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Abstract

The aim of this paper is to investigate the relations among the L-fuzzy pre-proximities,
[-fuzzy closure operators and [-fuzzy co-topologies in complete residuated lattices. We
show that there is a Galois correspondence between the category of separated [-fuzzy
closure spaces and that of separated L-fuzzy pre-proximity spaces and we give their
examples.
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Introduction

Closure operators are very useful tool in several areas of mathematical structures with
direct applications, both mathematical (e.g, topology, logic) and extra-mathematical
(e.g, data mining, knowledge representation). In fuzzy set theory [1, 2], several particu-
lar kinds such as general theory of closure operators which operate with fuzzy sets (so-
called fuzzy closure operators) are studied [3-6].

Ward et al. [7] introduced a complete residuated lattice which is an algebraic structure
for many valued logic. Bélohlavek [8] investigated information systems, decision rules
and developed the notion of fuzzy contexts using Galois connections with R € LX*¥ on
a complete residuated lattices. Hohle [9] introduced L-fuzzy topologies with algebraic
structure L (cqm, quantales, MV-algebra). It has developed in many directions [10-12].
Recently, Bélohlévek [13, 14] outlined a general theory of fuzzy closure operators by
using the structure of the residuated lattice in place of the usual structure of truth value
on [0, 1]. Fang and Yue [15] studied the relationship between L-fuzzy closure systems
and L-fuzzy topological spaces from a category viewpoint for a complete residuated lat-
tice L (see also [16]). Ramadan [17] studied the relationship between L-fuzzy interior
systems and L-fuzzy topological spaces over complete residuated lattices.

Proximity is an important concept in topology, and it can be considered either as axi-
omatizations of geometric notions, close to but quite independent of topology, or as
convenient tools for an investigation of topological spaces. Hence, proximity has close
relations with topology, uniformity and metric. With the development of topology, the
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theory of proximity makes a massive progress. In the framework of L-topology, many
authors generalized the crisp proximity to L-fuzzy setting. Katsaras [18, 19] introduced
the concepts of fuzzy topogenous order and fuzzy topogenous structures in completely
distributive lattice which are a unified approach to the three spaces: Chang’s fuzzy topol-
ogies [20], Katsaras’s fuzzy proximities [21] and Hutton’s fuzzy uniformities [22] (see
also [23]) . Subsequently, Liu [24], Artico and Moresco [25] extended it into L-fuzzy set
theory in view points of Lowen’s fuzzy topology [26]. As an extension of Katsaras’s defi-
nition, El-Dardery [27] introduced L-fuzzy topogenous order in view points of Sostak’s
fuzzy topology [28], smooth fuzzy topology [29] and Kim’s L-fuzzy proximities [30] on
strictly two-sided, commutative quantales. L-fuzzy topogenous structures and L-fuzzy
proximities [23, 31-34] have been developed in a slightly different sense.

In this paper, we introduce the notions of L-fuzzy pre-proximities and L-fuzzy closure
operators in complete residuated lattices. Moreover, we investigate the relations among
the L-fuzzy pre-proximities, L-fuzzy closure operators and L-fuzzy co-topologies. We
show that there is a Galois correspondence between the category of separated L-fuzzy
closure spaces and that of separated L-fuzzy pre-proximity spaces. In Example 19, as an
information system as an extension of Pawlak’s rough set [35, 36], L-fuzzy pre-proximi-
ties, L-fuzzy co-topologies and L-fuzzy closure operators are introduced. By using these
concepts, we can apply them to information systems and decision makings [37].

Preliminaries

Definition 1 ([8-11, 38]) An algebra (L, A,V,®,—, L, T) is called a complete residu-
ated lattice if it satisfies the following conditions:

(C1) (L,<, Vv, A, L, T)is a complete lattice with the greatest element T and the least
element L;

(C2) (L,®,T)isacommutative monoid;

(C3) xOy<ziffx <y— zforx,y,z € L.

In this paper, we assume that (L, <,®,*) is a complete residuated lattice with an order
reversing involution * which is defined by

x@y= & 0y, »F=x— L

For o €Landf eLX, we denote (@ — ), (@Of),ax € LX as
(@ = Hx)=a—>fx), (@ Of)(x) =a O f(x),ax(x) = a, respectively

T, it y=ux, )L if y=ux,
Tx0) = { 1, otherwise, Tx0) = { T, otherwise.

Some basic properties of the binary operation ® and residuated operation — are col-
lected in the following lemma, and they can be found in many works, for instance [8-11,
38].

Lemma 2 Foreach x,y,z,%i,yi,w € L, we have the following properties.



Ramadan et al. J Egypt Math Soc (2021) 29:9

1) Towx=xl0O0ox=1,

(2) Ify<zthenxQy<xQz,x@y<x®z,x > y<x—>zandz —>x<y—>«x
B) x<yiff x >y=T.

@ Ny =V V™ = Nl

(5) x— (Njyi) = Nilx = yi),

©) (V;xi) >y = N\ilxi = )

7) x0 (V9 =V, (x0y)

(Nix) @y = N\i(xi @),

xOY) >z=x—> F—>2)=y— (x > 2),

xQy=(x—>y)V  x®y=a*>yandx - y=y* — x*,
x—=>»0Ez—=>w)<x02) = (YOW),
Xx—>y<x0z2) > YO»and(x > Oy —>2)<x—z
x=>PNO0E—>w)<xdz) > (YOw),
xQx—>y) <yandy <x— (x0QY),
@VHYOEVvW) < EVIVEHIOW <@dz)V(yOw),

(16) Vierxi = Vier i = Nier @i = 90, Nier %i = Nier i = Nier i = 90),
(17) OO EdW) < (x02)® (YOw),

(18) z—ax<x—y = = yPandy - z<(x > y) > (x = 2).

Definition 3 [14, 16,39] A map C : L — L s called an L-fuzzy closure operator on X
if C satisfies the following conditions:

(C1) C(Ly) =Ly,

(C2) C(f) = fforall f e L¥,

(C3) If f < g, thenC(f) < C(g))forall f,g € L%,
(C4) Cfog) <C(f)dC(9).

The pair (X, C) is called L-fuzzy closure space. An L-fuzzy closure space is called

(T) topological if C(C(f)) = C(f) Vf € L%,

(U) stratified if C(a — f) < a — C(f)forall f e Xand« € L,

(V) co-stratified if C(a O f) < a © C(f) forall f € LXanda € L,

(W) strong if it is both stratified and co-stratified, i.e, C(e © f) = a © C(f) for all
fel*anda el

(X) separatedif C(T}) = Tiforallx € X,

(Y) generalized if C(f)(x) = \/ ,ex S (%),

(2) Alexandrov it C(\/ ;1)) = Vier C().

Definition 4 Let (X,Cx) and (Y,Cy) be L-fuzzy closure spaces and
¢ : (X,Cx) — (Y,Cy)be a mapping. Then, D¢ (¢) defined by

pe@) = N\ N (xe= (@ = o= CrH)@)

feLY xeX

Page 30f 18
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is called the degree of LF-closure for ¢. If Dc(¢) = T, then Cx (¢ (f)) < ¢ (Cy(f)) for
each f € LY, which is exactly the definition of LF-closure mappings between L-fuzzy
closure spaces.

Remark 5
An L-fuzzy closure space (X, C) is stratified if and only if C(e O f) > o © C(f).

Definition 6 [16, 17, 39] A mapping F : LX — L is called L-fuzzy co-topology on X if it
satisfies the following conditions:

(T) F(lx)=F(Tx) =T,
(T2) F(f ®g) > F(f) © F(g) forall f,g € L%,
(T3) FINS) = N F(fy) forall {fi}ier < LX.

The pair (X, F) is called L-fuzzy co-topological space. An L-fuzzy co-topological space is
said to be

(A) stratified it F(a O f) = F(f),

(B) co-stratified it F (o« — f) > F(f),

(C) strong if it is both stratified and co-stratified,

(D) separated it F(T,) = T forallx € X,

(E) Alexandrovif F(\/,f;) > \; F(f) forall {f;}icr < L~

Definition 7 Let (X,Fx) and (Y,Fy) be L-fuzzy co-topological spaces and
¢ (X, Fx) = (Y, Fy)be a mapping. Then, D (¢) defined by

Drp) = N\ (Fr(f) = Fxte= ()

felY

is called the degree of LF-continuous for . If D (¢) = T, then Fy (f) < Fy (¢~ (f)) for
each f € LY, which is exactly the definition of LF-continuous mappings between L-fuzzy
co-topological spaces.

Definition 8 [8,36] Let X be aset. Amap R : X x X — Lis called an L-partial order if
it satisfies the following conditions

(E1) reflexive if R(x,x) = T forall x € X,
(E2) transitive if R(x,y) © R(y,2) < R(x,z) forallx,y,z € X,
(E3) antisymmetric if R(x,y) = R(y,x) = T, thenx = y.
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The relationships between L-fuzzy pre-proximities and topological structures

Definition 9 A mapping 8 : LX x LX — L is called an L-fuzzy pre-proximity on X if it
satisfies the following axioms.

(P1) 8(Tx,Lx) =6(Lx, Tx) =1,

(P2) 3(f,8) = Vyex(f © Q) (%),

(P3) If fi <fo,h1 < hy, then §(f1, h1) < 8(f2, hp). The pair (X, ) is called L-fuzzy pre-
proximity space. An L-fuzzy pre-proximity is called an (L, ©, &)-fuzzy pre-prox-
imity if

(P4) Forevery fi,fo,h1,h € LX we have

8(ﬁ @ﬁ;hl ® hz) = S(flrhl) @8(ﬁyh2)1
8(fi @ fo, 1 © h2) < 8(f1, h1) @ 8(f2, o).

An L-fuzzy pre-proximity is called an L-fuzzy quasi-proximity on X if it satisfies
(P4) and
Q) 8(f,2) = N, {8(f, h) & 8(h*,2)}. An L-fuzzy quasi-proximity is called an L-fuzzy
proximity on X if
(P) &° = §where §°(f,g) = é(g,f). An L-fuzzy pre-proximity is called
(St) stratified if (¢ O f, @ — g) < 8(f,g)and (e — f,a © g) < 8(f,2),
(SE) separatedif §(Ty, T5) =6(T%, Tx) = Lforeachx € X,
(AL) Alexandrov if §(Ver fi-8) < Vier 8(f-8), 8¢, Vier &) < Vier 8,80,
(GL) generalized if §(f,2) < V,ex S @) O V,cx £).

Definition 10 Let (X,8x) and (Y,8y) be L-fuzzy pre-proximity spaces and
¢ : (X,8x) = (Y, 8y)be a mapping. Then, Ds(¢) defined by

Di)= N\ (sx= (o=@~ or(f.0)
fgel”

is called the degree of LF-proximity for ¢. If Ds(¢) = T,thendx (¢ = (f), ¢~ (2)) < dy(f,g)
for each f,g € LY, which is exactly the definition of LF-proximity mappings between
L-fuzzy pre-proximity spaces.

Lemma 11 Let (X, §) be an L-fuzzy pre-proximity space. Then,

S Of,g) =a0sf,g iff $(a - f,g) <a— 3(f,2).

Proof
(1) Let 3@ ©f,2) = @ ©8(f,g). Then, a © (e — f,g) < (@ © (@ — f),8) < 3(f,).
Thus, §(e — f,g) < a — §(f,g).

Let 8(a —f,g) <a—8(f,). Then, 8(f,g) <8l —>aOf,g) <a—@Of,Q).
Thus, ¢ © §(f,2) < é(x Of, ).
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From the following theorem, we obtain the L-fuzzy closure operator induced by an
L-fuzzy pre-proximity.

Theorem 12 Let § be an L-fuzzy pre-proximity on X. Define Cs : LX — LX as follows:

C(Hw) = N\ lgw) — 8(g.gM If <g*)

geLX

Then,

(1) (X,Cs) is an L-fuzzy closure space,
(2) If§ is stratified, then Cy is stratified,
(3) If § is separated, then Cs is separated.

Proof
(1)(C1) Since§(Tx, Lx) = 1,

Co(Lx) @) = Ngerxiglr) > 8(g,g") | Lx <g*}
= (Tx(®x) = 8(Tx, Lx)) = Lx@®).

(C2) Since g < f*, theng — 8(g,g") > f*—> L =f.

(C3)If f < h, then

Cs((x) = Ngerx{@x) > 8(g,g") | h = g*}
= Nger{@®) = 8(g,8") | f = g™} = Cs() ().

(C4) Since

((a—>b)d(c—>d)* =@— b)*O(c—d)*
=@oOb)O0d)=@dc) o b*odh,

thenwe have(a — b) ® (c > d) = (a®c¢) — (b @ d). From Lemma 2, we obtain

Cs(N@x) ®Cs(M(x) = Ngerx{@x) —> 8(g,¢) | f =g}
® Npepx (k) — 8(k, k%)) | h < k*)
= Neker{@®) © k(x)) — (8(g,g") @8k, k) | f < g*,h < k¥
> Neserx{@O @) > 8Ok g ®k") | fOh <g* ®k*}
> Cs(f @ h)(x).

Hence, Cs is an L-fuzzy closure operator on X.

)

@ = Colf) =a— Apeprl@) — 8@.g") | f <g)
= Nger {((@ O g&) — 8(g,g") | f < g"}
> Ngerx{l@ ©g®) > 8((@ O g0 > g) |la > f <o — g%}
> Cs(a — f).

(3) By (C2) and
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CTHE = N\ lgw) = 8@g) | TE <g") < Ta@) = 8T TH = T4
gelX

we have Cs(T}) = T3.

Example 13
Let X be a set and R € L’*X be an L-fuzzy pre-order. Define § : LX x LX — Las

8(,9) = \/ R@,y) ©fx) 0g0).

x,yeX

(P1) and (P3) are easily proved.

(P2) Forall f,g € X,

8(£,8) = Vyyex Rx9) O f (%) ©g(y)
> Viex R, %) O f (%) © g(x) = \yox f () O g().

(P4) For all f1,f>, h1,hy € LX, by Lemma 2 (17),

8 ) ®8(fa,h2) = (Vyyex R, 9) © fi(x) © ()@
(Vowex Rz w) O fa(2) © ha(w))
> Vypawex R, O R(z,w) © fi(x) © f2(2)©
(1 (y) ® ha(w))
> Viywex R@,9) O Ry, w) O fi(%) © fo(x))©
(h(w) @ hy(w))
= Vx,weX(\/yeX (R(x’y) © R()’; W))
O (filx) O fo(x) © (h1(w) @ ha(w))
= Vx,weX(R(x’ W) Qfl (x) QfZ(x)) © ( hl(W) ) hZ(W))
=6(f1 O fo, 1 @ hy).

Hence, § is an L-fuzzy pre-proximity on X. Since

S@Ofia—>g) =V, xRy O (@ 0f)*) O (@ = (»)
= Viyex R 9) O f (%) ©g() = 8(f,)

3 is stratified. Moreover, § is Alexandrov and generalized. By Theorem 12, we obtain a
stratified L-fuzzy closure operator Cs : LX — LX as

Cs(N®) = Nreg @) > Vyyex R(x, ) ©g(x) © 2" ().
(1) Let R = Txxx be given. Then, 61(f,8) =V yex f *) © g(y).

Hence, §1 is an L-fuzzy pre-proximity on X. Moreover, 8; is stratified, Alexandrov and
generalized. Since §1(Ty, T}) = T, §1 is not separated.

By Theorem 12, we obtain a stratified L-fuzzy closure operator Cs, : LX — LX as
Co1(f) = Nr<gr@®) > (Vi yex ) © "))

(2) Let R = Axxx be given, where
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T, lf y =X,
Axxx(xy) = { 1, otherwise.

Then, 85(f,2) = V,exf(®) © g(x). Hence, 8, is an L-fuzzy pre-proximity on X. Moreover,

(Q) Forall f,g € L%,

Nnerx Go(f, h) @ 82(h*, )

= Nerx Vyex &) © h(x)) @ \/ ex (*(x) O g(x))) (Puth = g)
= VxeX(f(x) 0gx) & VxeX(g*(x) Ogx))

= V,ex(f®) ©0gx) ® L =82(f, ).

Hence, 87 is an L-fuzzy proximity on X. Since 62(T,, T) = L, &2 is separated. Hence,
8, is separated, stratified, Alexandrov and generalized. By Theorem 12, we obtain a
strong, separated, generalized and Alexandrov L-fuzzy closure operator Cs, : LX — LX
as follows:

Co(N= N\ gw) - (\/gwogw)= A\ gx) - L) =f.

f<g* xeX f<g*

From the following theorem, we obtain the L-fuzzy pre-proximity induced by an L-fuzzy
closure operator.

Theorem 14  Let (X, C) be an L-fuzzy closure space. Define a mappings¢c : L x LX — L
by
sc(f.9) =\ f@ 0C@w Yf.gelLX

xeX

Then, we have the following properties.

(1) 8¢ is an L-fuzzy pre-proximity,

(2) IfC is stratified, then so is Sc and 8¢ (f, ¢ © g) > o © ¢ (f, ),

(3) 8¢(f, @) < VyerxSc(f, h) © 8¢ (h*, g)).the equality holds if C is topological,
(4) IfC is topological, then 8¢ is an L-fuzzy quasi-proximity on X,

(5) C < Cs,, the equality holds if C is topological,

(6) IfC is separated, then Sc is separated,

(7)

(8)

8) IfC is generalized (resp. Alexandrov), then 8¢ is generalized (resp. Alexandrov).

Proof
(1) (P1) Since C(Lx) = Lxand C(Tx) = Tx, we have

8¢(Tx, LX) = Vyex (Tx () © C(Lx) ) = L,
8L, Tx) = Vyex(Lx® 0 C(Tx) ) = L.

(P2) Since C(f) > f, we have
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se(f,9) =\ f@ 0C@@® = \/ f® 0g®).

xeX xeX

(P3)If f < fiand g < g1, then C(g) < C(g1). Thus,

sc(fr9) =\ f@ 0C@@ < \/ fitx) ©Ce) ) = sc(fi, g

xeX xeX
(P4)

Sc(f1,81) @ 8c(2,822) = Vyex (1) © C(g1) () @ (V,ex o (x) © C(g2) (%))
> Viex(1(%) © C(g1) ) @ (2(x) © C(g2) (%))
(by Lemma 2(13))

> V,ex(i®) O£ ) © (C(g)(x) & C(g2) (%))
> V,ex(fi®) © %) ©C(g1 & g2)(x) = 8c(i Dfo, g1 D ).

Hence, 8¢ is an L-fuzzy pre-proximity on X.

(2) If C is a stratified, we have

Scl@aOf,0 > g) = V,ex(@Of)x) ©Cla — g)x)
< Viex @ Of®) O (@ = C(g) (%))
< V,ex/®) ©C(@)(x) = 8¢(f,2),

Sc(fra0g) = V,xf®) OCa0Ogk)
> Viexf @) © a0 © C(g)(x)
=a0 (VxeXf(x) OC@w) =a0d(f 9.

(3)

UL *
= (Vaex /0 0C0®)) 0 (Vyex ') 0 CQI®))

= Neex(F®) = C* (%)) © Ayex (" (x) = C*(@)(x))
(Since C*(h) < h*)

= Naex(F @) = 15 (%) O \yex (B (x) = C*(9) (%))

< Nuex(f(x) = C*(@)(x)) = 85(f, 2)-

Hence, 8¢ (f,8) < Npepx e (f, h) @ dc(h*, 2)).

If C is topological, then

Vierx B5(fh) © 85(h*,9))

= Vyerx Nuex F@x) = C* (1)) © (N\,ex (h*(x) = C*()(x)))
(put C(g) = h)

> Nex F @) = C*(C@) () © (Nyex C* (@) (x) — C(g*)(x))

= Neex f ®) = C*(@ ) = 85(f, 2).

(4) By (3), it is trivial.

(5) From Lemma 2, we have,
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Coc (N®) = Agerxi{Arex@®) — dc(g.g") | f <g*)
= Neerx Aaex @®) = (V4ex €@ ©CEI@)) 1 f <g%)
= {(Vgerr €®) O \yex €@ ) = ")) | f < g%}
> {(Vgerx Naex CN@) — g*®) © g@))" | C(F) < C(g*)

= (Veerr Paex@® = C*(1)) 0g@)) = CFI00).
If C is topological, then

Csc(N@) = Ngerxlgl®) — dc(g,g) 1 f = g7
= (Ve 60 © Acx €& > g0 1f =)
(Putg® = C(f)) .
= (@ © Aex CCOHE) = CHEN) = CH@.

(6) 82, (T T) = Naex Cs(TH®) — T () =T.

(7)

56, (/,8) = Veax/ @) 0 C©)@) *
= Voexf @) © (Vg 8" 01" © h())

= Vix /@ O (Ve Paex (@) = b)) © @)

(8) It is easily proved from definitions.

Corollary 15 Let (X,C) be an L-fuzzy closure space. Define a mapping
88 LA xIX — Lby

50,9 =\ gw oCH ) Yf.gelk

xeX

Then, we have the following properties.

1
2
3
4
5
6
7
8

8% is an L-fuzzy pre-proximity,

If C is stratified, then §° is a stratified,

8e(f18) < Vyperx (62(f, 1) © 8z (h*,8)), the equality holds if C is topological,
IfC is topological, then 8} is a L-fuzzy quasi-proximity on X,

C < Css, the equality holds if C is topological,

IfC is separated, then 8} is separated,

8, <&

(
(
(
(
(
(
(
(8) IfC is generalized (resp. Alexandrov), then 8}, is generalized (resp. Alexandrov).

e D D DO —

The relationships between L-fuzzy pre-proximities and L-fuzzy co-topologies

Theorem 16 Let § be an Alexandrov L-fuzzy pre-proximity on X. Define a mapping
Fs X — L by Fs(f) = 8*(f*.f). Then,
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(1) Fsisan L-fuzzy co-topology on X,
(2) If§ is stratified, then Fs is strong,
(3) If § is separated, then Fs is separated.

Proof
(D(TI) Fs(Lx) =8* (L%, Lx) =T, Fs(Tx)=68"(T% Tx)=T.

(T2) F5(f ®@g) =8*(f* O g*f ®g) = §*(f*f) ©8*(g" g = Fs(f) © Fs(g).
(T3) Fs(Nier f) = 8"V ier £ Nier /) = Nier U1 = Nier Fs ()

() Fs(@Of) =8"(a = f*a O f) = 8*(f*.f) = Fs(f),
fS(a _>f) = 8*(05 @f*;a _)f) = S*U*,f) = fS(f)'

(3) It is easy.

Theorem 17 Let (X,C) be an L-fuzzy closure space. Define the mapping Fe, : L — L
by

Fes(f) = N\ Cs()(x) — f ().

xeX

Then,

(1) Feyis an L-fuzzy co-topology on X with Fey > Fs,
(2) IfC is Alexandrov (resp. strong, separated), then Fs, is Alexandrov (resp. strong, sep-
arated).

Proof
(I (TI) Fey(Tx) = Nyex Cs (Tx)®) = Tx(x) =T,

Fes(Lx) = /\ Cs(Lx)(x) > Lx(x) =T.

xeX
(T2)

Fes(F @8) = Neex Cs(f @ 9)(x) — (f ® ()
> Neex (Cs(F)(x) @ Cs(g) (%) — (f(x) Dg(x))) (by Lemma 2(13))
> Npex Cs(H) (@) = f(®) O Npex (Cs(@) (%) — g(x))
= -7:(15(]() OJ:Ca(g)'

(T3) By Lemma 2(16), we have

Fes(Nier /) = NaexCs(Nier ) ) = (Ajer fi) (%))
> NuexNier Cs () (%) = Ajer fi(x))
> Nier Naex Cs () (%) — fi(x)) = Njer Fes (f)-



Ramadan et al. J Egypt Math Soc (2021) 29:9 Page 12 0f 18

Hence, F¢, is an L-fuzzy co-topology on X.

Moreover,
Fes() = NaexCs(Nx) — f(x) .
= (Vaex G ) Of*@))
2 (Vaex/ ) 0 @) 2 8°¢) = Fi(f).
(2)

Fes(Vier ) = NaexCs(Vier f) (%) = Vier fi(x))
= AuexVier CG(f) (%) = Vcr fi(x)))
> Nier Nwex Cs () (x) — fi(x))) = Njer Fes (-

Hence, F¢, is an Alexandrov L-fuzzy co-topology on X. By Lemma 2(14)(18), we have

Fes@Of) = NyexCs(@ ©)(x) = (¢ O f (%))
> Nex (@ O Cs(f)(x) — (2 O f (x)))
> Neex (@) = Cs(F)(x) = Fe; (),

Fes(a = ) = Npex Csla — fHx) — (@ — f(x)))
> Npex (@ = Cs(F) (%)) — (@ — f(x)))
= /\xgx(cﬁ(f)(x) — f(x) = Fes ().

Other cases are easily proved.

Theorem 18 Let (X,8) be an L-fuzzy pre-proximity space. Then, the mapping
fs(l) : LX — L defined by fgl)(f) = Npex 8, Tx) = f (%)) is an L-fuzzy co-topology on
X. Moreover, if § is Alexandrov and § (o« O f,g) > o © 8(f, ), then .7:5(1) (f*) = Fs(f).

Proof
(1) (T1) FP(Lx) = Npex (L, To) = Lx@) =T,

FOT = NOTxTa) = Txe) =T.

xeX

(T2)

FPE0g) = NexGF @2 T2) = (f € 9)®))
> Noex (B, T2) ®8(2, Tx) = (f(x) ®gx)))
> Noax B> Ta) = () O Nyey (6(2, Tx) — g(x))
> 7V o FP .

(T3)
FVNier S = Naex O Nier oo Te) = Nier i)
= Nier Neex @Njerfis Tx) = fi(x)) X
> Nier Neex @i Tx) = fi®) = Aser ]—‘5( '(f).

Moreover, if § is Alexandrov, then



Ramadan et al. J Egypt Math Soc (2021) 29:9 Page 130f 18

FPWVier /) = Naex O Vier oo T) = Vier i)
= /\xex(\/ier §(fir To) — Vie]"ﬁ(x))
> Nier Neex @i Tx) = fi®) = Aser f(s(l)(ﬁ)-

Hence, F, 8(1) is Alexandrov L-fuzzy co-topology on X.

If5(@ ©f,g) > a ©8(f,2), then

Fs(f) =8¢ f) =8 (" Vyex fx) © Ty)
= /\xeX(f(x) — 8°(f*, Tx)

= Auex 0%, To) = ) = FV(F5).

Example 19
Let X ={h;|i=1{1,..,3}} with h; = house and Y = {e,b,w,c,i} with e = expen-
sive, b = beautiful, w=wooden, ¢ = creative, i = in the green surroundings. Let

([0,1], ®,—,*,0,1) be a complete residuated lattice as
xOQy=max{0,x+y—1}, x > y=min{l —x +y,1}, x* =1 —«.
LetI € [0,11"*Y bea fuzzy information as follows:

I e b w ¢ i
hy 0.7 0.6 0.5 0.9 0.2
hy 0.6 0.8 0.4 0.3 0.5
h3 0.4 0.9 0.8 0.6 0.6

Define [0, 1]-fuzzy pre-orders RY, R?’W} € [0, 11X by

RY(hi,hj) = Nyey U (hisy) — 1(h),9)),
RY™ (hislg) = Ny RUhiry) — RO 3),

1 0407 1091
Ry=(07108|rR"=[0811
0.6 0.6 1 0.7 0.6 1

(1) For each R € {RY, Rg?’W}}, by Example 13, we obtain a stratified, Alexandrov and gen-

eralized [0, 1]-fuzzy pre-proximity g : [0, 1% x [0,11% — [0,1]as
Sr(f,9) = vhi,h,eX R (hi, h) © f (hy) © g(hy).

By Theorem 12, we obtain a stratified [0, 1]-fuzzy closure operator Cy, : [0, 11X = [0,11%
as

Csx (N ) = Ngerx (S(f,€7) © g(hi)) — 3r(g:€))
= Ngerr (5,87 © )
= (Vineex Rx (hjs i) © g(hy) Gg*(hk))).

By Theorem 16, we obtain a strong [0, 1]-fuzzy co-topology Fs, : [0, 11¥ — [0,1] as
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For ) = (" S) = Vi, pex RY (hi, h) © f*(hy) © f (h))*
= Niyex RY (hiy ) © f () — f ().

Since
SR(f> Ty = Vh,-,h,-ex RY (hi, ) © f(hy) © Thy(hp) =\ p,ex R(his ) © f (hy),
by Theorem 18, we obtain [0, 1]-fuzzy co-topology ]-"8(;) :10,11X — [0,1] as

Fi ) = Niyex G U, Ti) = £ ()
= Aex ((Viex RO, 1) © f () — f ()
= /\hi,hjex((R(hi: h) O f(h) — f(h))).
(2) For each R € {R}?,R;?’W}}, we obtain a strong, generalized, topological and Alexan-
drov [0, 1]-fuzzy closure operator Cyg : [0, 11 — [0,1]" as

CR ) =\ ex R(his 1) © f o).

By Theorem 14, we obtain a generalized, topological and Alexandrov [0, 1]-fuzzy quasi-

proximity 8¢, as

8cx(f-8) = Vpexf (i) © Cr(g)(hi)
= VxS hi) © (Vyex Ry, i) © g(hy))
= Vi pex Rj i) © f (hi) © g(y).

By Theorem 16, we obtain [0, 1]-fuzzy co-topologies .7:5CR and F B(é; as follows:

Focy ) =85,07.0) = Vipyex RUis ) O (h) O f y)*
= /\hi,h/,ex(R}Q(hi,h;) O f(hy) — f(hy)).

Also we have

FDF) = NiyexGrlf, Ta) — £ )
Anjex (Vpex RO byp) © f (i) — f ()
= N pyex (RO, Bp) © f (i) — f ().

Galois correspondences
Theorem 20 Let ¢ : X — Y be a mapping. Then
(1) Ds(p) < Dc;(9),

(2) Ds(@) = Dr;(9),
(3) Ds(¢) < Dy (9).

Proof
(1) By Lemma 2(18), we have
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De;(@ = Nyerr Mvex (Cor (@™ (@) — ¢~ Co, ()
= Nrerr Nsex | Anerx th(x) — Sx (b ") | 9= (f) < h*}
— Nerr ) = 8r(@.g") | £ =£"))
> Nverr Avex ( Nnerrth) — dx () | ¢=(f) < )
= Ngerr8@@) > br(@.8") | ¢~ () = ¢ @)
> Newr Aeex (07 @@ = 8x (0 @,67 @) > @~ @@ — br(@.g"))
> Nrgerr (36 @, @) = dr(@.g") =Ds(@).

@
D) = Agerr (For () = Fox @)
= Nrewr (85670) = 80,0 ()
= Nrerr (3x@ (0= = 8.1 = Ds(e).
)

Df5(1> @) = Nserr (}—,s(i) ) — f(;(i)(ﬁf_(f)))
= Newr ( Ny Gr(F.Ty) = 0D
= NaexGx @ (e~ (Ty) = 0= ()
= Nvewr (Avex®r (. Tow) = f@@))
= AaexGx@ (0™ (o) = f9x)
= Nserr Nsex (SX(w‘_(f),w‘_(Twm) — Sy (f, Tga(x)))
= Arerr (5@~ (,0™ (Tyw) = 8, Tpw) ) = Ds(g).

Theorem 21 Let ¢ : X — Y be a mapping. Then,

(1) Dc(p) < Ds, (9),
(2) DCa (‘p) = D.7:5 (‘P)'

Proof
(1) From Lemma 2(18), we have

Dsc@) = Ayger (Sex (@™ (,6~@) = be, (2
= Argerr (Vaex ¢~ (0@ 0 Cx(0=@)® > V,er f0) © Cr @)
> Nrgerr (Vaex/@@) 0 Cx @™ @)@ = Ve f(0@) © Cr @ (9 (x) )
> Ngerr Moex (Cx @™ @)@ = 9= Cr@)®) = De(@).

(2) From Lemma 2(18), we have
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Dre, @) = Nrerr (Fes, (1) = Fep (6= ()
= Newr (Ayer @ (D) > £ )
= Naex @ (@~ (MN@ > ¢~ (N )
> Nvewr ( Avex @y (D) = fp@))
= Naex @ (@~ (MN@ > ¢~ (N )
= Nerr (Aeex@=Cor D@ = 0= ()
= Naex @ (@M@ > ¢~ (N )
= Arer Asex (Cor @™ (D@ > ¢~ Co, (@) = Des ().

Definition 22 [40] Suppose that F:D — C, G:C — D are concrete functors.
The pair (F, G) is called a Galois correspondence between C and D if for each Y € C,
idy : FoG(Y) — Y is a C-morphism, and for each X € D, idx : X > GoF(X)isa D

-morphism.

If (F, G) is a Galois correspondence, then it is easy to check that F is a left adjoint of G, or

equivalently that G is a right adjoint of F.

The category of separated L-fuzzy pre-proximity spaces with LF-proximity mappings as
morphisms is denoted by SPROX.

The category of separated LF-fuzzy closure spaces with LF-closure mappings as mor-
phisms is denoted by SFC.

From Theorems 12 and 20, we obtain a concrete functor ® : SPROX — SFC defined as
O(X,9) = (X,Cs), 0() = ¢.

From Theorems 14 and 21, we obtain a concrete functor I' : SFC — SPROX defined as
M'X,0) = X,éc), ' (¢) = ¢.

Theorem 23 T : SFC — SPROX is a left adjoint of ® : SPROX — SFC, i.e, (O, isa

Galois correspondence.

Proof

By  Theorem 14(5), if Cx is a separated L-fuzzy closure opera-
tor on a set X, then O (Cx)) = C,gcx > Cx. Hence, the identity map
idx : (X,Cx) — (X,C(;CX):(X,®(F(CX))) is an LF-closure map. Moreover, if
8y is a separated L-fuzzy pre-proximity on a set Y, by Theorem 14(7), we have
['(©(8y)) = d¢;, < dy. Hence, the identity map idy : (Y, (®(8y))) — (Y,8y) is an LF-
proximity map. Therefore, (©,1") is a Galois correspondence.
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Conclusion.

In this paper, L-fuzzy pre-proximities and L-fuzzy closure operators in complete
residuated lattice are investigated. From a given L-fuzzy pre-proximity §, we can obtain
an L-fuzzy closure operator Cs (see Theorem 12). Conversely, for given L-fuzzy closure
space C, we obtain L-fuzzy pre-proximity é¢ (see Theorem 14) and L-fuzzy co-topologies
Fs and F¢; (Theorems 16, 17, 18). It is also shown that there is a Galois correspond-
ence between the category of (separated) L-fuzzy closure spaces and that of (separated)
L-fuzzy pre-proximity spaces (Theorem 21). We give Example 19 as a viewpoint of the
topological structure for fuzzy information and fuzzy rough sets in a complete residu-
ated lattice.

In the future, the concepts of L-fuzzy pre-proximity spaces, information systems and
decision rules with a view point of applications to multi-attribute decision-making will
be investigated in residuated lattices.
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