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E‘i‘gggmem of Engineering A mathematical model has been utilized to examine the interaction between tumor
Mathematics and Physics, cells and immune cells. In this model, the immune cells include natural killer cells, cir-
Faculty of Engineering, culating lymphocytes, CD8*T cells, CD47T cells, and cytokines. The model not only rep-
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exandria =P its role in killing the tumor via the secretion of cytokines. Besides, treatments with both

chemotherapy and immunotherapy are considered. However, since this model was not
fitted to experimental data before, parameter estimation is performed to fit the model
with experimental data, first. The estimation is validated to verify the correctness of the
model using the experimental data for the tumor growth. Second, numerical experi-
ments are performed using a set of human data. Results show the mutual relations
between tumor cells, and body immune cells in the absence and in the presence of
therapy. Results also show that CD4™T cells could play a crucial role in immunotherapy.
Third, sensitivity analysis is performed by calculating the normalized sensitivity coef-
ficients to identify the relative influence of body parameters on the tumor cell popu-
lation. The obtained results provide a tool to identify which parameters should be
increased or decreased before treatment to get the optimal immune response.

Keywords: Mathematical modeling, Parameter estimation, Sensitivity analysis, Tumor—
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Introduction

According to the World Health Organization (WHO), cancer is one of the leading causes
of death worldwide [1]. In the field of cancer treatment, there are many methods like
surgery, radiation, hormonal therapy [2], virotherapy [3], chemotherapy, and immuno-
therapy. Immunotherapy is based on enhancing the effectiveness of the patient’s immune
system to identify and kill cancer cells. Recently, immunotherapy has been approved for
the treatment of many types of cancers [4, 5]. The use of immunotherapy is safer than
using chemotherapy because chemotherapy has a drawback in killing immune cells in
addition to killing the tumor cells [6, 7].
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Mathematical modeling can be applied to many systems, physical, chemical, biological,
or else to explain them, to examine the effect of their different components, and to pre-
dict their behavior [8—17]. An increasing number of research works focused on develop-
ing mathematical models analyzing tumor growth. A model, describing tumor growth
due to its internal pressure in the form of a system of partial differential equations, was
proposed by Jones et al. [18]. Similar models were proposed by Tao et al. [19], Wei and
Cui [20], Frieboes et al. [21], Lee et al. [22], Zhang et al. [23], Knopoff et al. [24], and
Kuznetsov et al. [25]. These models are in the form of a system of differential equations
also. Some proposed models involved time delayed differential equations [26] like, Rihan
et al. [27], Villasana and Radunskaya [28], Xu and Bai [29] and Rihan et al. [30]. The
last one includes performing parameter estimation and sensitivity analysis of the time-
delayed model. Some research works proposed models including stochastic differential
equations like Rihan and Rajivganthi [31] and Nutini and Sohail [32]. Other research
works focused on finding suitable mathematical models that describe the interaction
between the immune system and tumor cells to develop a suitable treatment strategy for
each case [6, 33—35]. Arabameri et al. [5] proposed a model for immunotherapy using
mature dendritic cells. A model was proposed by Eftimie et al. [36] and was modified
by Anderson et al. [37] and by Hu and Jang [38] to consider the effect of CD4*T cells on
the system. Many research works are introduced in this field; however, most of them had
considered the role of some immune cells and neglected the role of the others. Hence, a
mathematical model that covered the role of most of the immune system cells and incor-
porated immunotherapy and chemotherapy has been developed [7, 39].

In many research works, sensitivity analysis is performed to investigate the effect of
changing different parameters on the output of the mathematical model [40]. Chang-
ing system parameters can drive the system from an unstable equilibrium state to a sta-
ble equilibrium state [7, 35]. Sensitivity analysis had been performed by changing each
parameter by a certain small value at a specific point in time [6, 38, 41, 42]. The sensitiv-
ity of the output to each parameter is determined, and hence, the relative effectiveness
of parameters can be specified. Alternatively, a normalized sensitivity coefficient can be
calculated to obtain a dimensionless value for the sensitivity coefficients [40—44]. While
the numerical method identifies the most effective parameters at a specific instant of
time, the normalized sensitivity coefficient method recognizes these parameters over a
wide time interval.

In this paper, a mathematical model depending on the model in [7, 39] is utilized. This
model was not fitted to experimental data previously. Hence, in this study, parameter esti-
mation [45, 46] is performed to fit the model to experimental data, numerical simulations
are executed, and sensitivity analysis is performed. The model represents the interaction
between immune system cells and tumor cells. The immune system cells considered are
natural killers, circulating lymphocytes, CD8'T cells, CD4*T cells, and cytokines. The
model not only incorporates immunotherapy and chemotherapy but also the mutual rela-
tions between these therapies, tumor cells, and body immune cells. The traditional role of
CD4'T cells in activating CD8T cells is considered as well as its role in killing the tumor
via secretion of cytokines. A sensitivity analysis is implemented to the model to investi-
gate the most effective parameters on the tumor cell population. Sensitivity analysis is per-
formed by calculating the normalized sensitivity coefficients and it introduces the order
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of the most effective parameters, so it answered the question: which parameter can be

changed to get the largest effect on the tumor size?

Method

This study aims to verify that the proposed mathematical model can represent the interac-
tion between the tumor cells and the immune system for a practical case. Hence, the model
is used with confidence to perform proposed simulations.

Experimental data for the tumor growth are used in this study to verify that the model
can fit experimental data. The experimental data, used in this paper, are obtained from a
published work.

Parameter estimation is performed to fit the model to the given experimental data using
the built-in functions "ParametricNDSolveValue” and "FindFit" in Mathematica commer-
cial program. Consequently, numerical simulations are performed using a set of human
data to show the mutual relations between therapies, tumor cells, and body immune cells.
The solutions are analyzed for three cases: without any treatment, with continuous treat-
ment, and with pulsed treatment. Finally, sensitivity analysis is performed to identify the
relative influence of body parameters on the tumor cell population. Normalized sensitivity

coefficients are estimated.

Mathematical model

A mathematical model for the interaction between the body’s immune system and the
tumor is considered. The model is proposed by Makhlouf et al. [7], and it depends upon the
work of de Pillis et al. [6, 33—35], Eftimie et al. [36], Anderson et al. [37], and Hu and Jang
[38]. The model represents the status in the absence of therapies as follows:
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where T'(¢) is the tumor cells population, N () is the natural killer cells population, L(¢)
is the CD8™T cells population, Y (¢) is the CD4™T cells population, C () is the circulating
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lymphocytes cell population not including natural killer cells and active CD8'T and
CD4™T cells and I(¢) is the concentration of the cytokine. D is the fractional kill rate,
which defined as follows:

/
D—d (L/T) : )
s+ (L/T)

In Eq. (1), aT (1 — bT) represents the tumor growth. The term —cNT represents the

natural killer-induced tumor death. The term —DT represents the tumor lysis by CD8T

T
a?—O-T
reflects the indirect role of CD4™T cells in killing the tumor. CD4™T cells cannot kill

tumor cells directly, like CD8TT cells, but it does this through the cytokines that they
produce. In Eq. (2), the term e; C represents the production of natural killer cells from

cells. The term — I represents the role of cytokine in killing the tumor. This last term

circulating lymphocytes. The term —fN represents the turnover of natural killer cells.

er’
The term o

existence of the tumor. The term —pNT represents the death of natural killer cells by the

N represents the recruitment of natural killer cells induced due to the

exhaustion of tumor-killing resources. In Eq. (3), the term —mL represents the inactiva-
tion of CD8*T cells. The term kjj_);izT;zL represents the recruitment in CD8T cell popu-
lation due to the presence of the tumor. The term —gLT represents the death of CD8T
cells by the exhaustion of tumor-killing resources. The term r1 NT represents the stimu-
lation of CD8T cells by natural killers-lysed tumor cell debris. The term r,CT repre-
sents the native CD8™ T cells activation in the general lymphocyte population. The term

—uNL? represents the regulation and suppression of CD8™T cell activity by the natural

killer cells. The term gf er - L represents the activating effect of cytokines on CD8™T cells.
In Eq. (4), the term a’? 1+TT represents the activating effect of cytokines on CD4 T cells due

to the existence of the tumor. The term —u1Y represents the decaying of CD41T cells
which has a constant rate. The term —827Y is a decaying term also which exists due to
the interaction of CD4™T cells with the tumor. Equation (5) represents the circulating
lymphocyte cell population. Circulating lymphocytes are assumed to be generated at a

constant rate « and decayed with a constant natural death rate 8. In Eq. (6), the term,

BT
ay+T

sents the activating role of the CD4'T cells on cytokines due to the existence of the
tumor [7, 39, 44].
For a set of human data, Table 1 includes the values of all the parameters included in

—u;l represents the decaying of cytokine with a constant rate p;. The term Y repre-

the model [7]. Parameters a and b will be estimated in the next section to fit the model
with experimental data. The definitions of all the parameters and a detailed description
of each term in the model are included in [7]. Equation (6) shows that CD4*T cells acti-
vate the cytokine which in term activates CD8"T cells as can be noticed in Eq. (3) and
both cytokine and CD8™T cells assist in killing tumors as presented in Egs. (1) and (7).
To include the effect of immunotherapy and chemotherapy, the model is modified to
be:
dT C1 T

— =aT (1 —bT)— cNT — DT —
dt aT( )—¢ a1 +

o Kr(l—e™)T (8)
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Table 1 Values of patient’s data
Parameter [Unit] Value Parameter [Unit] Value Parameter [Unit] Value
alday™ Estimated k [cell] 366 x 107 s None] 839 x 1077
ar[cells] 1x10° Ky [day ™1 9% 107" ulcell™ day ™1 3% 10710
blcell ™1 Estimated Ky [day™1 6 x 107" o [cellday™1 75 % 108
clcell ™" day™ 641 x 107" K [day ™1 6x 107" ay[cells] 1x 103
cilcellday ™ 0.2 Kc [day™1] 6x 107! a; [cells] 1% 103
dday™ 234 I None] 209 Bday™ 1.2 x 1072
e [day™ 208 x 1077 mlday” 204107 B[cellday™ T 0835
f [day™ 1 412 x 1072 plcell ™" day™] 342 x107% By cell ™" day™ 54
glday™ 125x 1072 p;day” ] 125x 107" y[day™ 9% 107!
gjlcell?] 2% 107 glcell™" day™1 142107 py[day™ ] 1x 107!
hcell? 202 x 10/ rilcell™" day™ 1% 107 plday™ 10
Jjlday™] 249 % 1072 pfcell ™ day™ 65x 107" ) [cell ™! day™] 1x 1077

dN gT? M

— =eC —fN + N —pNT —Kny(1—e™™ )N 9

dt N h+ T2 P n( ) ©)

dz L + DT L LT 4 (nN +rC)T
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dt k+p2re- 1 ! 2 (10)
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dt Hi oy + T !

dm

— = —yM + vy (t) (14)

dt

In Eq. (14), the chemotherapy dose is represented by the function vps(¢). The other

term, —yM, represents the decaying in chemotherapy concentration which occurs

with a constant rate y. The effect of chemotherapy on killing the tumor cells is repre-
sented in Eq. (8) by the term —K7 (1 — e ™M )T. The effect of chemotherapy on killing
immune cells is represented in Egs. (9), (10), and (12) by the terms —I(N(l - e_M)N,
—K(1- e ™M )L and —K¢ (1 — e ™M )C. Immunotherapy is represented in the model by
the terms v/ (), v (¢) and vy (£). Respectively, they are the concentrations of IL-2 cytokine

therapy, CD8'T, and CD4"T adoptive immunotherapy [7].
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For a set of human data, the value of each parameter is included in Table 1. The defi-
nitions of all the parameters and a detailed description of each term in the model are
included in [7]. In this model, Eq. (13) shows that CD4"T cells activate the cytokine
which in term activates CD8T cells as can be noticed in Eq. (10) and both the cytokine
and CD8™T cells assist in killing tumors as presented in Eq. (7) and Eq. (8).

We would like to mention here, that the cytokine used in the immunotherapy is the
IL-2 cytokine because it and interferon-alpha (INF-«) are the only approved cytokines
from the Food and Drug Administration (FDA) in the USA. Additionally, IL-2 achieved
long-term patient survival compared to the INF-« [47].

Parameter estimation

In this section, two parameters are estimated to fit the basic model with experimental
human data. The experimental data utilized in this section were acquired by Worschech
et al. [48] and have been used by many researchers like Murphy et al. [49]. This set of
human data consists of 14 points. The first 9 points are employed in the fitting process
and the last 5 points to verify the values of the parameters estimated. The values of the
parameters in Table 1 are employed while the tumor growth rate a and the reciprocal of
the tumor carrying capacity b are estimated. The initial conditions assumed in this simu-
lation are N (0) = 10* cells, L(0) = 102 cells, Y (0) = 10° cells and C(0) = 108 cells. The
tumor size was measured in units of mm?3 in the data set of Worschech et al. [48]. There-
fore, any cell unit is converted to mm?. The first 9 points of the experimental data are
employed in the fitting process. The intent is to determine the values of the two parame-
ters a and b that give the best fit of the model to the given experimental data. To estimate
the required parameters, the Mathematica commercial program is used to generate a
parametric solution for the model in terms of the parameters a and b. This has been
performed using the built-in function “ParametricNDSolveValue” Using this paramet-
ric function, the method of Levenberg—Marquardt [50, 51] is applied using the built-in
Mathematica function “FindFit, to estimate these two parameters. The obtained value
for b is converted to the units of cell *. Hence, the estimated values for the two param-
eters are a = 2.68208 x 10~ 2day ! and b = 1.05927 x 10~ °cell ™!, Figure 1 shows the
curve fitting between the model and the first 9 points of the experimental data. To verify
the results, the estimated parameters are incorporated in the model and the simulation
is performed up to ¢ = 120 days. As shown in Fig. 1, the last 5 points, which were not
used in the parameter estimation, are in good agreement with the model simulation.

Simulation results

In this section, the mathematical model is solved numerically for proposed illustrations,
and the solutions are interpolated. The solutions are analyzed for three cases: without
any treatment, with continuous treatment, and with pulsed treatment. The interaction
between the chemotherapies, the tumor cells, and the body immune cells is investi-
gated. In Fig. 2a, the system (1) to (6) is solved for patient’s data with initial tumor size
T(0) = 2 x 10°, initial natural killer cells N(0) = 10%, initial CD8*T cells L(0) = 107,
initial CD4"T cells Y (0) = 10°, and initial circulating lymphocytes C(0) = 10%. With
these conditions, the body’s immune system overcomes the tumor, as can be seen in
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Fig. 2a. Using the same initial conditions but with a larger tumor, T(0) = 2 x 107, the
tumor is not eradicated, and treatment is needed as shown in Fig. 2b.

In the second case, the model (8)—(14) is simulated with continuous immunother-
apy using the patient’s data. The initial conditions, in this case, are: T(0) = 2 x 10,
N(0) = 10% L(0) = 10% Y (0) = 10° and C(0) = 108, In Fig. 3a, a continuous CD8*T
cell therapy v, = 10* together with cytokine IL-2 treatment v; = 10* are applied. How-
ever, the tumor could not be eradicated. When this combined treatment is replaced by
CD4™T cell therapy vy = 107, the tumor is eliminated as shown in Fig. 3b.

In the third case, the model is solved for patient’s data with the experimental value
of initial tumor size T'(0) = 2.41758 x 108 Other initial conditions are: N (0) = 10%,
L(0) = 10%, Y(0) = 10°, C(0) = 10%. In Fig. 4a, a continuous CD8T cell therapy
v, = 10% together with cytokine IL-2 treatment v; = 108 and CD4'T cell therapy
vy = 108 are applied. However, the tumor could not be eradicated using this large dose
of immunotherapy. The immunotherapy is failed in this case because the initial tumor is
very large. Hence, chemotherapy is needed. In Fig. 4b, three pulses of chemotherapy of
intensity vp = 5 starting from the fifth day with 5 days period could eradicate the tumor.
Hence, for the existing large tumor, immunotherapy failed to overcome the tumor while
chemotherapy could overcome it.

The numerical experiments presented show interaction between tumor cells and
the immune cells. They also show the crucial rule of CD4*T cells in immunotherapy.
CD4™T cell therapy can be used as an alternative to both CD8*T cells and IL-2 cytokine
therapies with more efficiency in tumor eradication. In the last case, we show that, for
the existing large tumor, immunotherapy failed to overcome the tumor while chemo-
therapy could overcome it.

Sensitivity analysis
The sensitivity coefficient S;; for the system output y; w.r.t. the parameter /; is given by
[41-44]:

Sij=-, i=12...,n j=12,....m (15)

In the model (1) to (6), we have 31 parameters, they are a, a1, b, ¢, c1, d, e, f, g, g, 1,
jk, L, m, p, pi, q, 11, 12, S, U, o, @1, @2, B, B1, P2, 1, (i and 3. We have 6 system outputs.
TheyareT, N, L,Y, C and I. We focused in this study on the effect of each parameter on
the tumor size; hence, the sensitivity coefficients are calculated for the tumor size T only.
The sensitivity coefficients can be calculated by solving the following system of ordinary
differential equations [41-44]:

ds

a =f,+JS (16)
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the functions f1, fo, f3, fa, f5 and fs are the right-hand sides of Eqgs. (1)—(6).

The system of differential equations defined by (16) can be solved using a suitable
numerical method with the initial conditions S;;(0) = 0. After that, the solution will be
normalized to bound the range of the sensitivity functions using the following formula:

(Si), = (17)

Sensitivity analysis is performed for the patient’s data with the value of initial tumor
size given in the experiment [48], T'(0) = 2.41758 x 108, the initial natural killer cells
N (0) = 10% initial CD8"T cells L(0) = 102 initial CD4"T cells Y (0) = 10° and initial cir-
culating lymphocytes C(0) = 108. The normalized sensitivity function is plotted in Fig. 5. It
shows that the most effective parameters are a, b and [, respectively.

Discussion

In this paper, a mathematical model for the interaction between tumor cells and immune
cells has been employed. The model has involved the role of natural killers, circulating lym-
phocytes, CD41T cells, CD8T cells, and cytokine. The model has included both chem-
otherapy and immunotherapy. One of the main points that have been addressed in this
research work is to investigate the role of CD4™T cells and their interaction with tumors
and with the treatment process. All work performed in this paper is summarized in the
flowchart shown in Fig. 6.

Experimental data have been used to estimate the tumor growth rate 4 and the reciprocal
of the tumor carrying capacity b. The estimated parameters have been verified against addi-
tional points in the experimental data set. With the estimated parameters, three numerical
experiments have been performed. The first case is a no-treatment case, the second case
is a continuous immunotherapy case, and the third case is a pulsed treatment case. In the
first case, the immune system could eradicate a small tumor; however, the immune system
could not eradicate a large tumor, and treatment is needed. In the second case, presumed
CDS™T cells and IL-2 continuous therapy could not eliminate the tumor; however, a pro-
posed CD4™T cells continuous therapy has succeeded in eliminating the tumor. In the third
case, the tumor size in the experiment is considered, the immunotherapy failed in eradi-
cating the tumor. Pulsed chemotherapy effectively eliminates the tumor in this case. These
numerical experiments have shown the crucial role of CD4'T cells in immunotherapy.
They also have shown that, for the existing large tumor, immunotherapy failed to overcome
the tumor while chemotherapy could overcome it.

A sensitivity analysis is performed to the basic model, for the set of a patient’s data with
the value of initial tumor size given in the experiment, to specify the most effective param-
eters on the tumor cell population. It has been performed by calculating the normalized
sensitivity coefficient. The list of the most effective parameters can be used in designing the
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Immune Cells:
(Natural Killers, CD8'T Cells, CD4*T Cells,
Circulating Lymphocytes and Cytokine)

Tumor-Immune Interactions Model

Chemotherapy Immunotherapy

Tumor-Immune Interactions Model with

Treatments

Simulation of Tumor-Immune Interactions

W
Simulation of Continuous Treatment

Simulation of Pulsed Treatment

Sensitivity Analysis

Identifying the Most Effective
Body Parameters on the Tumor
Cell Population

Mutual Relations Between Therapies,
Tumor cells, and Body Immune Cells
Crucial Role of CD4'T Cells

Fig. 6 Flowchart for the results

most effective treatment strategy to eliminate the tumor and to avoid its recurrence after
the treatment. Results revealed that the most effective parameters are the tumor growth
rate g, the reciprocal of the tumor carrying capacity b, and the exponent of fractional tumor
cell kill by CD8™T cells I. In general, it is recommended to perform the sensitivity analysis
for the set of patient data before deciding the treatment strategy to get the optimal effect of

the treatment and to avoid tumor recurrence.

Conclusions

In this paper, the mathematical model for the tumor—immune interaction has been fitted
to an experimental data. The prediction of the model for tumor—-immune interactions
fits well with the experimental data. Treatment strategies for practical cases have been
considered, and the most effective body parameters have been determined using sensi-
tivity analysis. Hence, the model can be used with confidence in making predictions of
response to therapy, assessment of treatment intervention strategies, and generally in

perception of interaction between tumor cells and immune cells.
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