
A numerical study on MHD double diffusive 
nonlinear mixed convective nanofluid flow 
around a vertical wedge with diffusion of liquid 
hydrogen
Prabhugouda Mallanagouda Patil1,2* and Madhavarao Kulkarni1 

Introduction
The linear variations in temperature, density and species concentration relations, i.e., 
mixed convection flows have been studied by a many number of researchers [1–5]. 
However, the study of nonlinear changes in density temperature and species concentra-
tion relation (NDTC) [6–9] is novel concept for researchers to investigate the effects of 
the fluid’s thermal attributes. The quadratic convection plays an important role in many 
fields of industries, including thermal systems, combustion, geothermal power plants, 
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crude oil extraction, electronic part cooling, pharmaceuticals, and so on. Particularly, 
the manufacturing and designing of the disk of gate valves, which are effective at high 
temperature elucidate the phenomenon of nonlinearity in temperature, concentration 
and density variations. Because of its physical effects on fluid flow and heat transport 
characteristics, nonlinearity has piqued the interest of many researchers. Sinha [6] has 
looked at the impact of frictional heating systems and heat sources on convective flows 
using NDT variations. Vajravelu and Sastri [7] have discussed the energy transmission 
between surfaces comprising quadratic convection. Kameswaran et al. [8] investigated 
quadratic convection flow through a non-Darcy permeable surface. Shaw et al. [9] have 
analyzed quadratic changes in temperature and density relation variations along the 
stretched surface and reported that the increasing nonlinear convection coefficient val-
ues increase the magnitude of transfer of heat from the wall. Hayat et al. [10] have dis-
cussed the influence of hydromagnetic on 3-D quadratic convective flow of nanoliquid 
over a stretched sheet, reported that temperature and heat transport rate increase due to 
rising values of thermal radiation and temperature ratio parameter. Khan et al. [11] have 
addressed the quadratic mixed convective of nanoliquid flow with hyperbolic entropy 
generation on stretched surface and their results unveil that the nonlinear convection 
parameter rises the magnitude of the velocity pattern. Furthermore, Hayat et al. [12] and 
Uddin et al. [13] have discussed the major influence of nonlinear convective flow on a 
horizontally stretched cylinder and surface.

It is worth to note that in the industrial and engineering applications, the flow over a 
wedge geometry has gained an extensive application in the oil and gas industries, phar-
maceuticals, aerospace, construction of dams, designing of disk of engine gate valves, 
thermal insulation, etc. A milestone contribution of fluid flow along a wedge was given 
by Falkner and Skan [14]. Kafoussias and Nanousis [15] have examined the hydromag-
netic flow along a permeable wedge. Kumari et al. [16] explored combined convective 
flow through a porous wedge and found that the strength of Nusselt number upsurges 
with variation in Prandtl number, but the friction coefficient gradually decreases. Kan-
dasamy et al. [17] have explored the transport rate of heat on a porous, as well as per-
meable wedge, and they reported that the concentration profile declines for increasing 
chemical reaction parameter values. Singh et  al. [18] have considered the time-subor-
dinate combined convective stream over a vertical wedge. Uddin and Kumar [19] have 
addressed the Hall and ion slip impacts on the MHD flow of micropolar liquid around 
a wedge and their outcomes reveal that the surface friction increases significantly for 
higher values of wedge angle. Further, more works on convective boundary layer stream 
over a wedge can be seen in [20, 21].

Owing to breadth of applications in science and technology, a new fluid came into 
existence and substantially enhances the thermal conductivity of base fluid. This fluid 
is referred to as "nanofluid" and it contains nano-meter-sized particles that are dis-
tributed in conventional heat transfer basic fluids [22]. The heat transfer coefficient 
between the heat transfer surface and the heat transfer medium is strongly influenced 
by the thermal conductivity of these typical base fluids. Convective heat transfer in 
nanofluids has been studied by numerous researchers in various geometries. Recently, 
Gorla et al. [23] have examined combined convective flow of nanoliquid on a porous 
wedge, and their outcomes show that the increasing Brownian diffusion increases the 
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velocity of the nanofluid significantly. Kahalerras et al. [24] implemented a numerical 
study of combined convection heat transfer and entropy generation in a vertical chan-
nel for Cu–H2O nanofluid. The multidiffusive diffusive convective flow of Maxwell 
nanofluid between two impermeable plates was investigated by Singh et al. [25]. They 
also considered the passive control of nanoparticle flux at the boundaries, as well as 
the concentration flux assumed in Stefan’s flow. Rahman et al. [26], Khan et al. [27], 
and Kasmani et al. [28–30] have also looked into the nanofluid flow around a wedge 
surface.

Double-diffusive mixed convection arises when the fluid is subjected to two distinct 
unlike density gradients having different rates of diffusion [31, 32]. In this paper, the 
double diffusion occurs due to the diffusion of heat and liquid gas hydrogen along 
with the diffusions of temperature and concentration. The influence of magnetohy-
drodynamics (MHD) is also considered, which controls the surface flow and the ther-
mal transport characteristics of the flow [33–36]. Such hydromagnetic flow and its 
heat transport characteristics have wide spectrum of uses in the metallurgical pro-
cesses, metal working processes, electronic devices, cooling of nuclear reactors and 
other industrial processes, etc. Recently, many researchers have carried out their 
research on MHD double diffusive convection flow over various geometry with differ-
ent aspects, in order to analyze the heat transport characteristics of the fluid flow. For 
example, Rashidi et al. [37], Patil et al. [38, 39], Prasad et al. [40], Quiang et al. [41], 
Mahajan and Sharma [42] have respectively studied on vertical plate, exponentially 
stretching surface, inclined plate, infinite vertical parallel plates and planes.

The number of scientific articles in the literature review that discuss the impor-
tance of consistent flow around the wedge. However, further analysis in this regard 
is required to explain the influence of nonlinearity, applied magnetic field, diffusion 
of liquid hydrogen, Brownian motion and thermophoresis with mixed convection, 
which is the current study’s key motivation. Thus, the determination of the work is to 
examine the interesting aspects of aforementioned studies. The novelties in this study 
are as follows:

• Analysis of double diffusive nonlinear combined convection with nanoparticles.
• Buongiorno two-phase nanofluid model is taken into account for modeling.
• Influence of applied magnetic field over a wedge.
• Impacts of diffusion of liquid hydrogen are analyzed.

The outcomes of this study have notable applications in the designing and manu-
facturing of wedge-shaped materials in space aircrafts, construction of dams, thermal 
systems, oil and gas industries, etc., where nonlinear mixed convection can assist to 
improve the heat and mass transfer in manufacturing of wedge-shaped bodies by pro-
viding various control parameters. Further, in the manufacturing industries, the nan-
oparticles and liquid hydrogens are also added to the host fluid to regulate the rate of 
heat and mass transfer during the structuring and assembling of wedge-shaped mate-
rials. In this problem, non-similar transformations are used to solve fluid flow con-
servation equations. Then, solution of these eqautions has been solved through the 
technique of Quasilinearization along with the implicit FDM [43, 44]. The achieved 
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numerical outcomes are verified with Kumari et al. [16], as well as Singh et al. [18], 
and the comparison shows the good agreement of present results with previous find-
ings by [16, 18].

Methods
Analysis and formulation

A steady, laminar incompressible fluid about a vertical wedge is considered in this analy-
sis. The flow is along the wedge in the direction of x-axis and u be its corresponding 
velocity, while, the co-ordinate axis y is normal to it and v be its corresponding velocity 
component and 

(

πα
2

)

 be the half angle of the wedge. The gravitational force acts verti-
cally in the downward direction. Further, Ue = U∞xm indicates the velocity, where expo-
nent m is the wedge angle parameter, � indicates the total angle of the wedge, α indicates 
the Hartree pressure gradient. Further, relation between wedge angle parameter and 
pressure gradient is given as m =

α
2−α

≥ 0 [27–30]. Here, Tw,Cw,φw , respectively, denote 
temperature, concentration and nanoparticles volume fraction at the surface, while T∞

,C∞ , φ∞, respectively, denote the same at mainstream region. The flow model of present 
problem with the coordinate system is as displayed in Fig. 1.

For the more comprehensive study of the mathematical model, the following main fea-
tures are employed:

• The magnetic field B0 is taken perpendicular to a wedge surface.
• The Boussinesq approximation [45] is used to model the nonlinear density tempera-

ture concentration terms, which are embedded in the momentum equation.
• In absence of turbulent flow, the present problem is considered with thermophoresis 

and Brownian diffusion under the slip mechanism of Buongiorno two-phase model 
[46].

Fig. 1 Co-ordinate geometry and flow configuration
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The flow problem is modeled through conservation laws and the governing equations 
under steady-state conditions are [6–8, 16–18]:

The pertinent surface conditions are as follows:

Utilizing the below non-similar transformations [16–18] in Eqs. (1)–(5):

Eq. (1) is satisfied trivially and Eqs. (2)–(5) reduce as below:

(1)
∂u

∂x
+

∂v

∂y
= 0,

(2)

u
∂u

∂x
+ v

∂u

∂y
= ν

∂2u

∂y2
+ Ue

dUe

dx
+ (1− φ∞)g

[

β1(T − T∞)+ β2(T − T∞)2
]

cos
(πα

2

)

+ (1− φ∞)g
[

β3(C − C∞)+ β4(C − C∞)2
]

cos
(πα

2

)

+
σB2

0

ρ
(Ue − u)

− g

(

ρp − ρ

ρ

)

(φ − φ∞) cos
(πα

2

)

,

(3)

u
∂T

∂x
+ v

∂T

∂y
= αm

∂2T

∂y2
+

σB2
0

ρCnf
(Ue − u)2 +

ρpCpp

ρCnf

(

DT

T∞

(

∂T

∂y

)2

+ DB
∂φ

∂y

∂T

∂y

)

,

(4)u
∂C

∂x
+ v

∂C

∂y
= Ds

(

∂2C

∂y2

)

(5)u
∂φ

∂x
+ v

∂φ

∂y
= DB

(

∂2φ

∂y2

)

+
DT

T∞

(

∂2T

∂y2

)

.

(6)
y = 0 : u = 0, v = 0, T = Tw , C = Cw , φ = φw ,

y → ∞ : u → Ue(x) = U∞xm, T → T∞, C → C∞, φ → φ∞,

(7)

x =
x

L
, η =

√

(

Ue

νx

)(

m+ 1

2

)

y, fη = F ,

T − T∞ = (Tw − T∞)G(x, η), C − C∞ = (Cw − C∞)H(x, η),

φ − φ∞ = (φw − φ∞)S(x, η),ψ
(

x, y
)

=

√

(

2

m+ 1

)

(νUe x)f (x, η),

u =
∂ψ

∂y
, v = −

∂ψ

∂x
.

(8)

Fηη + f Fη +
2x

m+ 1

(

fxFη − FFx
)

+

(

2m

1+m

)

(

1− F2
)

+

(

2

1+m

)

M2Re (1− F)N2

+

(

2RiN1

1+m

)

[G(1+ γG)+NcH(1+ βc)−NrS] = 0,

(9)

Gηη+Pr
{

f +Nb Sη +NtGη

}

Gη +
2 Pr x

m+ 1

(

fxGη − FGx

)

+

(

2

1+m

)

PrM2Ec Re (1− F)2N3 = 0,
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With help of non-dimensional distance ξ = (x)
(1−m)

2  [16–18], Eqs. (8)–(11) reduce as 
follows:

where N1 = x

(

U∞

Ue

)2

, N2 = x

(

U∞

Ue

)

, N3 = x

(

Ue

U∞

)

, N4 = ξ

(

2(1−2m)
1−m

)

, N5 = ξ2, N6 = ξ

(

2(1+m)
1−m

)

.
The surface constraints are as follows:

In nomenclature section, all variables and dimensionless parameters are defined.
Furthermore, f (ξ , η) =

η
∫

0

Fdη + fw , where fw = 0 represents the impermeable sur-

face. The remaining parameters in this problem are given in nomenclature section.
The gradients at the wedge surface can be expressed as given below:

(10)Hηη + Scf Sη +
2 Scx

m+ 1

(

fxHη − FHx

)

= 0,

(11)Sηη + Le f Sη +
2 Lex

m+ 1

(

fxSη − FSx
)

+
Nt

Nb
Gηη = 0.

(12)

Fηη + f Fη +

(

1−m

1+m

)

ξ
(

fξFη − FFξ
)

+

(

2RiN4

1+m

)

[G(1+ γG)+NcH(1+ βc)−NrS]

+

(

2m

1+m

)

(

1− F2
)

+

(

2

1+m

)

M2Re (1− F)N5 = 0,

(13)
Gηη + Pr

{

f +Nb Sη +NtGη

}

Gη + Pr

(

1−m

1+m

)

ξ
(

fξGη − FGξ

)

+

(

2

1+m

)

PrM2Ec Re (1− F)2N6 = 0,

(14)Hηη + Scf Hη + Sc

(

1−m

1+m

)

ξ
(

fξHη − FHξ

)

= 0,

(15)Sηη + Le f Sη + Le

(

1−m

1+m

)

ξ
(

fξSη − FSξ
)

+
Nt

Nb
Gηη = 0.

(16)
F = 0, G = 1, H = 1 S = 1, at η = 0,

F → 1, G → 0, H → 0, S → 0, as η → ∞.

(17)Local skin friction coefficient : Re1/2x Cf =

√

2(1+m) Fη(ξ , 0)

(18)Local heat transfer rate : Re−1/2
x Nu = −

√

(1+m)

2
Gη(ξ , 0)

(19)Local mass transfer rate : Re−1/2
x Sh = −

√

(1+m)

2
Hη(ξ , 0)
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Further, Eqs.  (12)–(15), as well as the boundary constraints (16), are linearized by 
Quasilinearization technique, yielding the subsequent set of equations:

where coefficients at the (i + 1)th iteration are found through known ith iterative index.
The pertinent surface constraints are as follows:

Coefficients in Eqs. (21)–(24) are as follows:Ai
1 = f +

(

1−m
1+m

)

ξ fξ , Ai
1 = f +

(

1−m
1+m

)

ξ fξ , 

Ai
2 = −

{(

1−m
1+m

)

ξ Fξ +
4m

(1+m)
F +

2N5
(1+m)

ReM2
}

, Ai
3 = −

(

1−m
1+m

)

ξF , 

Ai
4 =

(

2RiN4
1+m

)

(1+ 2γG), Ai
5 =

(

2RiN4
1+m

)

Nc(1+ 2βcH), Ai
6 = −

2RiN4Nr
1+m ,

Ai
7 = −

(

2m
1+m

)

(

1+ F2
)

−

(

1−m
1+m

)

ξFξF−
(

2N5
1+m

)

ReM2
+

(

2RiN4
1+m

)

(

γG2
+NcβcH

2
)

,

Bi
1 = Pr

{

f +Nb Sη + 2NtGη

}

+

(

1−m
1+m

)

ξPr fξ , Bi
2 = −

(

1−m
1+m

)

ξPr F , Bi
3 = PrNbGη,

Bi
4 = −

(

1−m
1+m

)

ξPrGξ −

(

4N6
1+m

)

PrM2Re Ec (1− F),

Bi
5 = PrNtG2

η + PrNb SηGη −

(

1−m
1+m

)

ξPr FGξ −

(

2N6
1+m

)

PrM2Re Ec
(

1− F2
)

,

Ci
1 = Sc f +

(

1−m
1+m

)

ξ Sc fξ , Ci
2 = −

(

1−m
1+m

)

ξSc F , Ci
3 = −

(

1−m
1+m

)

ξScHξ ,

Ci
4 = −

(

1−m
1+m

)

ξSc FHξ , Di
1 = Le f +

(

1−m
1+m

)

ξ Le fξ , Di
2 = −

(

1−m
1+m

)

ξLe F , Di
3 =

Nt
Nb

,

Di
4 = −

(

1−m
1+m

)

ξLe Sξ ,D
i
5 = −

(

1−m
1+m

)

ξLe FSξ .

In the implicit finite difference method, for the discretization of Eqs. (21)–(25), the 
backward and central difference formulas are utilized in ξ and η directions. Each itera-
tion step in the block tri-diagonal structure yields the corresponding linear system of 
equations. These algebraic systems would be solved by the Gauss elimination method, 
which is not only efficient, it is very stable relative to the growth of rounding errors. 
Often, an algorithm is referred to as Varga’s algorithm [47] to solve these systems of 
equations and find the inverse of the matrix to get the desired solution of the matrix. 
Further, this algorithm is restricted only to simple problems and not to high-end sim-
ulation problems. Further, numerical solutions’ convergence is ensured by optimiz-
ing the step length sizes �η and �ξ . Moreover, the solution is said to have converged 
when the relative difference between the current and previous iteration values is less 
than 0.0001 and the iteration process is terminated.

(20)Local nanoparticle mass transfer rate : Re−1/2
x NSh = −

√

(1+m)

2
Sη(ξ , 0)

(21)Fi+1
ηη + Ai

1F
i+1
η + Ai

2F
i+1

+ Ai
3F

i+1
ξ + Ai

4G
i+1

+ Ai
5H

i+1
+ Ai

6S
i+1

= Ai
7,

(22)Gi+1
ηη + Bi

1G
i+1
η + Bi

2G
i+1
ξ + Bi

3 S
i+1
η + Bi

4F
i+1

= Bi
5,

(23)Hi+1
ηη + Ci

1H
i+1
η + Ci

2H
i+1
ξ + Ci

3F
i+1

= Ci
4,

(24)Si+1
ηη + Di

1S
i+1
η + Di

2S
i+1
ξ + Di

3G
i+1
ηη + Di

4F
i+1

= Di
5,

(25)
Fi+1

= 0, Gi+1
= 1, Hi+1

= 1, Si+1
= 1, at η = 0,

Fi+1
= 1, Gi+1

= 0, Hi+1
= 0, Si+1

= 0, at η = η∞.
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i.e., max 
{∣

∣

∣

(

Fη
)i+1

w
−

(

Fη
)i

w

∣

∣

∣
,
∣

∣

∣

(

Gη

)i+1

w
−

(

Gη

)i

w

∣

∣

∣
,
∣

∣

∣

(

Hη

)i+1

w
−

(

Hη

)i

w

∣

∣

∣

∣

∣

∣

(

Sη
)i+1

w
−

(

Sη
)i

w

∣

∣

∣

}

<

10−4

.

Results and discussion
In the present analysis, the water is considered as the working fluid, since the Prandtl 
number Pr value is taken as 7.0. The wedge angle m = 0(0

◦

)  indicates the flow through 
a flat plate, whereas m = 0.3333(90

◦

) indicates the flow through a vertical plate. As a 
result, the wedge study is more significant in the range 0 < m < 0.5 and the value of  
m = 0.0909(30

◦

) is set in this analysis [16–18]. The liquid gas, namely liquid hydrogen, is 
regarded as a species concentration, and hence Schmidt numbers, Sc = 160, are used. The 
edge of the boundary layer thickness (η∞) has been taken up to 4.0. Several values have 
been computed by means of considering Nr(0 ≤ Nr ≤ 1),M(0 ≤ M ≤ 1) , ξ(0 ≤ ξ ≤ 1) , 
γ (0 ≤ γ ≤ 1) , βc(0 ≤ βc ≤ 1) , Nt(0 ≤ Nt ≤ 1) , Ec(−0.1 ≤ Ec ≤ 0.1) , Re(0 ≤ Re ≤ 10), 
Le(2 ≤ Le ≤ 10) , Nc(0 ≤ Nc ≤ 1) , Ri(−1 ≤ Ri ≤ 10) and Nb(0 ≤ Nb ≤ 1).

Effect of wedge angle parameter

Figures 2 and 3, respectively, illustrate the variations in velocity distribution F(ξ , η) and 
drag coefficient (Re1/2x Cf ) for varying wedge angle parameter m and the Brownian diffu-
sion parameter Nb. It is clear from these graphs augmenting values of m and Nb enhance 
the magnitude of both F(ξ , η) and (Re1/2x Cf ) . Also, the results show the velocity charac-
teristics are overshoot for greater m and Nb values. As the wedge angle increases, the 
fluid particles motion increases gradually near the wedge surface. This helps to accel-
erate the velocity of the nanoliquid and also the magnitude of (Re1/2x Cf ) . On the other 
hand, the distributed nanoparticles in the base liquid move randomly and their collision 
to each other yields faster movement in fluid particles toward the mainstream region. 
This triggers the rise in the nanoliquid velocity, as well as the drag between the fluid and 
the wedge’s surface.

Fig. 2 Influence of m and Nb on F(ξ , η) when γ = 0.1 , Re = 10, Ri = 10, ξ = 0.5, Nt = 0.1, βc = 0.1 , Le = 10, 
M = 0.1, Ec = 0.1, Nc = 0.1, Pr = 7, Sc = 160 and Nr = 0.1
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Influence of quadratic mixed convection parameter

Figures 4 and 5, respectively, portray the variations in F(ξ , η) and (Re1/2x Cf ) for varying 
quadratic combined convection parameter γ and Richardson number Ri. The enhanc-
ing values of γ boost the strength of velocity distribution and coefficient of skin friction. 
The explanation for this behavior is that growing γ values raise the fluid’s temperature, 
which accelerates the fluid particles near the wedge surface and induces such discrep-
ancies in F(ξ , η) and (Re1/2x Cf ) . The reason for this behavior is that the rising values of 
γ rise the fluid’s temperature, which accelerates the fluid particles near the wedge sur-
face and causes such variations. In addition to this, the magnitude of velocity profile and 

Fig. 3 Influence of m and Nb on (Re1/2x Cf ) when Le = 10, Nc = 0.1, M = 0.1, Ec = 0.1, Nt = 0.1, Pr = 7, Sc = 160, 
γ = 0.1 , Ri = 10, Re = 10, βc = 0.1 and Nr = 0.1

Fig. 4 Influence of γ and Ri on F(ξ , η) when Le = 10, Nc = 0.1, βc = 0.1 , m = 0.0909, Re = 10, Nb = 0.1, 
M = 0.1, Ec = 0.1, Nt = 0.1, Sc = 160, ξ = 0.5, Pr = 7 and Nr = 0.1
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corresponding gradient increase for positive values of Ri and the reverse pattern is per-
ceived for negative Ri. Also, the aiding buoyancy force acts as a favorable pressure gradi-
ent, which helps to increase nanoliquid’s velocity, as well as friction at the fluid and the 
wedge surface, while the opposing buoyancy flow acts as an negative pressure gradient 
and diminishes the F(ξ , η), as well as (Re1/2x Cf ).

Figures 6 and 7 demonstrate the behavior of quadratic combined convection param-
eter γ and thermophoresis parameter Nt on temperature distribution G(ξ , η) and heat 
transfer rate. According to these graphs, growing nonlinear combined convection 
parameter values reduce the thermal boundary thickness, which lowers temperature 

Fig. 5 Influence of γ and Ri on (Re1/2x Cf ) for Nb = 0.1, m = 0.0909, Re = 10, Sc = 160, Le = 10, Pr = 7, M = 0.1, 
Ec = 0.1, Nt = 0.1, Nc = 0.1, βc = 0.1 and Nr = 0.1

Fig. 6 Variations in γ and Nt on G(ξ , η) when Ec = 0.1, Ri = 10, ξ = 0.5, Le = 10, Pr = 7, βc = 0.1 , Nb = 0.1, 
m = 0.0909, Re = 10, M = 0.1, Nc = 0.1, Sc = 160 and Nr = 0.1
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of the nanoliquid and thus increases the rate of heat transportation. The difference in 
temperature (Tw − T∞) is the reason for such disparities in profile and also in gradient. 
Moreover, increasing pattern is seen in the dimensionless temperature profile by varying 
Nt. Thermophoresis is the migration of nanoparticles from hot region to cold one due 
to temperature gradient, which causes the raise in temperature of the nanofluid. Conse-
quently, transfer of heat around the wedge surface decreases. For example, at ξ = 1 , as 
Nt upsurges from 0 to 1, the rate of heat transport growths about 70–74% for γ = 1 and 
γ = 0 , respectively.

Figures  8 and 9 display the variations in concentration profile H (ξ , η) and mass 
transfer (Re−1/2

x Sh) for varying values of quadratic mixed convection parameter γ and 

Fig. 7 Influence of γ and Nt on (Re−1/2
x Nu) when Re = 10, Le = 10, M = 0.1, Pr = 7, Ri = 10, Nb = 0.1, Sc = 160, 

Ec = 0.1, m = 0.0909, Nc = 0.1, βc = 0.1 and Nr = 0.1

Fig. 8 Effect of γ and Sc on H (ξ , η) when Nb = 0.1, m = 0.0909, Re = 10, M = 0.1, Ec = 0.1, Ri = 10, Nc = 0.1, Sc 
Nt = 0.1, Pr = 7, ξ = 0.5, Le = 10,  βc = 0.1 and Nr = 0.1
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Schmidt number Sc. The species concentration characteristics are found to decrease for 
higher γ and Sc values, the mass transport rate increases, significantly. Particularly, for 
rising γ , the temperature variance between the wedge and the surrounding nanofluid 
increases. These factors decline the magnitude of non-dimensional concentration distri-
bution and, consequently, increase the mass transport rate. In addition to this, the non-
dimensional concentration distribution is greater for liquid hydrogen (Sc = 160) than 
liquid oxygen (Sc = 340). For larger Sc values, the mass diffusivity is found to be lower. 
This causes a declination in thickness of the concentration boundary layer while dra-
matically rises the mass transport rate.

Figures 10 and 11 are plotted for variations in volume fraction of nanoparticle distri-
bution S (ξ , η) and nanoparticle Sherwood number (Re−1/2

x NSh) for varying Lewis num-
ber Le and nanoparticle buoyancy ratio parameter Nr. The magnitude of S (ξ , η) is found 
to decrease for higher Le values, while (Re−1/2

x NSh) increases. Moreover, the opposite 
phenomenon is observed for higher Nr values. Physical reason is that the haphazard 
movement of nanoparticles reduces with increasing Le values, which results in dimin-
ishing the S (ξ , η) . Consequently, the diffusion of nanoparticles near the wedge surface 
increases and results in the enhancement of magnitude of nanoparticle Sherwood num-
ber. Further, the buoyancy due to nanoparticles increases with the enhancing Nr values, 
which increases the S (ξ , η) , while it decreases the magnitude of (Re−1/2

x NSh) . For exam-
ple, at ξ = 1 , as Nr rising from 0 to 1, mass transfer rate of nanoparticles upsurges about 
15% and 8% for Le = 5 and Le = 10, respectively.

Influence of applied magnetic field parameter

Effects of thermophoresis parameter Nt and magnetic field parameter M on tempera-
ture  profile G(ξ , η) are exhibited in Fig.  12. The higher Nt and M values increase the 
nanofluid velocity. In particular, the physical parameter Nt is driven by the temperature 
gradient. As a result, nanoparticles move from hotter side of wedge to the colder region 

Fig. 9 Effect of γ and Sc on (Re−1/2
x Sh) when Nb = 0.1, Ec = 0.1, Ri = 10, Nc = 0.1, Pr = 7, Re = 10, m = 0.0909, 

M = 0.1, ξ = 0.5, Le = 10, Nt = 0.1, βc = 0.1 and Nr = 0.1
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of fluid. In addition to this, the presence of magnetic parameter M eventually leads to a 
drag force near the wedge surface, i.e., in presence of M, the Lorentz force suppresses the 
fluid particle motion and results in enhancement of the temperature of the nanoliquid, 
significantly.

Numerical validation

In this work, we have compared the surface friction coefficient (Re1/2x Cf ) and energy 
transfer rate (Re−1/2

x Nu) with the findings of Kumari et al. [16] and Singh et al. [18] in 
Table 1 for different wedge angle parameter (m) values when ξ = Ri = Re = Nb = Ec = 
Nr = M = Le = Nt = Nc = βc = γ = 0. The comparison results of gradients values in the 

Fig. 10 Influence of Nr and Le on  S (ξ , η) for m = 0.0909, Re = 10, ξ = 0.5, M = 0.1, Ec = 0.1, Ri = 10, Nc = 0.1, 
Nb = 0.1, γ = 0.1, Nt = 0.1, Sc = 160, Pr = 7 and βc = 0.1

Fig. 11 Effect of Nr and Le on (Re−1/2
x NSh) when Ec = 0.1, Ri = 10, Nc = 0.1, γ = 0.1, Nt = 0.1, Sc = 160, 

Nb = 0.1, m = 0.0909, Re = 10, M = 0.1, Pr = 7 and βc = 0.1
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present study are in good consistency with the previously established results. Tables 2 
and 3 present the impacts of the coefficient of drag, energy transport rate, Sherwood 
number, nanoparticle Sherwood number for without and with of quadratic mixed 
convection parameter. Also, the surface gradients are obtained in these tables for the 
absence and presence of applied magnetic field, i.e., M = 0 and M = 1. for m = 0.0909, 

Fig. 12 Influence of M and Nt on G(ξ , η) when γ = 0.1, Nc = 0.1, Nb = 0.1, m = 0.0909, Ri = 10, Ec = 0.1, 
Re = 10, ξ = 0.5, Le = 10, Sc = 160, Pr = 7, βc = 0.1 and Nr = 0.1

Table 1 A comparison of drag coefficient and Nusselt number values obtained in the current work 
through the results of Kumari et al. [16] and Singh et al. [18] for different wedge angles

wedge angle 
parameter (m)

Kumari et al. [16] Singh et al. [18] Present results

Fη(ξ , 0) Gη(ξ , 0) Fη(ξ , 0) Gη(ξ , 0) Fη(ξ , 0) Gη(ξ , 0)

0 0.46975 0.42079 0.46975 0.42046 0.46975 0.42076

0.0141 0.50472 0.42635 0.50481 0.42606 0.50480 0.42610

0.0435 0.56904 0.43597 0.56895 0.43559 0.56899 0.43559

0.0909 0.65501 0.44770 0.65490 0.44742 0.65499 0.44742

0.1429 0.73202 0.45728 0.73196 0.45705 0.73198 0.45706

0.2000 0.80214 0.46534 0.80208 0.46511 0.80210 0.46515

0.3333 0.92766 0.47840 0.92767 0.47815 0.92767 0.47820

Table 2 The values obtained to the gradients for without nonlinear mixed convection (γ = 0) and 
in non-occurrence, as well as occurrence of applied magnetic field parameter values

Gradients Without nonlinear mixed convection (γ = 0)

M = 0 M = 1

∣

∣Re−1/2
Cf | 17.6157 19.4903

∣

∣Re−1/2 Nu| 0.7464 0.3141
∣

∣Re−1/2 Sh| 4.7435 4.9362
∣

∣Re−1/2 NSh| 16.9972 18.9521
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Nt = 0.1, Nc = 0.1, Nb = 0.1, Ec = 0.1, Nr = 0.1, Le = 10, Ri = 10, Re = 10, and βc = 0.1. 
It is perceived from Tables 2 and 3, the magnitudes of surface gradients rise signifi-
cantly for γ = 1 , irrespective of magnetic parameter values. On the other hand, the 
magnitudes of skin friction coefficient, mass transfer rate, nanoparticle mass transfer 
rate increase, while the heat transfer rate reduces considerably for enhancing mag-
netic parameter, irrespective of nonlinear mixed convection parameter values.

Conclusions
The numerical investigation has been carried out for MHD double diffusive nonlinear 
mixed convective nanofluid flow over a vertical wedge with liquid hydrogen diffusion. 
The following major cases have been studied in this problem. Analysis of double diffu-
sive nonlinear mixed convection with nanoparticles. Brownian motion and thermopho-
resis effects are analyzed. Influence of applied magnetic field over a wedge. Impacts of 
diffusion of liquid hydrogen is analyzed. Also, the comparison results of gradients values 
in the present study are in good agreement with the previously published results. The 
innovative findings of the present analysis are summarized as follows:

• For different values of wedge angle parameter, the fluid particles undergo friction 
with wedge surface and it enhances the magnitude of drag coefficient.

• As quadratic combined convection parameter rises, the temperature gap between 
the surface and the fluid expands. This lowers the temperature of the nanofluid 
thereby enhancing the heat transfer rate strength, significantly.

• The temperature gradient in the thermophoresis effect results in rising the 
nanoliquid‘s temperature.

• The dispersed nanoparticles generate the friction near the wall of wedge and delay 
the transfer of heat from the hot wedge to surrounding ambient liquid.

• The nanoparticles in the base fluid enhance the friction at the vicinity of the wall and 
reduce the rate of heat transfer from hot surface of wedge to the cold ambient fluid.

• In occurrence of magnetic field, the Lorentz force suppresses the nanoliquid 
motion, which causes an augmentation of the nanofluid’s temperature.

• Higher Schmidt number values result in lower mass diffusivity which decreases 
the concentration profile and increases the mass transportation rate.

• Increase in Lewis number reduces the magnitude nanoparticle volume fraction 
profile and nanoparticle mass transport rate increases.

Table 3 The values obtained for the gradients with nonlinear mixed convection (γ = 1) and in non-
occurrence, as well as occurrence of applied magnetic field for the parameter values

Gradients With nonlinear mixed convection (γ = 1)

M = 0 M = 1

∣

∣Re−1/2
Cf | 23.9029 26.3190

∣

∣Re−1/2 Nu| 0.8403 0.4655
∣

∣Re−1/2 Sh| 5.4626 5.4764
∣

∣Re−1/2 NSh| 22.3629 23.4753
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Nonlinear changes in density temperature and species concentration; NPDEs: Nonlinear partial differential equations.

List of symbols
Pr = ν

αm
: Prandtl number; Le = ν

DB
: Lewis number; Sc = ν
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: Schmidt number for liquid hydrogen; Ri = Gr

Re2
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Richardson number; Ec =
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∞

Cnf (Tw−T∞)
: Eckert number; Gr =

gβ1(1−φ∞)(Tw−T∞)L3

ν2
cos

(

πα
2

)

: Grashof 

number; Nb = JDB
(φw−φ∞)

ν
: Brownian diffusion parameter; Nc = β3(Cw−C∞)

β1(Tw−T∞)
: Buoyancy ratio parameter; 

Nt = JDT
(Tw−T∞)

νT∞
: Thermophoresis parameter; J =

ρp Cpp

ρ Cnf
: Ratio of heat capacity of nanoparticles to the heat 

capacity of the nanofluid; Nr =
(

ρp−ρ

ρ

)

(

φw0−φ∞
)

β1(Tw−T∞)(1−φ∞)
cos

(

πα
2

)

: Nanoparticle buoyancy ratio parameter; 

γ =
β2
β1
(Tw − T∞): Nonlinear mixed convection parameter; M =

B0
Ue

√

σν
ρ

: Magnetic parameter; 

Re = U∞L
ν

, Rex =
Uex
ν

: Reynolds number defined in terms of L and x, respectively; Cnf : Heat capacity of 
nanofluid (JK−1); DB: Brownian diffusion coefficient  (m2  s−1); DT : Thermophoretic coefficient  (m2  s−1); Ds: Mass 
diffusion of liquid hydrogen; F: Non-dimensional velocity profile; G: Non-dimensional temperature profile; H: Non-dimen-
sional concentration profile; S: Non-dimensional nanoparticle volume fraction profile; Tw , T∞: Temperature at surface 
and ambient conditions (K); Cw,C∞: Concentration of liquid hydrogen at the surface and away from the surface; x,y: 
Distances along x and y co-ordinates (m); x: Dimensionless axial distance; u,v: The velocity component in x and y 
directions; Ue: Free stream velocity at the edge of the boundary layer  (ms−1); U∞: Constant free stream velocity  (ms−1); 
L: Characteristic length (m); �: Total angel of wedge (radians); m: Wedge angle parameter (radians); B0: Constant 
magnetic field strength,; Cpp: Specific heat capacity of nanoparticles (JK−1); α: Hartree pressure gradient; σ: Electrical 
conductivity of the fluid (S/m); β1β2: Linear and nonlinear thermal expansion coefficients (K−1); g : Acceleration due 
to gravity (m  s−2); ρ: Density of nanofluid (kg  m−3); φw , φ∞: Nanoparticle volume fraction at the wall and ambient 
conditions; αm: Thermal diffusivity of nanofluid; β3β4: Linear and nonlinear concentration expansion coefficients; ρp: 
Nanoparticle mass density (kg  m−3); βc: Quadratic combined convection parameter for liquid hydrogen concentration; 
γ : Quadratic combined convection parameter for temperature.
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