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Abstract
Hydrodynamic behaviour of slip flow and radially applied exponential time-dependent
pressure gradient in a curvilinear concentric cylinder is examined. A two-step method
of solution has been utilized in resolving the governing momentum equation. Accordingly, the exact solution of the time-dependent partial differential equation is derived
in terms of the Laplace parameter. Afterwards, the Laplace domain solution is then
inverted to time domain using a numerical-based inverting scheme known as Riemann-sum approximation. The effect of various dimensionless parameters involved in
the problem on the Dean velocity, shear stresses and Dean vortices is discussed with
the aid of graphs. It is found that maximum Dean velocity is due to an exponentially
growing time-dependent pressure gradient and slip wall coefficient. Stability of the
Dean vortices is achieved by suppressing time, wall slippage and inducing an exponentially decaying time-dependent pressure gradient.
Keywords: Dean flow, Exponential time-dependent pressure gradient, Unsteady,
Riemann-sum approximation (RSA), Slip flow
Mathematics Subject Classification: 76D05, 76A02, 76S05

Introduction
Flow through curved geometry is of general importance due to its enormous application
in fluid engineering, biofluid mechanics and haemodynamics. This can be ascribed to
its practical use in most of the systems in the aforementioned fields of endeavour. For
instance, in diaphragm pumps and dialysis machines, flow is due to pulsation within the
curved tube rather than convective current. It is widely known that the underlying principle of convective-driven flows has its setbacks as heat alters the rheological properties
of some fluids. Consequently, it will be desirable to model and design pressure-propelled
systems. The hydrodynamic behaviour of fluids in curvilinear geometries is a prevalent
concept which emanates from stability/instability of the radial pressure gradient, aspect
ratio and curvature of the geometry.

© The Author(s), 2021. Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which permits
use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other third
party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by statutory regulation or
exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a copy of this licence, visit http://
creativecommons.org/licenses/by/4.0/.

Jha and Gambo J Egypt Math Soc

(2021) 29:11

Dean [1] initiated the investigation on steady laminar flow in a curved channel with
azimuthal pressure gradient. Afterwards, a considerable number of works have dealt
with investigations of the effects of slip boundaries on Taylor–Couette and Dean flows
for various flow conditions [2–9]. Theoretical analysis on the flow of viscid incompressible fluid driven by an oscillating pressure gradient in a straight circular pipe and coaxial
cylinders was proposed by references [10–12]. Reference [13] numerically examined the
impact of aspect ratio on Dean hydrodynamics instability. Gupta et al. [14] simulated the
flow of cerebrospinal fluid in the human spinal cavity by presenting analytical solution
responsible for pulsatile viscous flow driven by a harmonically oscillating pressure gradient in a straight elliptic annulus.
Exact solution for unsteady rotating flow of a generalized Maxwell fluid in an infinite
straight circular cylinder with oscillating pressure gradient was reported by Zheng et al.
[15]. They concluded that as time increases, the velocity increases as it attains its maximum, before decreasing and the oscillating pressure gradient leads to the fluctuations
of the velocity. The hydrodynamic stability of Dean formation has been examined semianalytically as applied to artificial neural network by reference [16]. Thermal and hydrodynamic effect of nanofluid flowing in a curved annulus with radial azimuthal pressure
gradient has been studied by Avramenko et al. [17].
It is important to notice that exponential pressure gradient plays a vital role in flow
through channels as well as annulus. Such flow aids in better understanding many technological and industrial problems. In general, this phenomenon generates pressure
gradient flow which is not constant but pulsates in some way about a nonzero pressure
gradient. In view of that, Yen and Chang [18] examined the effect of time-dependent
pressure gradient on magnetohydrodynamic flow in a channel in which three cases of
time-dependent pressure gradient were considered, namely periodic, step and pulse
pressure gradient. Numerical modelling of unsteady flow with time-dependent pressure
gradient using one-dimensional Navier–Stokes Equation (NSE) was reported by Azad
and Andallah [19]. Other related articles can be seen in references [20–23].
In slip flow regime, the heat and mass transfer effect of magnetohydrodynamic fluid
flow with slip velocity was scrutinized by Gambo and Gambo [24]. Jha and Yahaya [25]
examined the impact of wall slippage in a curvilinear annulus induced by azimuthal
pressure gradient. The instability of Dean flow and slip condition in a rotating cylinder
was analysed by Avramenko et al. [26]. Authors of reference [27] explored the effect of
partial slippage on a rotating flow of hydromagnetic micropolar nanoparticles flowing
through a disk. These authors reported that the classical effect of slip jump is in achieving a more amplified velocity profile.
Lately, the transient flow behaviour of viscous incompressible fluids in curvilinear annulus driven by azimuthal pressure gradient, radially oscillating time-dependent pressure gradient and exponential time-dependent pressure gradient has been
inspected by authors of references [28–32]. Here, the equation governing the flow has
been resolved semi-analytically with the aid of classical Laplace transformation and
Riemann-sum approximation (RSA) as a tool for numerical inversion. The behaviour
of the Dean velocity, drag and most importantly Dean vortices has been inspected.
The result has shown that time plays a role in promoting the flow. In addition, the
effect of the oscillating and exponentially decreasing time-dependent pressure
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gradient is to retard the flow. Authors of references [33–35] also utilized Laplace
transformation and Riemann-sum approximation (RSA) in treatment of the governing
equations. Relevant articles relating to the study may be found in references [36–41].
The review of the above-mentioned literature suggests that transient flow formation of viscid incompressible fluid in a curvilinear annulus due to a decaying/growing
exponential time-dependent pressure gradient with effects of slip condition has not
been discussed yet and the present exploration will bridge this gap. Moved by its fascinating practical application in the fields of biofluids mechanics and engineering, we
set out to analyse the effect of slip boundary and exponentially decreasing/increasing
time-dependent pressure gradient on Dean formation to obtain an empirical result
for the Dean velocity, Dean drag and vortices of the fluids in curved annulus. It is
anticipated that our results can be beneficial in accurate design and fabrication of
real-time propulsion systems.

Methods
Unsteady hydrodynamically fully developed flow of viscid incompressible fluid in a
curved annulus formed by two infinite concentric cylinders is considered. The two
cylinders are assumed to be fixed and the fluid is Newtonian. The axis of the cylinder
is taken in the z ′ direction. The radii of the inner and outer cylinder are r1 and r2 ,
respectively, as depicted in Fig. 1. Initially, at time t ′ ≤ 0 , the fluid is assumed to be at
rest. At t ′ > 0 , the flow is examined
 under′ theaction of applied radial exponential
exp (−δ0 t ) ∂P
time-dependent pressure gradient
r′
∂ϕ in the annular gap. The effect of slip

condition on the surface of the two walls was taken into account. Two types of
dependence on time are considered: one, exponentially decaying and the other exponentially growing.
Under these assumptions, the continuity equation is satisfied when fully developed
flow condition across the z ′-axis of the curved annular duct is valid for the function


of the radial coordinate and time only, u′ = u′ r ′ , t ′ . In line with Jha and Gambo [31,
32], the dimensional representation of the momentum equation describing the flow is
given as:

Fig. 1 Flow configuration and coordinate system of geometry
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ρ

∂P
u′2
= ′,
r′
∂r

(1)

ρ



 2 ′

exp −δ0 t ′ ∂P
∂u′
∂ u
1 ∂u′
u′
+
.
=
−
υ
+
−
∂t ′
r′
∂ϕ
∂r ′2
r ′ ∂r ′
r ′2

(2)

The initial and boundary conditions for the problem under consideration are

t ′ ≤ 0 : u′ = 0 for r1 ≤ r ′ ≤ r2 ,

′
′
u′ = α ∂u
′
∂r ′ ′ at r = r1 ,
t >0
′
u′ = −β ∂u
∂r ′ at r = r2 .

(3)

Dimensionless analysis

In transforming Eqs. (1)–(3) to their respective dimensionless forms, we introduced the
following dimensionless variables:



′
−r1 ∂P
r2
υt ′
r12 δ0
u′
r′
∂ϕ exp −δ0 t
; U0 =
;
δ
=
.
R = ; = ;t = 2 ;U =
r1
r1
U0
ρu′
υ
r1

(4)

Based on Eqs. (1) and (2), the momentum equation governing the flow of the system in
dimensionless form is defined as:

exp (−δt) ∂ 2 U
1 ∂U
U
∂U
=
+
− 2,
+
∂t
R
∂R2
R ∂R
R

(5)

with initial and boundary conditions

t ≤ 0 : U = 0 for 1 ≤ R ≤ ,

U = α ∂U
∂R at R = 1,
t>0
U = −β ∂U
∂R at R = .

(6)

Analytical solution

In order to derive the transient solution of the governing momentum equation in (5), the
classical Laplace transformation has been adopted in transforming the time-dependent
∞
equation. Utilizing U (R, s) = ∫ U (R, t)e−st dt where s (s > 0) is the Laplace parameter,
Eqs. (5) in Laplace domain is:

0


1 dU 
1
d2 U
2 U
−
,
+
1
+
sR
=−
2
2
dR
R dR
R
R(s + δ)
with the accompanied boundary condition in Laplace domain

U = α dU
dR at R = 1,
U = −β dU
dR at R = .

(7)

(8)
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In line with the approach of Tsangaris and Vlachakis [12] and Jha and Gambo [31, 32], the
non-homogeneous linear differential equation in (7) yields the transformation below:

U (R, s) = U h (R, s) +

1
,
Rs(s + δ)

(9)

where U h (R, s) is the homogeneous solution of Eq. (7).
With account of boundary conditions (8), the exact solution of Eq. (7) in Laplace domain
has been resolved by substituting the homogeneous solution of Eq. (7) into Eq. (9) and is
given below as:

 √
 √
U (R, s) = B1 I1 R s + B2 K1 R s +

1
,
Rs(s + δ)

(10)

where B1 and B2 are defined in the “Appendix” section.
The skin drag at the surface of the inner and outer cylinders are computed by taking the
derivative of Eq. (10) and setting R = 1 and R = , respectively. Thus, the expressions are
given as follows:

d
dR



d
τ (R, ) = R
dR



τ1 (R, 1) = R


√ 
√ 
√
U (R, s) 
2
= s B1 I2 s − B2 K2 s −
,

R
s(s + δ)
R=1


 √
 √ 
√
U (R, s) 
2
.
= s B1 I2  s − B2 K2  s − 2

R

s(s
+ δ)
R=

(11)

(12)

Dean vortices η(R, s) otherwise known as fluid vorticity which is produced in the annular
region due to the rotation of the fluid as a result of the curved nature of the geometry is
computed by differentiating Eq. (10) and is given below as:

η(R, s) =

 √
 √
 √ 
1 d 
2
.
RU (R, s) = s B1 I2 R s − B2 K2 R s − 2
R dR
R s(s + δ)

(13)

Riemann‑sum approximation (RSA)

It is imperative to note that the expression for Dean velocity, skin drag and vortices in (10)–
(13) are in the Laplace domain and are to be transformed in order to determine the Dean
velocity, skin frictions and vorticity in time domain. In order to achieve this, we employ
the Riemann-sum approximation (RSA) approach. Details of this method of numerical
Laplace inversion are given in references [31–35]. The Riemann-sum approximation (RSA)
is remarkable for its accuracy when inverting Laplace domain functions to time domain.
Based on this approach, any function of the Laplace domain can be transformed to time
domain using the expression below:




Q
�
ikπ
eεt  F (R, ε)
(−1)k ,
+ Re
F (R, t) =
F (R, ε +
(14)
t
2
t
k=1

where Re is the real part of the summation, i the imaginary number, Q is the number
of terms involve in the summation and ε is the real part of the Bromwich contour that
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Table 1 Validation of the present result obtained using the Riemann-sum approximation approach
(RSA) with Jha and Gambo [32] for Dean velocity
Velocity profile
t

R

0.2

0.4

Steady state

Present work (α = β = 0.0)

Jha and Gambo
[32](Re = 0.0)

1.2

0.0530

0.0530

1.4

0.0707

0.0707

1.6

0.0645

0.0645

1.8

0.0402

0.0402

1.2

0.0591

0.0591

1.4

0.0800

0.0800

1.6

0.0733

0.0733

1.8

0.0453

0.0453

1.2

0.0600

0.0600

1.4

0.0813

0.0813

1.6

0.0745

0.0745

1.8

0.0460

0.0460

Table 2 Validation of the present result obtained using the Riemann-sum approximation approach
(RSA) with Jha and Gambo [32] for skin frictions
t

0.2

0.4

Steady state

λ

Skin friction at R = 1

Skin friction at R = 

Present work RSA
(α = β = 0.0)

Jha and Gambo
[32](Re = 0.0)

Present work RSA
(α = β = 0.0)

Jha and
Gambo
[32](Re = 0.0)

1.2

0.0968

0.0968

0.0857

0.0857

1.4

0.1871

0.1871

0.1496

0.1496

1.6

0.2706

0.2706

0.1982

0.1982

1.8

0.3390

0.3390

0.2292

0.2292

1.2

0.0968

0.0968

0.0858

0.0858

1.4

0.1871

0.1871

0.1496

0.1496

1.6

0.2714

0.2714

0.1988

0.1988

1.8

0.3499

0.3499

0.2373

0.2373

1.2

0.0967

0.0967

0.0856

0.0856

1.4

0.1870

0.1870

0.1495

0.1495

1.6

0.2713

0.2713

0.1987

0.1987

1.8

0.3502

0.3502

0.2376

0.2376

is used in inverting Laplace transform. The Riemann-sum approximation (RSA) for the
Laplace inversion involves a single summation for the numerical computation, of which
its exactness is dependent on the value of ε and the truncation error prescribed by M .
Following Tzou [42], taking εt to be 4.7, ensures the stability of the computation.
The approach used in deriving the time domain solution is validated by presenting
a numerical comparison of the present result obtained under no-slip boundary condition with Jha and Gambo [32] (see Tables 1 and 2).
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(b)

Fig. 2 Impact of t on Dean velocity for α = 0.0, β = 2.0, δ = 2.0, −2.0

(a)

(b)

Fig. 3 Impact of t on Dean velocity for α = 2.0, β = 0.0, δ = 2.0, −2.0

Results and discussion
An analysis on the effect of slip boundaries and radially applied exponential decaying/
growing time-dependent pressure gradient on annular flow in curved concentric cylinders has been performed semi-analytically. In order to have an insight into the physical
problem, a MATLAB program is written to determine and generate plots and numerical
values for Dean velocity, skin frictions as well as Dean vortices. The flow is seen to be
controlled by time (t), wall slip coefficient (α, β) and the decaying/growing parameter of
the pressure gradient (δ). Our present computation has been carried out over a reasonable range of values with time taken over 0.06 ≤ t ≤ 0.2, decaying/growing parameter of
pressure gradient over −2.0 ≤ δ ≤ 2.0 and wall slip effect over 0 ≤ α, β ≤ 2.0. Throughout our investigation, δ > 0 has been used to represent an exponentially decaying pressure gradient and is depicted as (a) while δ < 0 has been used to simulate a growing
pressure gradient and denoted by (b) in Figs. 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14 and 15.
Figure 2 describes the influence of time and outer wall slip on Dean velocity. Increase
in time is accompanied by an increase in Dean velocity for both decaying/growing exponential time-dependent pressure gradient. However, it is observed that the velocity
profile is stronger accentuated for an exponentially growing time-dependent pressure
gradient.
The combined effects of time, inner wall slip and exponentially decaying/growing
time-dependent pressure gradient on Dean velocity are illustrated in Fig. 3. It is seen
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(b)

Fig. 4 Impact of t on Dean velocity for α = 2.0, β = 2.0, δ = 2.0, −2.0

(a)

(b)

Fig. 5 Impact of α on Dean velocity for β = 2.0, δ = 2.0, −2.0, t = 0.1

(a)

(b)

Fig. 6 Impact of β on Dean velocity for α = 2.0, δ = 2.0, −2.0, t = 0.1

that along the inner wall, the effect of slippage is pronounced with a semi-parabolic profile. As expected, the role of time is to promote the flow for both components of exponential time-dependent pressure gradient.
Figure 4 shows the action of slip coefficient on both walls for an exponentially decaying/growing time-dependent pressure gradient as time passes. It is evident that higher
Dean velocity profile is borne out of increased slip coefficient and time. In addition, the
effect is subtle for an exponentially decaying time-dependent pressure gradient. This
finding is the key in modelling and fabricating of real-time system transporting biofluids.
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(b)

Fig. 7 Impact of t on shear stress for α = 0.0, β = 2.0, δ = 2.0, −2.0, R = 1

(a)

(b)

Fig. 8 Impact of t on shear stress for α = 2.0, β = 0.0, δ = 2.0, −2.0, R = 1

(a)

(b)

Fig. 9 Impact of t on shear stress for α = 2.0, β = 2.0, δ = 2.0, −2.0, R = 1

The outcome of varying inner and outer wall slip coefficient for a fixed value of time on
Dean velocity is exhibited in Figs. 5 and 6. As shown in Fig. 5, the influence of enhancing inner wall slip coefficient is to increase the Dean velocity along the surface of the
inner wall. A similar trend is observed in Fig. 6. However, the increase in this case is
on the outer wall. In both Figs. 5 and 6, a growing pressure gradient supports a higher
magnitude of Dean velocity. This behaviour is in line with the result reported by Jha and
Yahaya [25].
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(b)

Fig. 10 Impact of t on shear stress for α = 0.0, β = 2.0, δ = 2.0, −2.0, R = 

(a)

(b)

Fig. 11 Impact of t on shear stress for α = 2.0, β = 0.0, δ = 2.0, −2.0, R = 

(a)

(b)

Fig. 12 Impact of t on shear stress for α = 2.0, β = 2.0, δ = 2.0, −2.0, R = 

The distribution of skin friction for variations of time along the inner wall when slip
coefficient is applied on the outer wall and inner wall respectively for an exponentially decaying/growing time-dependent pressure gradient is illustrated in Figs. 7 and
8. Generally, it is found that the drag on the inner wall is minimum with a converging
profile around the vicinity of the inner wall. However, as time passes a more distributed profile is seen along the outer wall. As expected, higher profiles are perceived
with an exponentially growing pressure gradient.
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(b)

Fig. 13 Impact of t on Dean vortices for α = 0.0, β = 2.0, δ = 2.0, −2.0

(a)

(b)

Fig. 14 Impact of t on Dean vortices for α = 2.0, β = 0.0, δ = 2.0, −2.0

(a)

(b)

Fig. 15 Impact of t on Dean vortices α = 2.0, β = 2.0, δ = 2.0, −2.0

Figure 9 shows the impact of dual wall slip coefficient on local skin friction for both
components of exponential time-dependent pressure gradient and an increasing time.
It is noted that the combined action of simultaneous slip condition on both walls and
boosting time is to maximize the effect of shear stress on the inner wall of the cylinder.
On the other hand, the role of outer and inner wall slip condition on skin friction
along the surface of the outer cylinder is depicted in Figs. 10 and 11. It is observed that
as time increases, the shear stress also increases and the influence of the slip coefficient
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is obvious along the outer wall as viewed in Fig. 10. However, a slightly different attribute
is noticed when the wall slip is applied on the inner cylinder as exhibited in Fig. 11. Here,
the skin friction grows and attains its maximum midway and gradually diminishes with
close proximity to the outer wall.
Figure 12 shows the impact of dual wall slip on skin friction along the outer wall for
different values of time when the time-dependent pressure gradient is decaying/growing exponentially. It is obtained that skin friction along the outer wall is enhanced when
time is increased.
The effect of varying time on Dean vortices with the application of outer and inner
wall slip, respectively, is shown in Figs. 13 and 14. It is noted that the instability of the
Dean vortices is felt stronger along the wall with no-slip boundary condition. Moreover,
a decreasing time is the key in attaining stability of the Dean vortices.
Figure 15 presents the outcome of dual wall slip parameter and increasing time on
Dean vortices for an exponentially decaying/growing time-dependent pressure gradient.
It is noticed that the effect of the slip coefficient along both walls prompts a growth in
the instability of the Dean vortices. Along the inner wall, a growing time increases the
instability. However, a counter trend is seen with an increase in time along the outer
wall. In addition, a higher magnitude of profile is seen with an exponentially growing
time-dependent pressure gradient.

Conclusion
A mathematical model describing linear hydrodynamics stability of flow in curved annulus has been analysed semi-analytically. The mutual action of velocity slip and radially
applied exponential decaying/growing time-dependent pressure gradient on the flow
formation has also been investigated. Laplace transforms technique and a numericalbased approach known as Riemann-sum approximation (RSA) has been adopted in
resolving the problem under consideration. The effect of controlling parameters governing the flow has been illustrated pictorially. The noteworthy observations are as follows:
i. It is found that the velocity distribution increases substantially with a boost in time
and slip wall coefficient.
ii. Skin friction can be maximized by inducing an exponentially growing timedependent pressure gradient, time and wall slip coefficient.
iii. Instability of the Dean vortices can be minimized by applying an exponentially
decaying time-dependent pressure gradient suppressing the effect of time.

Page 12 of 15

Jha and Gambo J Egypt Math Soc

(2021) 29:11

Appendix
√ 
√ 
 √
 √
√ 
s − βK1 s − 2 K1  s + βK1  s − αβK1 s
 √
√ 
√ √ 
+ αK1 s − α2 K1  s − αβ sK0 s ;
 √
√ √ 
√  √
√  √
b2 = α sK0 s + β2 sK0  s + αβK1  s + αβ2 sK0  s ;
 √  √ 
 √  √ 
 √  √ 
b3 = s(δ + s)[βK1  s I1 s − βI1  s K1 s + I1  s K1 s
 √  √ 
 √  √ 
− (K1  s I1 s − αβI1  s K1 s ;
 √  √ 
 √  √ 
 √  √ 
b4 = αβK1  s I1 s + αI1  s K1 s − αK1  s I1 s
√  √  √ 
√  √  √ 
√  √  √ 
− αβ sI1  s K0 s − αβ sK1  s I0 s + α sI1  s K0 s
√  √  √ 
+ α sK1  s I0 s ;
√  √  √ 
√  √  √ 
b5 = β sI0  s K1 s + β sK0  s I1 s
 √  √ 
 √  √ 
+ αβsI0  s K0 s − αβsK0  s I0 s ;
√  √  √ 
√  √  √ 
b6 = αβ sI0  s K1 s + αβ sK0  s I1 s ;
√ 
 √
√ 
 √
√ 
b7 = βI1 s − I1 s + 2 I1  s − βI1  s + αβI1 s
 √
√ 
− αI1 s + α2 I1  s ;
 √
√ √ 
√ √ 
√  √
b8 = α2 I1  s − αβ sI0 s + α sI0 s + β2 sI0  s
 √
√  √
− αβI1  s + αβ2 sI0  s ;
−(b1 + b2 )
B1 =
;
b3 + b4 + b5 + b6
−(b7 + b8 )
;
B2 =
b3 + b4 + b5 + b6
b1 = K1

Abbreviations

RSA: Riemann-sum approximation.

List of symbols
r1 : Radius of the inner cylinder (m); r2 : Radius of the outer cylinder (m); P : Static pressure (kg/ms2); R : Dimensionless
radius; s: Laplace parameter; t : Dimensionless time (s); U0: Reference velocity (m/s); ur ′ : Radial velocity (m/s); u′ :
Circumferential velocity (m/s); U : Dimensionless velocity.
Greek letters
α: Inner wall slip parameter; β: Outer wall slip parameter; δ: Decaying/growing parameter of time-dependent pressure
gradient; : Radii ratio (r2/r1); ρ: Fluid density (kg/m3); η: Dean vortices; τ : Skin friction; υ: Dynamic viscosity of the fluid
(kg/m).
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