V), (a2, LD}, {(a1, W), (a2, §)}, {(a1, W), (a2, V) }, {(a1, W),
(az, )}, (a1, U), (a2, P)}, {(a1, U), (a2, V)}, {(a1, U), (az, W)}}. Then, (U,T,R,*,A) is a
rough soft topological group.

Again, we can use the same method to construct a rough soft topological group starting

from a soft rough topological group.

Theorem 6 Let (U, R) be an approximation space, (U, t,A) be a soft topology on U, *
be a binary operation on U, and G C U such that (G, T, R, %, A) is a soft rough topological
group. Consider t* = {(G,A) € S(U) : G(a) € t*,Va € A}. Then, (G,t*,R,x,A) isa
rough soft topological group.

Proof (1) Let (g, h) € G x G, F be a soft neighborhood of g *« /. Then, for all« € A
such that g x & € G(a), there exist neighborhoods Fy, Fj, of g, /1 such that Fy x Fj, CF, since
(G, t*) is a topological rough group. (2) Let F be a soft open set in G, then i(G) is soft
open since (G, %) together with 7¢ is a topological rough group for all @ € A. O

Remark 7 Let (U, R) be an approximation space, (U, t,A) be a soft topology on (U, *)
be a binary operation on U, and G C U such that (G, T, R, x,A) is a rough soft topological
group. Then, (G, T, R, %, A) is not necessarily a soft rough topological group.

Example 10 Let U = Zo, U/R = {E1, Ea, E3} where E; = {0,1,2},E, = {3,4,5},E3 =
6,7,8), A = {a1, a2}, U = (2,7}, and let © = (U, ,{(a1,{2,7)), (a2, {2,7})}}. Then,
(U',t,R, %, A) is a rough soft topological group which is not soft rough topological group.
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