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Introduction

In recent years, many researchers studied bitopological, bigeneralized, biminimal, and
biweak spaces due to the richness of their structure and potential for doing a generous
area for the generalization of topological results in bitopological environment. The con-
cept of a bitopological space was built by Kelly [1], and thereafter, an abundant number
of manuscripts was done to generalize the topological notions to bitopological setting.
Fukutake [2] presented the concept of generalized closed sets and in bitopological spaces.
The notion has been studied extensively in recent years by many topologists. Csaszar and
Makai Jr. proposed the concept of bigeneralized topology [3]. In 2010, Boonpok [4, 5]
provided the concept of bigeneralized topological spaces and biminimal structure spaces,
respectively. Csaszar [6] defined the concept of weak structure which is weaker than a
supra topology, a generalized topology, and a minimal structure and then offered var-
ious properties of it. Ekici [7] have investigated further properties and the main rules
of the weak structure space. In order to extend many of the important properties of
wclosed sets to a larger family, Zahran et al. [8] characterized the concepts of generalized
closed and generalized open sets in weak structures and achieved a number of properties
of these concepts. As a generalization of bitopological spaces, bigeneralized topological
spaces, and biminimal structure spaces, Puiwong et al. [9] in 2017 defined a new space,
which is known as biweak structure. The concept of biweak structure can substitute in
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many situations, biminimal structures and bigeneralized topology. A new space consists
of a nonempty set X equipped with two arbitrary weak structures wi, wp on X. A triple
(X, w1, wo) is called a biweak structure space (in short, biwss).

The interior (resp. closure) of a subset A with respect to w; are denoted by inty,(A)
(resp. cly;(A)), for (j = 1,2). A subset A of a biwss (X, w1, ws) is called ij-wclosed if
cl,(cly;(A))=A, where i,j= 1 or 2 and i # j. The complement of an jj-wclosed set is called
ij-wopen.

The concepts of generalized closed sets in weak structures [8] and biweak structure
spaces [9] motivated us to define a new class of sets which is called generalized wclosed
sets in a biweak structure space which are found to be effective in the study of dig-
ital topology. The purpose of this article is introducing the notions of ij-generalized
wclosed (written henceforth as ij-gwclosed), ij-generalized wopen (written henceforth as
ij-gwopen), and ij-strongly generalized wclosed (ij-o gwclosed, for short) sets in a biwss
(X, w1, wy) as a generalization of the concept of gwclosed, gwopen, and sgwclosed sets,
respectively, in a weak structure space (X, w) which presented in [8] and determining
some of their behaviors. In terms of ij-gwclosed and ij-gwopen sets, new forms of contin-
uous function between biweak spaces are constructed. Additionally, we try to extend the
concepts of separation axioms on weak structures [8] to biwss and study some of their
features. Some considerable results in articles [2, 8, 10] can be treated as particular cases

of our outcomes.

Preliminaries
To prepare this article as self-contained as possible, we recollect the next definitions and
results which are due to various references [8, 9, 11].

Definition 1 [8] Let w be a weak structure on X. Then,

(1) A subset A is called generalized wclosed (gwclosed, for short) if cl,,(A)CU, whenever
ACU and U is wopen.

(2) The complement of a generalized wclosed set is called generalized wopen (gwopen,
for short), i.e, a subset A is gwopen if and only if int,,(A) 2F, whenever ADF and F is
wclosed.

The family of all gwclosed (resp. gwopen) sets in a weak structure X will be denoted by
GWC(X) (resp. GWO(X)).

Definition 2 [11] Let w and w* be weak structures on X and Y, respectively. A function
f: X, w)— (Y, w") is called (w, w*)-continuous if for xeX and w*open set V containing
f(x), there is wopen set U containing x s.t. f(U)ZV.

Theorem 1 [11] Let w and w* be weak structures on X and Y, respectively. For a function
f (X, w)— (Y, w"), the following statements are equivalent:

(1) fis (w,w*)-continuous,

(2) f~Y(B)=int,(f~1(B)), for every w*open set Bin Y,
(3) f(clw(A))Zcly+(f(A)), for every set A in X,

(4) cly(f~1(B)S(f(cly+ (B)), for every set Bin Y,
(5) f~Y(int,»(B))Cint,,(f~1(B)), for every set Bin Y,
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6) cly(f~Y(F))=f~1(F), for every w*closed set F in Y.

Theorem 2 [9] Let (X, w1, wy) be a biwss and A be a subset of X. Then, the following are

equivalent:

(1) A isij-wclosed,
(2) A=cly,(A) and A:cle (A),
(3) A=cly,(cl,(A)), where i, j= 1 or 2 and i#j.

Proposition 1 [9] Let (X, w1, wa) be a biwss and ACX. Then, A is a ij-wclosed set, if A is
both wiclosed and wiclosed, where i, j= 1 or 2 and i#j.

Proposition 2 [9] Let (X, wy,ws) be a biwss. If A, is ij-wclosed for all a€ A#Y, then
NuecaAq is ij-wclosed and the union of two ij-wclosed sets is not a ij-wclosed set, where i, j=
1 or 2 and i#j.

In the rest of this article i, j will stand for fixed integers in the set {1, 2} and i#;j.

On ij-gwclosed sets
In this part, a new family of sets called ij-generalized wclosed (briefly, ij-gwclosed) is

presented and its properties are investigated.

Definition 3 A subset A of a biwss (X, w1, wa) is called ij-generalized wclosed (ij-
gwclosed, for short) if cle (A)cU, whenever ACU and U is wiopen. The complement of
ij-gwclosed set is called ij-gwopen.

The family of all ij-gwclosed (resp. ij-gwopen) sets in a biwss (X, wi, wy) will be denoted
by ij-GWC(X) (resp. ij-GWO(X)).

Remark 1 If Acij-GWC(X)Nji-GWC(X), then a subset A of a biwss (X, wy, wy) is called

pairwise gwclosed and its complement is pairwise gwopen.

Example 1 Let X=(1,2,3}, w1={0,{1},{1,2}}, and wy={0,{3}}. A set {3} is pairwise

gwclosed.
Certainly, the next theorems are obtained:

Theorem 3 A subset A of a biwss (X, w1, w) is ij-gwopen iﬁ’intwi (A)DF, whenever ADF

and F is wiclosed.
Theorem 4 If A is an ij-gwclosed and wiopen set in (X, w1, wy), then A=cly, (A).
Theorem 5 Every wjclosed set in a biwss (X, w1, w) is ij-gwclosed.

Proof Let A be a wjclosed set and U be a w;open set in X s.t. ACU. Then, Clw,- (A)=A.1It
implies that Acij-GWC(X). O

Corollary 1 If A is a wjopen set in a biwss (X, w1, wa), then Acij-GWO(X).
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Remark 2 By the following example, we have a tendency to show that the converse of
Theorem 5 is not always true.

Example 2 [n Example 1, a set {2} is 12-gwclosed and not wyclosed.

Proposition 3 Let (X, wy, wo) be a biwss. Then,

(1) IfXew; and each w;open set is wjclosed, then, A€ij-GWC(X), for each ACX.
(2) A€ij-GWC(X), for each ACX iff cl,,, U = U for each w; open set U.

Proof We prove only (2) and the rest of the proof is simple. Suppose that Aeij-
GWC(X), for each ACX. Then, every w;open set U, Acij-GWC(X). If UCU, hence
ch,(LI)gLI. Thus, clw,.(L[):L[, for each w;open set U. Conversely, suppose that ACU
and U be a wjopen set. Then, cly,(A)Zcly,(U). From assumption, cly,(A)CU and so
Acij-GWC(X). O

Remark 3 In the biwss (X, w1, wy), the converse of the Proposition 3(1) need not be true

in general as shown by the next example.

Example 3 Let X={1,2,3}, w1={0, {2}, {1,3}}, and wy={0, X, {1}, {2}, {3}, {1, 2}, {2, 3}}.
One may notice that every subset of X is 12-gwclosed, but A={2} is a wiopen set in X and it
is not wyclosed.

Remark 4 In general, 21-GWC(X)#12-GWC(X) as in Example 3.

Proposition 4 Let (X, w1, wy) be a biwss. If w1 Cwy, then 21-GWC(X)C12-GWC(X).
Proof Straightforward. O
The converse of the Proposition 4 is not true as seen from the next example.

Example 4 [n Example 3, then 21-GWC(X)Z12-GWC(X), but wy Zws.

Now, one can conclude attitudes relative to the union as well as the intersection of two
ij-gwclosed sets in a biwss (X, wi, wy).

Example 5 Let X={1,2,3,4}, wi1={¥,{3},{1,3},{1,3,4},{1,2,4}} and wy = {#,{2},{3},
{2,3,4}}. Let us consider A={2} and B={3}. Note that A and B are 21-gwclosed sets but its
union is not 21-gwclosed.

Example 6 Let X={1,2,3}, w1={0, {1}, {3}} and wy={0, {1}}. Consider two 21-gwclosed
sets A={1,2} and B={1, 3}, then ANB={1} is not 21-gwclosed.

Theorem 6 Let (X, w1, wy) be a biwss and cl,,(¥)=\. Then, the family of all ij-gwclosed
sets is a biminimal structure in X.

Proof Obvious. O

Theorem 7 Suppose Xew;. Then, {x} is wiclosed or X\{x}€ij-GWC(X), for each x€X.
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Proof Suppose that the singleton {x} is not w;closed for some xeX. Then, X\ {x} is not
w;open. Since X is w;open set and X\ {x}CX. Hence, X\ {x}€ij-GWC(X). O

Theorem 8 IfAcij-GWC(X), then ch], (A)\A contains no nonempty wiclosed.

Proof For an ij-gwclosed set A, let S be a nonempty w;closed sets.t. S gclw/. (A)\A. Then,
Sgclw]. (A) and SCX\A. Since X\S is w;open and A is ij-gwclosed, then cle (A)SX \ Sor
SCX \cle (A). Thus, S=@. Therefore, Clw, (A)\A does not contain nonempty w;closed. [

Remark 5 In general, the converse of Theorem 8 is not true as shown in the next example.

Example 7 In Example 6, if A={1}, then c,,, (A)\A={2}. So we know that there is no any
nonempty wyclosed contained in c,,, (A)\A. But A¢21-GWC(X).

It thus follows from Theorem 8 that
Corollary 2 IfA€ij-GWC(X) and cle (A)\A is a wiclosed set, then cle (A)=A.

Remark 6 If A is an ij-gwclosed set in a biwss (X, w1, wa) and cly, (A)=A, then cl,,;(A)\A
need not to be wiclosed as shown by the following example.

Example 8 Let X={1,2,3}, wi1={0,{2}}, and wo={0, {1}, {3}, {1,2}}. If A={2}, one may
notice that ¢y, (A)=A and hence c,,,(A)\A=0, which is not wiclosed.

Theorem 9 IfAcij-GWC(X), then cle (A\A€ij-GWO(X).

Proof Let A€ij-GWC(X) and F be a w;closed set s.t. FCcly,(A)\A. Then, by Theorem 8,
we have F={) and hence FCinty,(cly,(A)\A). So by Theorem 3, we have cl,,(A)\A€ij-
GWO(X). O

Remark 7 The converse of the Theorem 9 need not to be true in general as shown by the
following example.

Example 9 In Example 6. If A={1}, one may notice that cl,,, (A)\A€21-GWO(X), but
Ag21-GWC(X).

Theorem 10 If Acij-GWC(X) andAngchj(A), then Beij-GWC(X).

Proof Let U be any wjopen set s.t. BCU. Since ACB and Ae€ij-GWC(X), then
ch/. (A)CU. Since Bgclwl. (A), then we have ch/. (B)gclw/cle (A):clwl. (A)CU. Consequently
Beij-GWC(X). O

Corollary 3 Let (X, w1, wo) be a biwss. Then,

(1) IfA€ij-GWO(X) and int,,(A)SBCA, then, Bejj-GWO(X).
@) cly(A)eij-GWC(X) if Acij-GWC(X).
(3) inty,(A)eij-GWOX) if Acij-GWO(X).

In view of Theorems 8 and 10, the next theorem is valid.
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Theorem 11 Let A be an ij-gwclosed set with Angchi (A), then, clw]. (B)\B does not
contain nonempty wiclosed.

Theorem 12 If A is an ij-gwopen set in X, then U=X whenever U is wiopen and
inty, (A)UX\A)CU.

Proof Let U be a w;open set in X and inty, (A)U(X\A)CU for any ij-gwopen set A. Then,
X\UCS(X — inty;(A))NA and so X\U Ccly, (X\A)\(X\A). Since X\A is ij-gwclosed, then
by Theorem 8, we have X\ /= and hence U/=X. O

Definition 4 Ifcle (UaAa)zuacle (Ag), for (j = 1,2), then a family {Ay | €A} is called
wj-locally finite.

Theorem 13 Let (X, w1, w) be a biwss. If the family {A, | a€ A} is wj-locally finite, then

the arbitrary union of ij-gwclosed sets Ay, € €A is an ij-gwclosed set.
Proof Direct to prove. O

In the next definition, as an application of ji-gwopen sets, we offer a new type of sets

namely ij-o gwclosed sets.

Definition 5 A subset A of a biwss (X, w1, wa) is called ij-strongly generalized wclosed
(briefly, ij-o gwclosed), if clw,(A) CU, whenever ACU and U is ji-gwopen. The complement
of ij-o gwclosed set is called ij-o gwopen.

The family of all ij-ogwclosed (resp. ij-ogwopen) sets in a biwss (X, w1, wa) will be
denoted by ij-c GWC(X) (resp. ij-c GWO(X)).

Remark 8 If Acij-c GWC(X)Nji-c GWC(X), then a subset A of a biwss (X, w1, ws) is
called pairwise o gwclosed and its complement is called pairwise o gwopen.

For brevity the proof of the next proposition is omitted.

Proposition 5 In a biwss (X, w1, wa), we have the following relation:
wjclosed set = ij-o gwclosed set = ij-gwclosed set.

Remark 9 The converse of Proposition 5 is not true as can be seen from the next example.

Example 10 [n Example 6, one may notice that {4} is 21-gwclosed set, but it is not 21-
ogwclosed.

Example 11 In Example 8. One may notice that, {2} is 12-ogwclosed set, but it is not

woclosed.
Theorem 14 If A€ji-GWO(X)Nij-oc GWC(X), then cly,;(A)=A
Proof Straightforward. O

Theorem 15 Let cl,,,#=0. Then, {x}<ji-GWC(X) or X\{x}<€ij-c GWC(X), for each xX.
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Proof Similar to Theorem 7. O
Theorem 16 If A€ij-o GWC(X), then cl,,;(A)\A contains no nonempty ji-gwclosed.

Proof Similar to Theorem 8. O

Separation axioms in biweak spaces
By using ij-gwclosed, ij-gwopen and ij-o gwclosed sets, we introduce and study the notions

of ij-wT% , ij-wT9, ij-w® T% , ij-wnormal, and ij-gwnormal spaces.
2

Definition 6 Let cle (D)=0. A biwss (X, w1, ws) is called

(1) ij-wT if for each distinct points x, yeX, there exist a w;-open set U and wj-open set V
s.t.xel, y¢U and yeV, x¢V.

2) ij—wT% if each ij-gwclosed set A of X, cle (A)=A.

(3) ij—wT; if each ij-ogwclosed set A of X, cl,,;(A)=A.

Theorem 17 A biwss (X, w1, wy) is ij-wT if every singleton in X is ij-wclosed.

Proof Let x,y € X and x # y. Then, {x}, {y} are ij-wclosed sets. From Theorem 1, we
have x ¢ cl,,({y}) and y ¢ cle({x}). Hence, there exist w;-open set U containing x and
wj-openset Vst.x e U,y ¢ U,andy € V,x ¢ V. Consequently, (X, wy,wy) is a ij-wT
space. O

In view of Proposition 5, the class of ij-wT'] spaces properly contains the class of ij—wT%
2

spaces.
Proposition 6 Every ij-wT1 space is ij-wT¥.
2 2

The following example supports that the converse of the Proposition 6 is not true in

general.
Example 12 In Example 5, (X, w1, wo) is a 21-wT? % space but not 2]-WT%.

Theorem 18 Let X be a wiopen set and int,, {x} is wjopen. A biwss (X, w1, ws) is ij—wT%
iff {x} is wiclosed or {x}=int,,{x} for each x € X.

Proof Suppose that {x} is not w;closed for some x € X. Then, by using Theorem 7, X\ {x}
is ij-gwclosed. Since (X, wy, wy) is ij—wT%, then {x}=int,, {x}. On the other hand, let B be
an ij-gwclosed set. By assumption, {x} is w;closed or {x}=inty,{x} for any xecl,,B.

Case (I): Suppose {x} is w;closed. If x¢B, then {x}Ccl,,B\B, which is a contradiction to
Theorem 8. Hence x€B.

Case (II): Suppose {x}=inty,{x} and xecly,B. Since {x}NB#Y, we have x€B. Thus, in both
cases, we conclude that chszB. Therefore, (X, w1, ws) is ij—wT% space. O

Theorem 19 Suppose cl,,, 0=0. If (X, w1, ws) is an ij-wT space, then {x} is ji-gwclosed
2

or {x}=inty,{x}, for each xeX.
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Proof Follows directly from Theorem 15 and Definition 6. O
Lemma 1 If{x} is ji-gwclosed, then (X, w1, wa) is an ij-w-T{ space, for each x€X.

3
Proof Straightforward. O

Definition 7 A biwss (X, w1, w») is called

(1) Pairwise WT% if it is both ij—wT% andji—wT%.
(2) Pairwise wI' 3 if it is both ij-wT¢ and ji-wT¥.
2 2

Proposition 7 If (X, w1, wp) is a pairwise wT'1 space, then it is pairwise wTq.
2 2
Proof Uncomplicated. O

Remark 10 The converse of Proposition 7 is not true as can be seen from the next
example.

Example 13 Let X, wi, wy be as in Example 12. Then, (X, w1, wp) is also a 21-wT space,
2

and therefore, it is a pairwise ng space. But (X, w1, wp) is not a pairwise WT% space.
Definition 8 A biwss (X, w1, wy) is called an ij-w° T% if ij-GWC(X)=ij-c GWC(X).
Proposition 8 Every ij—wT% space is ij-w’ T% .
Proof Obvious. O

Remark 11 The converse of Proposition 8 may not be applicable as we see in the next
example.

Example 14 Let X={(1,2,3,4}. Define weak structures wi, wo on X as follows:
le{@r {1’ 3}1 {1’ 4}) {2’ 3, 4‘}} and WZZ{QJ: {Z}r {1’ 2}, {3’ 4}) {1’ 3, 4‘}}' Then, (Xr w1, W2) isan

12-w° T% space but not 12—WT%.

Remark 12 jj-u° T% and ij-wT{ spaces are independent as may be seen from
2

Example 15 and Example 16.

Example 15 Let wi={0, {1}, {1, 2}}, wo={0, {3}, X} be weak structures on X={1, 2, 3}, then
X, w1, W) isa 12-wT® % space but not 12-w° T%,

Example 16 [n Example 14, (X, w1, wo) is an 12-w° T%, but it is not 12-w-T9.
bl

Theorem 20 Let cly,(9)=9. A biwss (X, w1, w2) is ij—wT% if and only if it is both ij-wT¢
2

and ij-w° T% space.

Proof Suppose that (X, wi,ws) is an ij—wT% space. Then, by Propositions 6 and 8§,
(X, w1, wp) is both ij-wT9 and ij-w® T% space. Conversely, suppose that (X, wy, wy) is both
2
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ij-wT§ and ij-w® T%. Let A € ij-GWC(X). Since (X, w1, w») is an ij-w’ T% space, A€ij-
2
o GWC(X). Since (X, w1, wa) is an ij-wT'{ space, then cle (A)=A. Therefore, (X, w1, ws) is
2
ij—wT%. O

Definition 9 A biwss (X, w1, ws) is called ij-wnormal if for each wiclosed set A and
wjclosed set B s.t. ANB={, there are wjopen set U and wiopen set V s.t. ACU, BCV, and
unv=g.

Theorem 21 Let (X, w1, wa) be a biwss. Consider the following statements:

(1) (X, w1, ws) is ij-wnormal,

(2) For each w;closed set A and wjopen set N with ACN, there exists wjopen set U s.t.
AcUCcl,, (U)CN,

(3) For each w;closed set A and each ij-gwclosed set H with ANH =}, there exist wjopen
set U and w;open set Vs.t. ACU, HCV and UNV ={,

(4) For each w;closed set A and ij-gwopen N with ACN, there exists wjopen set U s.t.
ACUCcly, (U)CN.

Then, the implications (1) = (2) and (3) = (4) = (2) are hold.
Proof Obvious. O

Theorem 22 Let (X,w1,w2) be a biwss. If cly,(A) is wiclosed for each wjopen or
ij-gwclosed, then the statements in Theorem 21 are equivalent.

Proof According to Theorem 21, we need to prove (2) = (1) and (1) = (3) only.

(2) = (1): Let A be a w;closed set and B be a wjclosed set with ANB=¢. Then, X\B is a
wjopen set with ACX\B. Thus, by (2) there exists w; open set U s.t. ACU Ccly,, (L) SX\B.
Hence ACU and BCX\cly,(U). Since cly,(U) is wiclosed for each wjopen U, then
X\cly,(U)=V is w;open and UNV=0. Hence (X, w1, w2) is ij-wnormal.

(1) = (3): Let A be a w;closed set and H be an ij-gwclosed set with ANH=0. Then,
HCX\A. From Definition 3, we have Clw/~ (H)CX\A. Since H is ij-gwclosed, then Clw/~ (H)
is wjclosed. Since Aﬂclwi (H)=0, then from (1) there exist wjopen set U/ and w;open set V'
s.t. ACU, chle(H)QV and UNV=0. O

Theorem 23 Let (X, w1, wy) be a biwss. Consider the following statements:

(1) (X, w1, wy) is ij-wnormal,

(2) For each w;closed set A and wjclosed set B s.t. ANB=(, there exist ij-gwopen U and
ji-gwopen V s.t. ACU, BCV and UNV =y,

(3) For each w;closed set A and wjopen N with ACN, there exists ij-gwopen U s.t.
AcUCcl,, (U)CN.

Then, the implication (1) = (2) = (3) is hold.

Proof (1) = (2): Let A be a w;closed set and B be a wjclosed set with ANB=0. Since
(X, w1, w) is ij-wnormal, then there exist wjopen set U/ and w;open set V' s.t. ACU, BCV
and UNV=0. From Corollary 1, there exist ij-gwopen U and ji-gwopen V s.t. ACU, BCV
and UNV=0.
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(2) = (3): Let A be a wiclosed set and N be a wjopen set with ACN. Then,
ANX\N={. From (2), there exist ij-gwopen U and ji-gwopen V s.t. ACU, X\NCV, and
UNV=4. Since X\V is ji-gwclosed, N is wjopen, and X\VCN, then from Definition 3,
we have cl,,(X\V)CN. Since UCX\V, hence UZcl,,(U)<cl,,(X\V). Consequently,
ACUCcl,, (L)CN. O

Theorem 24 Let (X, w1, wy) be an ij—wT% . If cly,,(U) is wiclosed for each ij-gwclosed
and int, (U) is wjopen for each ij-gwclosed U, then the statements in Theorem 23 are

equivalent.

Proof According to Theorem 23, we need to prove (3) = (1).
(3) = (1): Let A be a w;closed set and B be a wjclosed set with A N B=@J. Take N=X \ B,
then by using (3) there exists ij-gwopen U s.t. A € U < cl,,,(U) S N. Since (X, w1, wa) is
an ij—wT% space, then, int,, (U)=U. By assumption U is wjopen. Also, X\cly, () is w;open
and BSX\cly, (U). O

Definition 10 A biwss (X, w1, wo) is called ij-gwnormal if for each ji-gwclosed set A and
ij-gwclosed set B s.t. ANB={, there are wjopen set U and wiopen set V s.t. ACU, BTV and
unvs=g.

Remark 13 It is clear that every ij-gwnormal space is ij-wnormal. It can be checked that
the converse is not true by the following example.

Theorem 25 Let (X, w1, wo) be a biwss. Consider the following statements:

(1) (X,w1,wn) is ij-gwnormal,

(2) For each ji-gwclosed set A and ij-gwopen set N with ACN, there exists wjopen set U
s.t. ACUCcly,,(U)CN,

(3) For each ji-gwclosed set A and ij-gwclosed set B s.t. ANB={), there exist wjopen set U
s.t. ACU and cl,,(U)NB=Y.

Then, the implication (1) = (2) = (3) is hold.
Proof Obvious. O

Remark 14 If cl,,(U) is wiclosed for each w;open set U, then the statements in
Theorem 25 are equivalent.

Theorem 26 Let (X, w1, wa) be a biwss. Consider the following statements:

(1) (X, w1, wy) is ij-gwnormal,

(2) For each ji-gwclosed set A and ij-gwclosed set B s.t. ANB=(), there exist ij-oc gwopen
set U, ji-ogwopen set V s.t. ACU, BCV and UNV =fj,

(3) For each ji-gwclosed set A and ij-gwopen set N with ACN, there exists ij-o gwopen
setU s.t. ACUCcl,, (U)SN.

Then, the implication (1) = (2) = (3) is hold.
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Proof (1) = (2) Follows directly from Proposition 5.
(2) = (3) Let A be a ji-gwclosed set and N be an ij-gwopen set with ACN. Take B=X\N.
Then, by assumption, there exist ij-o gwopen set U, ji-o gwopen set V' s.t. ACU, BCV and
UNV=@. Hence, UCX\V, X\VCN. Since X\V is ji-ogwclosed, then c/,,,(X\V)CN and
so ACUCcl,,(U)SN. O

The question that comes to our mind, under what conditions can be achieved parity in
Theorem 26.

Theorem 27 Let (X, w1, wz) be an ij-w-T9 space. If inty, (U) is wjopen and int,,(U) is

2
wiopen for each ij-o gwopen set U, then the statements in Theorem 26 are equivalent.

Proof Straightforward. O

Corollary 4 If a biwss (X, w1, wy) is ij-gwnormal, then for each ji-gwclosed set A and
ij-ogwopen set N with ACN, there exists ij-o gwopen set U s.t. ACUZcl,,,(U)SN.

Proof Obvious from Proposition 5. O

Theorem 28 If a biwss (X, w1, wn) is ij-gwnormal, then for each ji-gwclosed set A and ij-
gwclosed set B s.t. ANB=), there exist ij-gwopen set U and ji-gwopen set V s.t. ACU, BTV
and UNV =0.

Proof Clear. [
Theorem 29 If a biwss (X, w1, wa) is ji-w-T{ and cly,,(9)=0. Consider the following
Statements: ’

(1) (X,w1,wa) is ij-gwnormal,
(2) For each ji-gwclosed set A and ij-gwopen set N with ACN, there exists ij-gwopen set
Ust. ACUCcl,,(U)CN.

Then, the implication (1) = (2) is hold.
Proof Obvious. O

Some types of ij-(w, w*) continuous functions
In this section, types of continuous functions between biweak spaces are defined and
some of their features are established.

Definition 11 A function f : (X, w1, wa)—> (Y, w}, w}) is called:

(1) j-(w,w*)-continuous if for xeX and w]fopen set V containing f (x), there is a w; open
set U containing x s.t. f(U)CV.

(2) ij-g(w, w*)-continuous if for x€X and w;open set V containing f (x), there is an
ij-gwopen set U containing x s.t. f(U)ZV.

(3) ij-g(w,w*)closed if for each wjclosed set B, f (B) is ji-gw* closed set.

We describe ij-g(w, w*)-continuous function in the following part.
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Theorem 30 Let (X, wq,wy) be an ij—wT% space. If int,,(U) is wjopen for each ij-
gwopen set U, then, a function f : (X, w1, w2) —> (Y, w], w3) is ij-g(w, w*)-continuous iff
f_l(V)zintwf_l(V)for each wl’fopen set V.

Proof (=): Let V be a wj*open set and xef ~1(V). Since f is ij-g(w, w*)-continuous,
then there is an ij-gwopen set U containing x s.t. f(L/)CV. Hence, UCf~1(V). Since
(X, w1, ws) is an ij—wT% space, then intwj(LI)zLI. From assumptions, U is a wjopen set s.t.
x € U < f(V)andsox € inty,f~1 (V). Therefore, f 1 (V) =int,,f (V).

(<) Let x € X and V be a w]‘-'open set in Y with f(x) € V, then x € f~L(V).
Sincef_l(V)zintWJ_l(V), then there exists wjopen set U s.t. x € U C f_l(V). From
Corollary 1, U is an ij-gwopen set containing x s.t. f(LI) < V. Consequently, f is

ij-g(w, w*)-continuous. O

Theorem 31 For a function f : (X, w1, wz) —> (Y, w}, w3), the following are equivalent:

(1) L) =inty, (f~1(V)), for every w;open setVinY,
(2) f(clw, (A))gclw; (f(A)), for every set A in X,

(3) clw, et (Clw]-* (V)), for every set Vin Y,
4) 1 (intW; (V) Cinty, (f~1(V)), for every set Vin Y,
(5) cl, (f~Y(F))=f~L(F), for every w;closed set Fin'Y.

Proof Obvious. O

Theorem 32 Forany functionf : (X, w1, w2) —> (Y, w}, w3), every j-(w, w*)-continuous

function is ij-g(w, w*)-continuous.
Proof Obvious from Theorem 30. O

Remark 15 The following example justifies the converse of the Theorem 32 need not to
be true in general.

Example 17 Let X={a,b,c,d}, Y={1,2,3}, wi={0,{a},{a,d}}, wr={0,{a,b},{c,d}},
wi={0, {1}, {2, 3}}, and wi={#, {2}, {1, 2}}. If fis defined by f (a)=f (b)=2, f (c)=1, f (d)=3, we

have fis 12-g(w, w*)-continuous, but it is not 2-(w, w*)-continuous.

Proposition 9 For any surjection function f : (X, w1, w2) — (Y, wj, w3), the following
are equivalent.

(1) f isan ij-g(w, w*)closed function.
(2) For any set Bin Y and each w;open U s.t. f ~1(B)CU, there exists ij-gw*open set V of
Ys.t. BCV and f~H(V)CU.

Proof (1) = (2): Let BCY and U be a w;open set s.t. f~1(B)CU. Since f is an ij-
g(w, w*)closed function, then f(I]) is an ij-gw*open set in Y. Take f~!(V)=1Ul. Since f is a
surjection function and f~1(B)CU, then B=f (f~1(B))Sf (U)=V.

(2) = (1): Let U be a w;open set, FCf (1) s.t. F is a wiclosed set, then f~1(F)CU. This
implies that there exists ij-gw*open set V in Y s.t. FCV and f~!(V)CU. Consequently,
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ngntw; (V) and so ngntw; (f(U)). This implies that f(U) is ij-gw*open in Y. Therefore, f
is an ij-g(w, w*)closed function. O

Theorem 33 Let (Y, w},w}) be an ij—w*T% space. If intW]r (A) is wiopen for each ij-
gwropen set A. If f + (X, w1, wa) — (Y, w],w}) is a surjection ij-g(w, w*)closed and
ij-g(w, w*)-continuous function, then f~1(B) is ij-gwclosed set of X for every ij-gw*closed
set BofY.

Proof Let BCY be an ij-gw*closed set. Let U be a w;open set of X s.t. f~1(B)CU.
Since f is a surjection ij-g(w, w*)closed function, then by Proposition 9, there exists ij-
gw*openset V of Y s.t. BCV and f~1(V)CU. Since (Y, w}, w}) is an ij—w*T% space, then
intw; (V)=V. From assumptions, V' is a w;open set. Since B is ij-gw*closed, then ch}g (B) C
V. Hence, f*l(czw; (B)) < f~1(V) C U. By Theorems 30 and 31, cly,f~(B) € U, and
hence, f~1(B) is ij-gwclosed set in X. O

Lemma 2 Let (Y, w],w}) be an ji-w*T% space. If f + (X, w1, w2) —> (Y, w],w}) is an
ij-g(w, w*)closed function, then clwlf f(A)=f (clw,;(A)), for every wjclosed set A in X.

Proof Let A be a wjclosed set in X, then A=cl,,(A). Since f is an jj-g(w, w*)closed func-
tion, then f(A) is ji-gw*closed set since (Y, w}, w5) is a ji-w* T% space, then ch;f(A):f(A).
Hence, clw;f(A) :f(clwi (A)). O

Lemma 3 Let (Y, w},w}) be an ij-w* T% space. and f : (X, w1, w2) —> (Y, w],w3) bea
ji-g(w, w*)closed function. If cle (A) is a wiclosed set for each set A in X, then cle» f(A) C
S (cly, (A).

Proof Suppose cly, (A) is a wiclosed set in X. Since f is an ji-g(w, w*)closed function,
then f(cly;(A)) is ij-gw*closed set containing f(A). Since (Y, w}, w3) is an ij-w* T% space,
then clw;f(ch/ (A))=f (clw;(A)). Hence, clw;f(A) gf(cle A)). O

Theorem 34 Let (Y, wy,w;) be an ij-w* T% space. If int,,f~1(U) is wiopen for each
wiopen set U in Y and Clw, (A) is a wiclosed set for each set A in X. If f + (X, w1, wp) —>
Y, wy,w}) is a ji-g(w,w*)closed and ji-g(w, w*)-continuous function, then f(A) is ij-
gw*closed set of Y for every ij-gwclosed set A of X.

Proof Follows directly from Theorem 30, Theorem 31, and Lemma 3. O

Theorem 35 Let (Y, w}, w3) be an ij-w* T% space. Ifiw; (A)is w;openfor each ij-gw*open
set Aof Y. If f + X,wi,wa) — (Y, wi,w}) and h : (Y, w],w;) —> (Z,v1,v2)
are ij-g(w, w*)-continuous and ij-g(w*, v)-continuous functions, respectively, then h o f :
X, w1, w2) —> (Z,v1, ) is ij-g(w, v)-continuous.

Proof Let x € X and V be a vjopen set of Z containing / o f(x). Since # is ij-g(w*, v)-
continuous, then there is an ij-gw*open set U containing /(x) s.t. H(U) < V. Since
(Y, w],w3) is an ij-w*T% space, hence, iwly(L[):L[. From assumptions, U is a w;open for
each ij-gw*open set U of Y containing /(x). Since f is an ij-g(w, w*)-continuous function,
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so there is an ij-gwopen set G containing x s.t. f(G)CU. It follows that there exists an ij-
gwopen set G containing x s.t. of (G)C V. Consequently, kof is ij-g(w, v)-continuous. [

Theorem 36 If f : (X, w1, w2)— (Y, w],w}) and h : (Y,w],w5)—>(Z,v1,v2) are
ij-g(w, w*)-continuous and j-(w*, v)-continuous respectively, then hof : (X, wi, wp)—>
(Z,v1,v) is ij-g(w, v)-continuous.

Proof Straightforward. O

Future work

In the future, we intend to introduce the bisoft weak structure spaces and study the
notions ij-soft gw closed, ij-soft gwopen, and ij-soft o gwclosed sets in it. Also, using these
sets, diverse classes of mappings on soft biweak structures can be examined. Further, we
suggest studying the properties of some kinds of ij-gwclosed subsets with respect to a
biweak structure modified by elements of an ideal or a hereditary class. Accordingly, we
construct a kind of continuity depending on the new class of ij-gwclosed subsets. More-
over, one may take research to find the suitable way of defining the biweak structure
spaces associated to the digraphs by using ij-gwclosed such that there is a one-to-one
correspondence between them. It may also lead to the new properties of separation
axioms on these spaces. It will be necessary to perform more research to strengthen a
comprehensive framework for the practical applications.
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