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Introduction

In the present, many researchers are working on the non-Newtonian fluid from both
essential and sensible point of view [1]. These fluids have immediate effects on the pro-
cessing of polymer, animal blood, liquid crystal, and geological flows in the earth mantle.
The general conditions of non-Newtonian fluid are exceptionally non-linear and higher-
arrangement than Navier-Stokes equations. Therefore, many analytical and numerical
solutions are accessible to non-Newtonian fluid on the topic.

The electrically conducting fluid and magnetic properties are sufficiently studied in
magnetohydrodynamics (MHD). MHD has specific applications like engineering sci-
ence, metallurgical industry, electromagnetic pump, power generation, and flow meter.
Hydromagnetic movements have a major part of study in the fields of the aerospace, astro-
nomical, and planetary magnetosphere. The cleansing of liquid metals from non-metallic
presence through the use of the attractive field is another basic component of MHD [2, 3].
Khalid et al. [4] have evaluated the exact solution of wall couple stress in MHD by Laplace
transform and convolution. Fatunmbi et al. [5] have numerically studied the MHD stagna-
tion point flow of a micropolar fluid by applying RK (Runge-Kutta) method. Hammouch
[6] investigated the numerous solution of steady magnetohydrodynamics flow of dilatant
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fluids by various method techniques. Interesting recent studies on non-newtonian fluids
with magnetohydrodynamics have been given by different researchers [7—11].

Micropolar fluid theory was proposed by Eriggen [12]. Mekheimer et al. [13] showed
that the micropolar fluid model is a kind of non-Newtonian fluid which depends upon a
microstructure and belongs to non-symmetrical stress tensor. Physically, micropolar fluid
may be rigid particles, at random oriented (spherical) elements suspended in a viscous
medium where the change of fluid elements is disregarded. Micropolar fluid can per-
form a better model for animal blood. Raza et al. [14] studied the different branches of
the solution of micropolar fluid in a channel with permeable walls. Hussanan et al. [15]
examined the heat and mass transfer in a micropolar fluid. Sheikholeslami et al. [16] eval-
uated the micropolar fluid flow in a channel by homotopy perturbation method (HPM).
Lukaszewicz [17] explored the nature of the micropolar fluid. Ravi and Prasad [18] stud-
ied the relations of pulsatile and peristaltic stream of couple stress fluid through a porous
medium in an elastic route.

There are many methods for solving non-linear partial differential equations such as
bilinear transformation [19, 20], homotopy perturbation method [21, 22], G \ G) expan-
sion method [23], Exp-function [24, 25], modified simple equation (MSE) method [26],
and fingero-imbibition method [27]. The traveling wave method is useable for solving
non-linear partial differential equations because it provides a simple exact solution of
non-linear partial differential equations. Due to the many importance of this method
in theory of non-linear partial differential equations, this method is applicable in the
field of fluid mechanics, chemical kinematics, electromagnetic, and nonlinear mechanics.
Some important work-related traveling wave solutions recently appeared in [28—34] and
references presented there.

In the present communication, the traveling wave solution, and transformation method
are used to find the exact solutions of unsteady incompressible two-dimensional laminar
flow of MHD micropolar fluid in a porous medium. The mathematical model that con-
sidered here are carefully entrenched and judge with many general cases. It is noticed that
the present model is capable of covering such benchmark cases and can give new informa-
tion on the parameter determination of the dynamical system which governed micropolar
fluid equations. To the best of our knowledge, only one study, which deals with the flows
of unsteady incompressible two-dimensional laminar flow of micropolar fluid via travel-
ing wave transformation appeared in [28]. Therefore, this communication aims to extend
the results of [28] for unsteady two-dimensional incompressible laminar flow of MHD
micropolar fluid in a porous medium. The family of new exact solutions is found for five
distinct cases. Particularly, the solutions for micropolar fluid with and without MHD and
porous effects can also be established from present general solutions. The solutions for
MHD Newtonian fluid in the porous medium may for all cases easily be determined if we
substitute vortex viscosity k — 0 in respective equations. Finally, the impact of param-
eters defines micropolar fluid and other parameters are analyzed through 2D and 3D
graphical illustrations and differences among micropolar and Newtonian fluids are also
discussed. For the present paper, we adopted the method [28—33] in the following pattern.
In the “Basic governing equations” section, we provide the basic governing equations and
the theoretical development of the traveling wave method. In the “Traveling wave solu-
tions” section, we present the solution of our governing equations by the traveling wave
methods along with five different cases for MHD micropolar fluid in a porous medium.
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Some initial and boundary conditions are discussed in the “Making initial and boundary
conditions” section. In the “Numerical results and discussions” section, we discuss the
numerical results with the help of graphical illustrations.

Basic governing equations

The equation of continuity and the conservation equations of linear momentum and
angular momentum for an incompressible unsteady micropolar fluid, in the presence of
magnetohydrodynamic through a porous medium, by neglecting the body force and body

couple are as follows:
ﬁ

V-V =0, (1)
—

DV 9= - = = v\ —

por = VP + U+ OV +kVx G+ T x B _(ﬁ) vV, ©)
D2 — — — —

p}E:(a+ﬁ+y)V(V~Q)—yVX<VXQ>+KVXV—2KQ. 3)

In the above equations, T/) is a velocity; ?2) is a microrotation; p be the pressure; p is the
fluid density; j be the gyration parameters of the fluid; « and « are the dynamic and vortex
viscosities; o, 8, and y are the respective coefficients of coupled viscosities [29]; B is the
total magnetic force vector; 7 is the current density; and «* is the porosity parameter.
The velocity, microrotation, and magnetic component porous plate are
(#,v,0),(0,0,N), and (0,0, B,), respectively, where u and v are the second and third
components of velocity, respectively, and N is the second component of microrotation

. % . . e % % ﬁ ﬁ . . . e
while B is total magnetic filed, so that B = B, + b , b is the induced magnetic filed

and using /] x B = —oB, V, where o is the electrically conductively of fluid and then
Egs. (1-3) provide the following governing equations (see Fig. 1):
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Fig. 1 Two dimensional flow of micropolar fluid in the presence of normal magnetic field on porous plane
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Procedure of traveling wave method
Suppose the non-linear partial differential equations include four dependent variables
u, v, N,and p three variables ¢, x, and y.

My (tx,vy) =0, (8)

My (u, V, Uty Uy, Uy, Uy, uyy,Ny,px) =0, 9)
M3 (1, V, Ve, Vas Vi Vi Vyys N py) = 0, (10)

My (Ng, N, Ny, Ny, Nyy, N, 14y, 11e) = 0. (11)

Here, M; is a polynomial function of u,v, N, and p which contain the non-linear terms
and higher order of derivative; where i = 1,2, 3, 4., we display traveling wave solution as

follows:

u(x,y, t) = u(§),v(x, 5, t) = v(§),N(x,y,£) = N(&),p(x,y,t) = p(§), (12)

where & = mx + ny + Ut. The system Eqs. (8—11) can be converted into the system of
ordinary differential equations.

M (4,v) =0, (13)
Mo (u, vu, u”,N/,p,> =0, (14)
M3 (u, v, V/,V//,N/,p/) =0, (15)
M (NN N ) =0, (16)

This system of ordinary differential equations are may or may not be solvable. In our case,
these system are solvable.

Traveling wave solutions

In this section, we will determine the traveling wave solutions of governing Eqs. (4-7).
The traveling wave parameter type can be taken, and then, the solution has the following
representation.

u=u),v=vé), N=N(E¢), p=p) and§ = mx+ ny + Ut.

Here, U is the constant phase velocity and m and # are constants. On using the traveling
wave parameter & into Eqs. (4—7), we get representation of the form

mu +nv =0, (17)

’ ’ K 2 2 ” nK _ s O'BZ %
U+mu+nm)u =—mp + v+ — (m +n)u + —N — +E u, (18)
o o o
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’ ’ K 2 on mek _ s O'B2 v
(U +mu+nv)v =—np +<v+)(m +I’1)V—N—< "—|—)v, (19)
P 2 o k*
’ Y 2 2 ” K ’ ’
(U+mu+nv)N:f(m +n)N ——,(2N—mv +nu), (20)
o o

where the prime denotes the differentiation with respect to £. Integration to Eq. (17),
w.r.t £ on both side yields

mu + nv = ¢, (21)

where ¢ is an arbitrary constant. Using Eq. (21) in Egs. (18)—(20) reduced to

’ ’ K 2 2 ” nK _ s O'B‘Z) v
U+co)u =—mp + v+ — (m +n)u + —N — + — ) u, (22)

2 P o k*

’ ’ K 2 n Y mKk _ s O'B% %
U~+co)v =—np + v+ — (m +n)v ——N — + v (23)

o p pk

/_ Y 2 2 ” K ’ ’
(U+c)N == (m*+n* )N — — (2N —mv +nu ). (24)
o] 0]

To find u, v, N, and p from the above three equations, the following five cases will be
discussed.

Case-l:U+c¢co #0
Eliminating p from Eqs. (22) and (23), we get

(U + co) (nu/ — mvl> = (1’}’12 + nz) (v + ;) (nu/

<UB§ v )
— + — )| (nu — mv).
p kK

Again, using Eq. (21) and converting v into u in Eq. (25), we arrive

/ 1 o1 v 1 (0B
N=p[(u+co)u—(m2+n2)<u+K)u +(U"+U)u (26)
K | n n o n

p  k
mc, (UB% v >
- —_ + J— .
n (m2 + ,,,2) 0 Ie*

Eliminating N from Eqs. (24) and (26), we get

L mvﬁ> + % (m* + n?) N (25)

aju® — aguw + agu” + a4u/ + asu = ae, (27)
where
2 K
a = L,(mz—l—nz) (v—i-),
njk o

ay = | 2 (U + co) (m® + n?) (v—l—K) + 2 (m®+ ) (u+co)},
| nx 0 njk

- 2
az = ﬁ(u+C0)2+L(m2+n2)_L’(m2+n2)("730+7)_E'(m2+n2)(v+f)],
| e njp njic p nj p

Jo) O‘Bg v 2
as = | — (U +co) += |+t WU+tco)|,
L 1K o nj
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2 (oB? v 2mcy <032 v >
as=—|—4+ — ) andag = ———~ o+ —.
’ nj ( P k*) ¥ nj(m?>+n2) \ p k*
The solution of Eq. (27) is
u®) = ﬂ7eV11§ + aserné + a96713$ + amermé + a1y, (28)

where r11, r12, r13, and ry4 are the roots of the auxiliary equation
a1m4 — a2m3 + a3m2 + agm + a5 = 0.
Putting the Eq. (28) into Eq. (21), we get

V(E) = a1ne™® + a3 + ajae™ + ajse™ + age, (29)

where a;15 = —%% ; i =7,8,9,10, and

1
aie = — (co —ai m).
n
Substituting Eq. (28) into Eq. (26), we get
N(E) = a17e™ + a18e™ + a19e™* + ae™ + ané + an, (30)

where

1 |ai_10rie Ai10 17> p
Y SR

. BZ
L 40P (9% L VN2 17,18,19,20,
nKk 0 k*

and

[(UB%_i_v) ai p m p co ]
a) = — — )
2 0 k* K n (m?* + n?)
Putting the Egs. (28) and (30) into Eq. (22), we get

PE) = azse™ + ane ™ + arse + are ™ + ay€® + axk + a, (31)

where

1 ai—16 r«z_ K ai—16 ri— ai—e NK
a; = ! ’12(m2+n2)(v—|—)—116112(u—|—co)+16
ri—12 m P m ri-12 P

o B2 v
— ai—16 < % 4+ *>:| , 1 =23,24,25,26,
0 k

and

ax nkK anxy nkK

az7; = y A28 = .
2p P

Hence, the velocity components, microrotation, and pressure in the original variables

form are
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u(x,y, t) — a7er11(mx+ny+LIt) + ﬂseru(mx+ny+Ut) + agerlg(mx+ny+LIt)

+ﬂloer14(mx+ny+L[t) +an,

v(x,y,t) = alzefn(mx-i-ny-i-w) + alge’“(”’"*””w) + amerm(mx-i-ny-i—w)

+ a156r14(mx+ny+Ut) + a1,

N(x,y,t) = u17er11(mx+ny+LIt) + ﬂ186r12(mx+ny+w) + a196r13(mx+”y+w)

+ agoe D L g0 (mx + ny + Ut) + ag,

p(x,y, £) = azgeru(mx+ny+th) + a24er12(mx+ny+LIt) + a25er13(mx+ny+LIt)

(32)

(33)

(34)

+ agee AU 4 o (i + ny + Ut)? + azg(mx + ny + Ut) + amo.

Case-l:U+¢, =0
For this case, Egs. (22-24) reduce to

’ ”" / B2
— mp +<v+K)(m2+n2)u + 25N —(0 "+U>u=0,
p p

’ " / B2
—np —|—<u—|—K>(m2—|—n2)v ey —(U "+v>v=0,
0

2 o k*
L (m2 +n2)NU — 2N— £ (nu/ — mv/> =0.
o] o] o]

Eliminating p from Eqs. (36) and (37)

K 2 2 " ” K 2 2 ’
(u—}—;)(m +n)(nu —mv)—l—;(m +n)N —(

Converting v into u in Eq. (39), then

ropl1 CTB% v 1, ., 9 K\ » m ¢, aBg v
N =—| - +—u——(m"+n v+ —u — ————— + —
K|:}’l( P k* n( ) 0 n(m?+n%) \ p k*

Eliminating N from Egs. (38) and (40), we get
biu” + byu' + b3u = by,
where

)]

njk

b2=[K(m2+n2)—)f(m2+n2)(ofg+ V>_2(mz+”z)(,)+

k*

npj njk nj
2 (oB? 2 B2

b3=‘<a o+v) andb4=m<”+v).
nj\ p = k* nj (m>+n2) \ p = k*

The solution of Eq.(41) is
u®) = bsemé + b6erzzé + b7er23§ + bsemé + bo,
where a1, 32, 723, and ro4 are the roots of the auxiliary equation.

b1m4 + b2m2 + b3 =0.

(35)

(36)

37)

(38)

(39)

(40)

(41)

(42)



Jamil et al. Journal of the Egyptian Mathematical Society (2020) 28:23

Putting Eq. (42) into Eq.(21) provides
V(E) = b1oe™® + b1 + b1pe™* + bize™ + by,

where

mb;_s

b; = , fori =10,11,12,13,

n

1
b1y = — (co — m by) .
n
Putting the Eq. (42) in Eq. (40)

N(&) = b15e™* + b1ge™* + b17€™ + bige’™* + biok + ba,

(43)

(44)

1 b;_ B2 bi_10 12
b= — |:110p (u + L) _ im10Tiqe P (m2—|—n2) <v+ K>i|, for i = 15,16,17, 18,
P

nK P k* nKk

b :<ch§+1)> bop  mcop
? P k* ne nk (m? + n?) ’
Substituting the Eqs. (42) and (44) in Eq. (36), we get

P(E) = by1€™ 4 bye’™ 4 byze™* + byse™ + bosé + bos,

mp m P k*

bignk by O‘Bg v
— = +—).
P k
Returning the original variable in Egs. (42-45), we have
u(x’ ¥, t) — b56r21 (mx+ny+Ut) + b6er22(mx+ny+l,[t) + b7er23 (mx+ny+Ut)

+ b83r24(mx+ny+11t) + b9,

V(x, ¥, t) — bloerzl(mernerL[t) 4 bllergz(mx+ny+LIt) + blzerzg(mx+ny+w)

+ b136r24(mx+ny+Ut) + b14,

N(x,y,t) = blsem(mx-i-ny-‘rw) + b16erzz(mx+ny+Ut) + b17er23(mx+ny+LIt)

+ blser24(mx+ny+l,1t) + bi9(mx + ny + Ut) + by,

p(x’ ¥, £) = bZIe}’zl(mx+ny+Ut) + bzzerzz(mx+ny+w) + bzgerzg(mx+ny+ut)

+ byge AU 4 b (mx + ny 4 Ut) + bas.

(45)

1| bi16 12 bi_ bi_ B2
b= — |:;16", (m2 _|_,,,2) (V + f) + Di—e K _ Di-16 (b + L) | fori = 21,22,23,24,
0

(46)

(47)

(48)

(49)
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Case-lll:m=0
In this case, Eqgs. (4-7) will be

vV =0, (50)
/ 9 K v MK O'B% v
U+m)u =n“{v+—|u +—N — + — ), (51)
o o p Ok
’ 2 K ” ’ UB(Z) %
U+nm)yv =n“|v+—|v —np — +—v (52)
p p Ok
’ 1’12 Y .. 2K nK
0] 1%} L]
From Eq. (51)
, , v B?
N=p|:(U+nv)u—n2(v+K>u +(a 0+v>u:|. (54)
nK 0 e k*
Putting the Eq. (54) in Eq. (53), we find
cul’ — czuw + 03u” + 0414/ 4+ csu =0, (55)
where
4
o=_r (v + K),
nkj Y

np K ny
)= (U+nv)(v+>+,(u+nv)i|,
L K p Kj

i nK n oB2 v 2n K
c3 = p(U+m/)2+,—-y< 0+)_-<v+)]
RS poj  Jjk \ p Kk j

0 oB
co=|— U+ nv)
nk P

2 (oB? LY
C — — .
> n\ p k*

The solution of Eq.(55) is

u®) = c6er31§ + C7er32§ 4 Cse"sa& 4 Cgersz;é’ (56)

where 131, 33, 33, and r34 are the roots of the auxiliary equation.

clm4 — 02m3 + 03m2 + cam + ¢c5 = 0.

Integrating Eq. (50), we have

v(§) = c1o- (57)
Putting the Eq. (56) in Eq. (54)

N(E) = 11 + 12 + 136 + c1ae™ + ci5. (58)
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where

1 [cisri Cio5 TEgg M2 K o B2
G =— [7‘ STENP (1 oy — ST P K g 2
Ti+20 nK nk P P

Putting Egs. (50) and (57) into Eq. (52)

p&) = c16€ +c17.

where

Returning the original variable, we get
u(x,y,t) = cee
+ Cger34(mx+ny+L[t),

V(xvyr t) = €10,

N(x,y,t) = c11e

+ cl4er34(mx+ny+L1t) +c15,

px,y,t) = cie(mx + ny + Ut) + c17.

Case-IV:n=0

Equations (4 - 7) reduces to

u =0,

+7

4 / " BZ
U+ mu)u = —mp +m2<v+K>u —(o 0+>u,
0

(U+W1M)V/=W12 (v—l-K)vU—MKN/_(UBg +v)v
0

m>y ., 2% /
N — 7N +mv.
pJ

(U +mu)N =

Integrating Eq. (64), we get

u(§) = di.
From Eq. (66), we have

v
k*

/ ! » 1 (oB?
N =p[m<v—|—K)v —— U+ dim)v —(0 °+
p m m

mK
Putting Eq. (69) into Eq. (67)

dy — dng - d4vN + d5v/ +dev =0,

0

> ], fori =11,12,13,14.

r31 (mx+ny+Ut) +¢ ergz(mx+ny+LIt) +cg ergg(mx+ny+L1t)

r
k*

r31 (mx—+ny+Ut) _|_C126r32(mx+ny+Ut) +Clger33(mx+ny+Ut)

)l

(59)

(62)

(63)

(64)

(65)

(66)

(67)

(69)
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where

ds = [my W+ dym) — "L W + dym) (v+ K)}
Kj K 0

B2 2
d4=[w(f’ "+”)—p(u+d1m)2+’,"(v+'<)—m}
kj \ p  k* mi j J

2 B2
d5=|:‘(U+d1m)+p (U+d1m)(a "+V)}
mj mi 0

k*
2 (oB?
d6 == — <0 o + V*) .
mj\ p k

v(E) = d7er‘“§ + dgemzé + dger43‘§ + dloewﬁ, (71)

The solution of Eq. (70) is

where 741, 742, 743, and ra4 are the roots of the auxiliary equation
dom* — d3m® — dym® + dsm + dg = 0.
Putting the Eq. (71) in Eq. (69)
N(E) = di1e™ + di2e™* + di3e™° + diae™* +dis, (72)
where
di= m%[w(ﬂ (u + %) - di“*r;%” (U + dym) — ‘ﬁ%p (”ng + k%)].fou’: 11,12,13, 14,
Substituting the Eq. (68) in Eq. (65)
p&) = dieé + di7, (73)

where

d, {oB? v
dig = —— o4+ —).
16 p ( P + k*)

The exact solutions in term of the original variables are

u(x,y,t) = di, (74)

v(x,y, t) = d7er41(mx+ny+Ut) + d8er4z(mx+ny+Ut) + dger43(mx+ny+L[t)

+ dloer44(mx+ny+L[t), (75)

N(x,y, £ = dller41(mx+ny+L[t) + d126r42(mx+ny+l,1t) + dlser43(mx+ny+w)

+ dygera et lin g (76)
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Case-V:U=0
For this case, Egs. (22)—(24) become
! ’ " ’ B2
cou =—mp + (m* + n?) vt ) EN (T2 V), (78)
P J p k*
’ ’ " ’ B2
cov = —np +(m2+n2)<v+x)v—WIKN—<G"—|—U*>V, (79)
o p ok
’ Y 2 2 ” 2K K ’ ’
CON:—,(m —f—n)N——,N——,(nu—mv). (80)
19} 1%} 19}

Eliminating p from Eqgs. (78) and (79), we get

Co (nu/ — mvl) = (m2 + n2) <v + Z) (nuﬂ — mv//> + % (m2 + nz) N/

o B2 v
- ( ° 4 ) (nu — mv) . (81)
P k*

Convert ing v into « in Eq. (81), we arrive

2 oy Lo o o K\ v K9 gy
n( +n)u—n(m +rz)<v+p>u+p(m +n)N
B (Wﬂ—i—nZ) <o’B(2J —i—U)u
n 0 k*

mco (oB> v
2 (e ). (82)
n Jo k*

From Eq. (82), we have

rople 1, 9 k\ » 1 UB% v m ¢o (TB% v
N==|—u—-——-m+n)|(v+—)u +- +— - —7 +— |
K |: n n ( ) 0 n\ p k* n (m? +n2) 0 k*

(83)
Putting Eq. (83) in Eq. (78)
eru’ — egum + egu” + e4u/ + esu = eg, (84)
where
2 2)2
m-+n
e = y ( K ) (v + K) )
1K p
C K C
ey = |:0 (m* + n?) <v+ ) +2F (m2+n2):|,
nK 0 njk
2 2 2 2 2 2
C m-+n oB v 2(m*+n K K
e3 = u_u ° 4+ — _(7’) v+ — +*_(W12+1/12),
nK njk 0 k* nj 0 oj
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The solution of Eq. (84) is
u() = e7¢™15 + ege™" + 09’ + e10€ ™ + ey, (85)

where 751, 753, 753, and 154 are the roots of the auxiliary equation

e1m4 — 62}’1’13 + 63”’12 + esm +e5 = 0.

Substituting Eq. (85) into Eq. (21)
V(E) = 1€ + e13¢’™" + e14€” + e15¢™™ + exs, (86)
where

me;_—
_ 555 fori = 12,13, 14, 15, and

e =
n

1
el = p (co—men).

Putting the Eq. (85) in Eq. (83)

N(E) = e17e”% + e3¢5 + e10€/™" + exoe™ + €218 + enn. (87)

where

1.6 T ’
sseeex = 0.5 ’-
oo x = 0.7 -
ke x = 0.9 .I
1.05f(ememex = 1.1 ’
_1.05}|#eeeex = 0.5 \ b
34 oo x = 0.7 \
ik xy = (0.9 -\
memex =1.1 o
-1.6 ; ]
0 38 7.5 113 15
t

/\
>
=

0.1 T

-0.0667F
N(t)
B | [eeeeex = 0.5 ‘v
0.2333 = 0.7 .‘
kaky = (0.9 .\
memex =1.1
-04 * : *

0 3.8 75 11.3 15

t
(c)
Fig. 2 Profiles of the velocity field u(x, t), v(x, t), and microrotation N(x, t) for MHD micropolar fluid given by

Egs. (32),(33),and (34),for U= 0.1, v=0045 u =05 k=02, By=2 k=02, =02, j=
003, m=n=1, y=1, co =001, and different values of x
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= m? + nz)

2
o — 1 |:ei—10 Ti434 PCO €10 Tiy34 P (

¥i4+34 nK nK

. 32
x (u+ ") T (G o4 ”)} fori = 17,18,19,20 and
p P

nK k*
mc oB? v
621=—p0(°+>.
nK (m2 +n2) \ p k*

Substituting Eqs. (85) and (87) in Eq. (78), we get

P(E) = 23”5 + 24" + 25" + e26€™ + 2782 + egE + eno, (88)
where
o — 1 |:ei16 riio8 (m? + n?) (v + K) _ 16742800 | Ci6 71K
! Ti+28 m 1Y m 1Y

BZ
e 16 (Op" + k‘;) ] fori = 23,24, 25,26, and

e nK oB2 v
ey = 20 and eyg = —eq; ( po + k*) .

1.3
seeee t = 2s I.
oot = 38 .
ik [ = 45 .
0.85[|memes t = 55 t/

_o0.8sHeeeeet = 2s v\
eoooet = 35 “
kkax [ = 45§ .‘

mime f = 5¢
-0.05 : ; : -13 - ; -
0 0.5 1 1.5 2 0 0.5 1 1.5 2
X X

~0.1667} [Fee=o t = 25 \
oot = 3s "
ik | = 45 .‘
mesme f = 5g
-03 . . .
0 0.5 1 15 2
X

Fig. 3 Profiles of the velocity field u(x, t), v(x, t) and microrotation N(x, t) for MHD micropolar fluid given by
Egs. (32),(33),and (34),for U= 0.1, v=0045 u =05 k=02, By=2 k*=02 0=02 j=
003, m=n=1, y=1, co =001, and different values of t
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Returning to the original variables, the exact solutions are

u(x’ ¥, t) =e er51(mx+ny+L[t) +eg er52(mx+ny+L1t) +eg er53(mx+ny+th)

+ eloer54(mx+ny+L1t) +e11, (89)

v(x,y,t) = elzerm(mx-i-ﬂy-i-w) + elsersz(mx+ny+Ut) + el4erss(mx+"y+w)

+ eq5e/sHMmAEHUD 4 gy (90)

N(x,y, £) = el7er51(mx+ny+l,[t) + elser52(mx+ny+LIt) 4 elgersg(mx+ny+LIt)

+ egoe MmUY 4 o0 (i + ny + Ut) + ez, (91)

p(x’ ¥, £ = 6236r51(mx+ny+L[t) + 6246;"52 (mx—+ny+Ut) + ezser53 (mx+ny+Ut)

+ egge A EAMYTUD o (15 4 ny + Ut)? + egg(mx + ny + Ut) + ex9. (92)

Making initial and boundary conditions

Some exact traveling solutions are determined for Egs. (4)—(7) in the “Traveling wave
solutions” section, without initial and boundary conditions. Definitely, the initial and
boundary conditions can be made from these solutions. For instance, if governing Eqs.
(4)—(7) is assumed that they are satisfied Rayleigh-Stokes problem for an edge, then for
two perpendicular plates (yz and xz—planes), we have x, y €[ 0, co]. Utilizingt =0, x =0
and y = 0 into Egs. (32)—(35), then some initial and boundary conditions are achieved.

it ‘“‘F

v(x,t)

Fig. 4 3D profiles of the velocity field u(x, t), v(x, t), and microrotation N(x, t) for MHD micropolar fluid given
by Egs. (32),(33),and (34), forU=0.1, v =0045 n =05 k=02, By=2 k*=02, 0 =02, j=
OAO?), m=n= 1, y= W, Co:QOW
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e Equations (32)—(35) satisfy the following initial conditions:
u(x, ¥, 0) = a7er11(mx+ny) + aseru(mx+ny) + agerlg(mx+ny) + aloer14(mx+ny)

+ a1, % y>0,

V(x,y, 0) = a12er11(mx+ny) + a13er12(mx+ny) + al4er13(mx+ny) + a156r14(mx+ny)

+aie, %,y >0,

N(x,y, 0) = a17er11(mx+ny) + alserlz(mx+ny) 4 a19€r13(mx+ny) + a206r14(mx+ny)

+ azi(mx + ny) +axn, %,y >0,

p(x,9,0) = a23eru(mx+ny) +as 4eru(mx+ny) + a25er13(mx+ny) + a26e’14(’”x+”9')

+ axy(mx + ny)2 + axg(mx + ny) + azg, %,y > 0.

(93)

(94)

(95)

(96)

e Equations (32)—(35) satisfy the following boundary conditions on the upper plate

(yz-plane):

u(0,y,t) = a7er11(n}'+Ut) + ase’lz(ﬂy-i-Ut) + agerm("y-i-w) + aloerm("y-i-ut)

+an, t>0, (97)
0.3 , , -

seesek = 1.0

ook = 1.3 /

kK =1.6 .
02f|me=m. k=19 e -0.083}

~
()
—

i

P e P
oo Wwo
-

X
(c)
Egs. (32), (33), and (34), for U = 0.1,
W, y= W,

v =0.045 pn =05,
co = 0.01, t = 2s,and different values of «

Bo=2 k*=02 o =02 =003 m

~0.167} |72o==Kx = 1.0 \
eessek =1.3 .
o= 1.6 3
=k =19 \
~0.25 ' : -
0 0.5 1 15 2
X

Fig. 5 Profiles of the velocity field u(x, t), v(x, t), and microrotation N(x, t) for MHD micropolar fluid given by

=n=

Page 16 of 22



Jamil et al. Journal of the Egyptian Mathematical Society (2020) 28:23 Page 17 of 22

V(O,y, f) = dneru(ny+1,[t) + ﬂlgerlz(ny+L[t) + aMerlg(ny—b—th) + a15erl4(ny+th)

+ai t>0, (98)

N(0,y,t) = al7erll(ny+w) + ulgerlz("y+Ut) + ﬂlgerla(ﬂy-FUt) + azoerm(ny-"w) (99)

+ ag1(ny + Ut) + ax, t >0,

p(0,9,1) = azgeru(ny+w) + u24er12("y+Ut) + ﬂ256r13("y+w) + a26ei’14(ﬂy+w) (100)

+ay; (ny + L[t)2 + axg(ny + Ut) + a9, t > 0.

e Equations (32)-(35) satisfy the following boundary conditions on the lower plate
(xz-plane):

M(x, O, t) — a7er11(mx+L1t) +a8er12(mx+L1t) +a9er13(mx+L1t) +aloer14(mx+Ut)

+ay, t>0, (101)

V(x, 0, t) — alzerll(mx+L1t) +a136r12(mx+L[t) +a14er13(mx+L1t) +a156r14(mx+Ut)

+a t>0, (102)

seeecey = (0.040
ooV = 0.045
kY = (0,050
=em.y =0.057

-

0.5 1 15
X

(b)

0.1 T T r

0.017f

N(x)

-0.067f

-0.15 . . -
0

Fig. 6 Profiles of the velocity field u(x, t), v(x, t), and microrotation N(x, t) for MHD micropolar fluid given by
Egs. (32),(33),and (34),forU=0.1, p=12, k=02, By=2 k*=02, =02 j=003 m=n=1,
y =1, ¢o =001, t = 2s,and different values of v
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N(x, 0, t) — a17er11(mx+L[t) + alserlg(mx+L1t) + algerlg(mx+l,[t) + aZOerl4(mx+L1t) (103)
+ ax (mx + Ut) + a, t >0,
p(x’ 0, t) — azgeru(mx+llt) + a24er12(mx+Ut) + a25er13(mx+L[t) + a26er14(mx+Ut) (104)

+ ayy (mx + Ut)? + agg(mx + Ut) + aze, t > 0.

Similarly, we can made the initial and boundary conditions to the other many cases.

Numerical results and discussions

In this paper, we obtain exact traveling wave solutions of MHD flow of micropolar fluid in
a porous medium. The methodology in the recent work is easily reduced to the non-linear
partial differential equations of MHD micropolar fluid to linearized ordinary differential
equations. The method has been used directly without any restrictive assumption and
laborious calculation. These exact traveling solutions are obtained for five different cases.
From these solutions, we can find special solutions for with and without MHD and porous
effects. It is also noted that when x, N — 0, we obtain the solutions for viscous fluid flow.
Furthermore, in all cases, we write general solutions in the exponential form; however,
we can also write general solutions in the oscillatory form by assuming some suitable
restriction on the roots of the equations, but we avoid it due to the length of the paper.

"~

seeee B, = 2.0 .l
oo B, = 2.5 f ]
sk B) = 3.0 '
1.3167 w.=eBy = 3.5 oy

| |eeee< By = 2.0 .

0.6333 -1.3167 By =25 3
ﬁﬂtBo =30 \.

"‘"‘Bo =3.5 \

-0.05 2 L L .
0 0 0.5 1 1.5 2
X
(b)

N(x) &
_0af|***°Bo=2.0
9'Q'Q'Q'QB() = Z 5 A
sxeax B) = 3.0 \
=+.=:B, =3.5 |
~0.22 - - -
0'"0 0.5 1 1.5 2
X

Fig. 7 Profiles of the velocity field u(x, t), v(x, t), and microrotation N(x, t) for MHD micropolar fluid given by
Egs. (32),(33),and (34),for U= 0.1, v=0045 u =05 k=02, k*=02 0=02 j=003 m=n=
1, y=1, co =001, t = 2s, and different values of By
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Now, in order to reveal some relevant physical aspect of the determine results the dia-
gram of the velocity fluid components u(x, t), v(x, £), and the microrotation N(x, t) are
present against x for different values of ¢ and of the important parameters of the micropo-
lar fluid. For the sake of convenience, we present a graph only for case I, U/ 4+ ¢y # 0, and a
similar prediction can be done by other cases. Figures 2, 3, and 4 showed the influence of
time, space variable x, and three-dimensional representation of u, v, and N. From Figs. 2
and 3, it is clear that u is increasing function of time ¢ and space variable x; however, v
and N are also increasing functions (in absolute value) of these variables. The combined
effects of these variables are shown in 3D graphs of Fig. 4. It is more clear from 3D pictures
of u, v, and N that they are becoming strengthen with the strengthening values of £ and x.
The influence of the vortex viscosity « is shown in Fig. 5; from these figures, we can see
that velocity components u, v, and microrotation N (in absolute sense) increase with the
increasing values of k. The influence of kinematic viscosity v is shown in Fig. 6. The effect
of kinematic viscosity v on a fluid motion is quite opposite to that of vortex viscosity «.
The effect of magnetic parameter By is shown in Fig. 7. It is clear that the effect of the
magnetic parameter By is similar to # and v. For instance, the velocity component u is
increasing while v is also increasing function (in absolute value) of By because the parti-
cle of micropolar fluid always travel rotationally, which may cause increment in velocity.

0.5 T 0
seeee k* = (.5
eoooo * = (0.7
ke = 1.1

03mime k" = 2.0 -0.2

seeee k* = (.5

0.2 -0.3 k=07

ke = 1.1

" -k =20

0 k k . -0.5 . . :

0 0.5 1 1.5 2 0 0.5 1 15 2

X X

(a) (b)

Fig. 8 Profiles of the velocity field u(x, t), v(x, t), and microrotation N(x, t) for MHD micropolar fluid given by
Egs. (32),(33),and (34),for U= 0.1, v=0045 u =05 k=02, By=2 o=02 j=003 m=n=
1, y=1, co =001, t = 25, and different values of k*
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However, the influence of magnetic parameter By on the microrotation profile N is
decreasing in the two-third domain and increasing in the remaining domain. In Fig. 8, the
effect of porosity parameter k* is depicted on the velocity components and microrotation
profiles. It is noted that the porosity parameter k has opposite effects on the profiles of u
and v in comparison to the magnetic parameter By. The microrotation N is decreasing the
function of the porosity parameter. The influence of the parameter m appears in the trav-
eling wave parameter & is shown in Fig. 9. It comes to the notice that increasing values of
the parameter m reduce the values of u and N; however, the values of v are increased very
shortly.

Finally for comparison, the profile of the velocity components u(x, t) and v(x, ¢) cor-
responding to the motion of the three types of fluids (MHD micropolar fluid in porous
medium, micropolar, and MHD Newtonian in porous medium fluids) are together pre-
sented in Fig. 10 for similar values of material constants. It is clear from these figures that
MHD Newtonian in a porous medium fluid is the fastest, and the simple micropolar fluid
is slowest. It is also brought to the knowledge that magnetic and porosity parameters fas-
ten the fluid motion in this case that we have considered here. SI units are used in making
all these graphs and Mathcad software is used for making these graphs.

0.8 T
seeeem=1.0
eossemm = 1.2
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0.5¢ -memme ) = 16

-0.017

([T [l
" inisiais

S B 8B

AR NO

-0.09
0

n
-
n
~

X
(o)
Fig. 9 Profiles of the velocity field u(x, t), v(x, t), and microrotation N(x, t) for MHD micropolar fluid given by

Egs.(32),(33),and (34),forU= 0.1, v=0045 pn =05 k=02, By=2 k*=02 0=02 j=
003, n=1, y=1, co =001, t = 2s,and different values of m
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Fig. 10 Profiles of the velocity field u(x, t) and v(x, t) for MHD micropolar fluid with porous effect, micropolar
fluid, and MHD Newtonian fluids with porous given by Egs. (32), (33),and (34), forU = 0.1, v = 0.045, u =
05 k=02 By=02 k*=02, 0=02 j=003 m=n=1,y=1 ¢ =001andt=2s
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