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w(l +3) +alhw( +2) + b(hw( + 1) +c(Dw() =0, 1 # 6, | = Iy

subject to the impulsive condition

w(lk) = oyw(@ — 1), k e N.
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Introduction

In many applications, differential equations with impulses play a vital role [11, 15, 16,
20]. However, many scholars have recently taken an interest in studying discrete-time
systems since both continuous-time systems and discrete-time systems share the same
importance in theory as well as application. More specifically, it is required to study the
corresponding discrete-time system when studying a continuous-time system, as dis-
crete-time systems are easier to handle on computers than their continuous-time coun-
terparts [21]. In particular, Li et al. [12] have investigated the oscillatory behaviour of a
type of third-order difference equations with impulse of the form:
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AV +pmV(n —1) =0, 1 # Nk
(ED) V(i) = arV(nx — 1)), k e N
VN AV = by AV — 1), k e N
A2V () = AV — 1), k e N

and it is not a surprise to see the extension work in [13] for nonlinear third-order differ-

ence equations

(Ep ] A2V +pEV(n =) =0, 5 # 0y
LAV =gk (AV( — 1), i=0,1,2, k€N,

where a;; < ‘gi’kTW) < bj k. It needs to be noted that the works [12, 13] are strict followers

of the pioneer works [26, 14] in which the authors have studied

V" (@) + p@)V(E) =0, t > to, t # t;
(E3)S V&) = V), V() = bV (), V() = V' (), k € N
V(5 = Vo), V) =V (o), V') = V' (k)

and

V") +f(@&,V(E—1)=0,¢t>to, t # b
EDS VED) =gV, V() = V' @), V') = k(V' ), k € N,
V(t) = ¢(t); t e [t() - TrtO]

respectively. We note that (E2) is the discrete analogue of (E4) (simultaneously (E3)).
The third-order delay difference equation in (E1) is a special case of the third-order dif-
ference equation

w(l +3) + ayw(l +2) + bhw( + 1) + chw(l) = 0, [ = Iy (1.1)

when = 0. If t # 0, then the equation in (E7) can be reduced to a higher order differ-
ence equation. It is not known whether the work [12] will apply to (1.1) if we need to
attach the impulsive effect

w(Or) = apw(; — 1), k € N. (1.2)

Based on the motivation stated above, the goal of this paper is to discuss the oscillatory
behaviour of solutions of the impulsive system

© wl+3)+alDwl +2) +bDOwl + 1) +c(Dw) =0, 1 £ 6k, 1 > Iy
w(tk) = apw(@ — 1), k € N,

where a(l), b(l) and c(/) are real-valued functions with discrete arguments and we
assume that there exists € > 0 such that o > € > 0 for k € N. For our impulsive
system, 01,02,03,... are discrete moments of impulsive effect with the properties
0<lp<b) <by <--- <6 and limg_, o, Ok = +00. By a solution of (1.1), we mean a
real-valued function w(/) defined on [ > Jp which satisfy (1.1) for [ > lo. If w(lp), w(lp + 1)
and w(lp +2) are given, then (1.1) admits a unique solution for /> [y. A solu-
tion w(l) of (€) is said to be oscillatory if for every n > 0, there exists [ > n such that
w(l + 1)w(l) < 0; otherwise, the solution is said to be nonoscillatory. The system () is
oscillatory if all its solutions are oscillatory.
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For more information on qualitative studies of discrete impulsive equations, see the
work [6] in which Danca et al. studied a kind of impulsive equations

Vin+1) =fVm), n #n;
V(ni+1) =f(gVn))),ieN

for the existence of periodic orbits, asymptotic behaviour, and chaos. In another work
[7], Danca and Feckan studied the chaotic behaviour of a one-dimensional discrete sup-
ply and demand impulsive dynamical system

SV (), n # n

V(n+1)={V(n)+y,n=ni.

We refer the reader to some of the monographs [1, 2, 8, 10, 11, 15, 16, 20] and works
[3-5, 9, 22] for more detailed treatments on the theory of impulsive difference equations
and its applications.

Methods

The first method that has been adopted here is the method of contradiction. By making
use of suitable impulsive inequalities, we have seen that the problem (£) under investiga-
tion does not have any nonoscillatory solutions. Once this is done, there is a conclusion.
Secondly, we generate two linear operators from a particular set of linearly independent
solutions of (£). We get the results by using matrix theory and the definition of nonoscil-
latory solutions of (£).

Results
In this section, we discuss the oscillatory behaviour of solutions of the discrete impulsive
system of third order of the form (£).

Theorem 3.1 Leta(l) < 0,c(l) > 0and b(l) > 0 for large I. Assume that
liminf; .o b(l) = b > 0. If

(Hy) limsup |1+ - > 0,
k=00 a(bx —3)

b
Hy) i _
v ["‘”awk—z)} -

and

b

(H3) limsup b(6)) > lim sup a(6 — 1) [“(ek) T al+1)

k— o0 k— o0

hold, then (£) is oscillatory.

Proof
Suppose that w(l) is a nonoscillatory solution of (£). So, there exists L1 > 0 such that
w(l) > 0 forl > Ly. Forl # 6, it follows from (€) that
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—a(yw(l +2) > w(l + 3),
that is,

wi+2 > D s
a(l)

For ! > L; + 1, it follows that

wil+1) > % (3.1)
Again from (), we can find Ly > L;j such that
—a(w(l +2) > b(Ow(l + 1) > bw( + 1),{ > Ly
for which
w(l+2) > _—bw(l +1) forl> L. (3.2)
a(l)

Let L3 = max{L; + 1, Ly}. We claim that (3.1) hold for [ = 6, that is,

—w(O +2)
Ok +1) > ————  for 6, > L3,
w(b +1) = 2 —1) ort=ls

which is equivalent to

—w(6)
6, —1)> ———— for6, >1L 2.
w(Ok )_a(ék—?)) or O > L3 +

If possible, there is some j > k such that

—W(Qj) _ —OI/W(QJ' -1

Wi =1 < al;—3)  a;—3)

’

that is,

o
0 —1 [1 7’} 0, 6 >1Ls+2,
w® — 1) +a(67—3) < j > L3 +

a contradiction to (H1). So, (3.1) holds for all ; > L3 + 2. Again, we have another claim
that (3.2) hold for [ = 6, that is,

-b
wr +2) > ——w( +1) forb > Ls,
a(tx)

which is equivalent to

—b

If not, let there exist i > k such that
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0) < ———w(6; — 1),
w( l)_ﬂ(ei_2)W(l )
that is,
aw(®; — 1) = w(0) < mw@ -1).
Consequently,
6 — 1 [ : 7} <0,6,>13+2
w(; )al+ﬂ(9i_2) = i = L3 +

a contradiction to (Hj). Thus, our claim holds for all 6; > L3 + 2. Let L > L3 + 2. For
6r > L, we have

0> w(tk +3) +a@)wlr +2) + bO)wli + 1) + agc@r)wx — 1)

- b(Gw Ok +2)

As a result,

_7_,_6,(9]()_& <0
a(Br + 1) alr —1) ~

that is,

b
b0 = ~alBh = V)|~ e,

a contradiction to (H3). Because (3.1) and (3.2) are true for all / and 6y, k € N, then (H3)
holds true for [ also. This is all about the proof of the theorem. O

Example 3.2
Consider

w(l +3) = 5w(l +2) + 92+ cos Tyw(l + 1) + 2w(l) = 0,1 # 6;
w(Or) = apw(@ — 1),k € N,

where a(l) = —5, b(l) = 9(2 + cos %”), c(l)=2,0,=3k+3, keNand op =2+ k—il
Indeed, lim inf;_, o, b({) = 9 > 0. From (H1), (H>) and (H3), we get

) 2k 42 3
limsup (1 — =->0,
k00 5k +5 5

. 1 1 1

lim sup < — > =->0,
koo \1+k 5 5

and
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b
27 =1i b6 li O — 1 O) — ——— | =16,
im sup b(6y) > lim sup a(6x )<tz( %) 2O+ 1)>

k—o00 k—o00
respectively. Clearly, all conditions of Theorem 3.1 are satisfied for the given system.
Hence, the system is oscillatory.
In particular, consider the nonimpulsive difference equation
w(l+3)—5w(l+2)+ 18wl +1)+2w(l) =0, [=>l. (3.3)

It is not difficult to see that (3.3) is oscillatory because (H3) holds, that is, a> < 2b. A
graphical illustration is given in Fig. 1. So, it remains oscillating after the imposition of
proper impulse controls.

Theorem 3.3 Leta(l) > 0,b(l) < 0and c(l) > 0 for large [. Assume that
liminf; , o c(/) =c>0.1If

(Hs) limsup {1 +

k— 00

ara(fp — 2) -0
b —2) ’

c
Hs) i —_—
(H5) limsup [ak + b6 — 1)} >0

k—o00
and
b6 — 1 6
(He) Timsup c(6) > lim sup 2ok — 1) [b(ek) I
k=00 koo @bk —1) bOr +1)
hold, then (€) oscillatory.
2x10%3
1x10%3
20 20 ") 60 80
S1x10%3 |
_2w10%3 |

Fig. 1 Solution of Eq. (3.3) for/ € (0, 80) with initial conditionsw(lp) = L, w(lp + 1) =3andw(lp +2) =4
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Proof
Suppose on the contrary, w(l) is a nonoscillatory solution of (€). So, there exists L1 > 0
such that w(l) > 0 for [ > Ly. Forl # 6, it follows from (£) that

—b(Hw(l +1) > al)w(l + 2),
that is,

—a(l
wl+1) > %l())w(mz), 1> 1,

which is equivalent to

w(l) > _b‘zl(li__l;)w(l +1) forl>L;+1. (3.4)

Also, from (£) we have for [ > L,
—b(Owl +1) > c(hw() > cw(])

which reduces to

—C

Let L3 = max{L; + 1, Ly}. We claim that (3.4) holds for [ = 6, that is,

—aOr — 1)
that is,
—a(y 2
Wl — 1) > %w(@k) for 6 > Ls + 1.

If not, let there exist j > k such that

—a(0; —2) —aja(t; — 2)
0 —1 ————w(l) = ———w(l; — 1),
W(/ ) =< b(@;—Z) w(b)) b(@j—Z) W(/ )
that is,
o aja(t; — 2) '
w(b; 1){1+m <0,6,>L3+1,

a contradiction to (Hy). So, our claim holds for all 8, > L3 + 1. Next, we claim that (3.5)
holds for [ = 6, that is,

—C
[¢) 1 —w(b for 0, > L3,
w(b + )>b(9k)w( k) forOp > L3

which is equivalent to
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w() > w — 1) for 6 > L3 + 1.

-
b — 1)
Otherwise, there exists i > k such that

W) < —— w6 — 1)

R TCTE
that is,
—c

aw(l; — 1) = w(9;) < mw(gi - 1.

As aresult,

C
94—1[- — ¢ |<06,>Ls+1,
w(0; )al+b(0j_1) = i = L3+

a contradiction to (Hs). Thus, (3.5) holds true for all ; > L3 + 1. Let L = L3 + 1. For
Or > L, we have

0> a@)wl +2) + b(Or)wO + 1) + c(Ox)w (b))

—ca(Oy) c(Or)a — 1)
that is,
—ca(bk) cO)a®r — 1)
EES TR T TR

a contradiction to (Hg). Since (3.4) and (3.5) are true for all / and 6, k € N, then (Hg)
holds true for [ also. Hence, the theorem is proved. O

Example 3.4
Consider

w(l +3)+alhwl +2) —4dw(l + 1) + c(Dhw(l) = 0,1 # 6
w(O) = agpw(O — 1),k € N,

where a(l) =2+ %, b() = -4, c()= 5(1 + 1%), Oy =2k+3, keN and

o = 2(;—% =1+ ﬁ Indeed, lim inf_, o c(I) = 5. From (Hy), (Hs) and (Hg), we get
, 24k> 4 15k 1
limsup (1 - ——5———— | =~ >0,
P 32k2 + 48k + 16 4
_ ( 3k 5> 1
lim sup — =) =->0,
homo \2k+2 4 4

and
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8k+9) (4k +6)(8k +9)

5 = limsup ¢(6) > lim sup
k— 00 k—00

’

<16(4k +4)  (4k +4)(40k + 65))

respectively. Therefore, all conditions of Theorem 3.3 are satisfied here for the given sys-
tem. Thus, the system is oscillatory.
In particular, consider the nonimpulsive difference equation

w(l +3)+2w(l+2) —4w(l + 1) +5wl) =0, n> ng. (3.6)

It is not difficult to see that (3.6) is oscillatory because (Hg) holds, that is, b*> < 2ac. A
graphical illustration is given in Fig. 2. So, it remains oscillating after the imposition of

proper impulse controls.

Theorem 3.5 Leta(l) > 0,b(l) < 0and c(l) > O for large I. Assume that

b(ek —-2)

(O — 1)} o
b —1)

(H7) limsup [1 +

k— o0

ora(Or — 2):| -0

(Hg) lim sup [ak +

k— 00

and

(Hg) limsup b(6y) > lim sup

k— o0 k—o00

[u(ék)c(f)k +1)  a(Or — Dec(6r)
b6 +1) b0 — 1)

hold. Then, (€) is oscillatory.

1x1028 |-

5x1027 |-

-5x1027 |-

Fig. 2 Solution of Eq. (3.6) for | € (0,80) with initial conditions w(lp) = 2, w(lp + 1) = Tandw(lp +2) = 1
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Proof
On contrary, we assume that w(l) is a nonoscillatory solution of (£). Then, there exists
Ly > Osuch that w(l) > 0 forl > Ly. From (€) and for | # 0, we have

—b(Hw(l +1) > al)w(l + 2),
that is,

—a(l
w(l+1) > %l())w(l +2) forl> L. (3.7)

Also for [ > L, we have that
—b(Hw(l + 1) > c(DHw(l),
that is,

—c(])

Let L3 = max{L1, Ly}. Now, we claim that (3.7) hold for [ = 6, that is,

—a(k)
w(l +1) > w0 +2) for b > L3,
b(6k)
that is,
—a(0r —2)

If not, there exists j > k such that

—a(Gj — 2) —Oljtl(@j — 2)
0 —1 ————w(l) = ———w(O; — 1
w(0; ) < b(@j—Z) w(6;) b(@j—Z) w(b; )
and hence
L aja(ej — 2) ]
W(Q/ 1)[1+m <0, 912L3+2;

a contradiction to (H7). Therefore, our claim holds. Also, we have another claim that
(3.8) holds for i = 6, that is,

—c(Ok)

w(b +1) > @)

w(r) for Ok > L3

which is equivalent to

w(k) 7( k )W(Q -1 for9, > L3+ 1
k) = / k .
k ® 1) k k 3

Suppose there exists i > k such that

Page 10 of 19
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—<i -1
0;) < ————w(6; — 1),
W) = 5w = )
that is,
—c(6; — 1)
aiw(0; — 1) = w(6) < mw(@ - 1.
; —
Consequently,
6 — 1)
w(@i—l)[ai%—m <0 for6;>L3+1

gives a contradiction to (Hs). Thus, (3.8) holds for all 64 > L3 + 1. Let L = L3 + 1. For all
6r > L, we have

0> a@)wOr +2) + bOr)w®r + 1) + c(Br)w(6r)
—aOr)c(Or + 1) c(O)altr — 1)

implies that

—aBcG+ D b@) — c(Br)ab — 1)

bO + 1) b —1)

Ox > L, a contradiction to (Hy). This is all about the proof. O

Theorem 3.6 Leta(l) < 0,b(l) > 0and c(l) > 0 for large . Assume that

73
a(fx — 3)
b0 — 2)}
_— | >

a(O — 2)

(Hyo) limsup {1 +

k— o0

}>0,

(H11) limsup {ak +

k— o0

and

clr+1) [b(@k +1) b)) — a6

(H12) limsu > lim su
el 4O+ Dal — 1) fowe’ La@ + 1) alB — 1)

hold. Then, (£) is oscillatory.

Proof
Omn contrary, let w(l) be a nonoscillatory solution of (€). Then, there exists L1 > 0 such
thatw(l) > 0 forl > Ly. From (£) and for | # 6y, we have

—a(w(l +2) = w( +3),
that is,

—w(l +2)
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Similarly, we can find Ly > 0 such that
—a(w(l +2) = c(Dhw() + b(Hw(l + 1), | > Ly,
that is,

—c(l+1) b(l+1)
w(l +3) > mW(l-l-l) - al+1)

w(l+2) forl>1Ly (3.10)

Let L3 = max{L; + 1, Ly}. We claim that (3.9) hold for [ = 6, that is,

—w(lr + 2)
6 1 —— = for O > L3,
w(t +1) > 2O — 1) or O > L3
that is,
—w(0)
O —1 ——— forOy >1L 2.
w(Ok )>ﬂ(9k—3) or O > L3 +

If not, there exists j > k such that

—w(0)) —ajw(f; — 1)
Wl —1) < s =
a( i —3) a(b; 3)
that is,
o
6 — 1)1+ —L—|<0,6;>L3+2,
Wi )[ +a(ej—3)} =06z 5+

a contradiction to (Hyg). Therefore, (3.9) holds for all 6; > L3. Next, we claim that (3.10)
holds for [ = 6, that is,

—c(Ox + 1) b +1)
that is,
—c(Or —2) b0, —2) b6 —2)
w(b) > mw(ek —-2) - mw(ek - D> —mw(é’k -1

for 6 > L3 + 3. Suppose the claim is not true. Then, there exists i > k such that

Oy <2072 6y
w(b; ——Qw(;, — 1),
Y= aei—-2)
that is,
—b(O; — 2
mwwf-nggaéiagwwr-n
As a result,

b(O; — 2)

w(b; — 1) [Oli + m

} <0 for6;,>Ls+3,

Page 12 of 19
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a contradiction to (Hij). Thus, (3.10) holds true for all 6y > L3 + 3. Let L = L3 + 3.
Therefore, from (£) and for all 6; > L, we see that

0> w(l +3) +a@w + 2) + b(Or)w(bx + 1)

— 1 1
;Zéfk:l)) 6 i(ef):(ek) 5 w0 +2) + a@)wb; + 2)
b6,
- %w(@k +2).
Consequently,
STt s e =D O o <0
for 6y > L, a contradiction to (Hj9). This is all about the proof. O

Example 3.7
Consider

w(l+3)—3w(l+2)+ 2wl + 1)+ 12Iw(l) = 0,1 # 6,
w(l) = apw(O — 1),k € N,

where a(l) = =3,b(l) = 2,¢(l) =121,6; =35,k e Nand oy = 2 + Sik. From (H19), (H11)
and (Hi2), we get

2x3k41 1
lim sup <l—x+) ==->0,

J— 00 3 x 3k 3
imsp (2 2+ 1) =4
imsup (2— -+ —= | ==->0,
k—o00 3 3k 3
and
5 . b6 +1) b(6y) . cOr +1)
— = lim sup + —a(B)| < limsup — 00,
3 koo LAOr+1) aO — 1) koo @Ok +DaOr — 1)

respectively. Theorem 3.6 is applicable to the given system, and showing that it is
oscillatory.
In particular, consider the nonimpulsive difference equation
wl+3)=3w(l+2)+2w(l+ 1D +12w() =0, n>no. (3.11)

It is not difficult to see that (3.11) is oscillatory because (H12) holds, that is, ¢ > 2ab — as.
A graphical illustration is given in Fig. 3. So, it remains oscillating after the imposition of
proper impulse controls.
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3x10%5 |

2x10%5

1x10%% -

" " - I I
20 40 60 80

-1x10%5 -

Fig. 3 Solution of Eq. (3.11) for/ € (0,80) with initial conditionsw(lp) = Lw(lp + 1) =4andw(lp +2) =2

Next, we are going to present some new results, and for this, we need the following
lemma.

Lemma 3.8 Suppose there exists ly > 0 such that a(l) <0, b(l) <0 and c(l) <0 for
[ > lp. If w(l) is a solution of
wl+3)+alwl +2) +bDw(l + 1) +c(hw(l) =0

with the initial conditions w(lp) >0, w(ly+1)>0, wly+2) >0 such that
w(lp) +w(lo + 1) + w(lp + 2) > 0 for somely > 0, thenw(l) > O forl > 1 =1y + 3.

Proof
Upon the application of initial conditions to

w(l +3) = —a()w(l +2) —b(Hh)w(l + 1) — c()w(D),

it is easy to see recursively that w(l) > 0 for [ > [} = lp + 3 when [ # 6. Assume that
| =6 forl e N.Let0; > 1 + 1. Then, w(0;) = ayw(0; — 1) > 0. Since 6 — 1and 63 — 1
are nonimpulsive points, then w(6;) = aow(fy — 1) > 0 and w(63) = asw(f3 — 1) > 0.
Due to

W(Ok+3) = —a)w(012) — bW (Okr1) — c(O)w(0k),

and proceeding recursively, it is easy to see that w(0;) > 0 for k € N. Hence, the lemma
is proved. OJ

Theorem 3.9 Let a(l) <0, b() < 0and c(l) <0 forl > ly. Then, (£) admits two oscil-
latory solutions.
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Proof
Let us assume that u®(0), u* (1) and u® (1) be the solutions of (1.1) such that

o 1=

where i,j = 0,1,2 and [y > 0. Firstly, we consider the case when [ # 6. Indeed,

o) =1 u'(lo) =0 u’(lo) =0;
WLlh+1)=0 o+ =1 u’(lo+1) =0;
Wlo+2)=0 u'lo+2)=0 uwlo+2)=1
As a result, the solutions resulting from u/(ly + j) for i,j = 0,1, 2 are linearly independ-

ent. According to Lemma 3.8, #/(l) > 0 for [ > [y + 3 and i = 0,1,2. It is possible to
select nonzero real numbers dy,,, da,, e1, and ey, for each n > [y + 3 such that

donti®(n) + dayu* (1) = 0

ernt (1) + expu(n) = 0,

where dgn + d%n =1= e%n + e%n. So, the preceding system is orthogonal. As a result, the
solutions are linearly independent for n > [y + 3. For [ > o, define

T"(1) = donu® (1) + danui* (1)
T"(1) = eru () + ezuu* (D).

Then, T”(l) and 7" (l) are solutions of (1.1) with 7" (n) = 0 and 7"(n) = 0. Since each of
the sequence {do,}, {d2,}, {e1,} and {ey,} is bounded, then there exists a {n;} C {n} such
that

dow, — do, doy, — da, ey —> €1, ey — e
as 1 — o0. Of course, d? + d2 = 1 = e + €2. Settin
k : ) 2= +=€6 2° g

T(l) = dou’ () + dou® (1)
T () = eru (1) + eau® (D),

we notice that 7(/) and 7 (/) are nontrivial solutions of (1.1).

If {T'(I)} is nonoscillatory, then we may assume that 7' (/) > 0 for [ > L; > [y + 3. For
0 < ¢; < T(I), there exists L; > 0 such that

|T”k ) — T(l)‘ < ¢ formy > Ly,

that is, 0 < T'(l) — ¢; < T"(l) for n; > L;. Hence, for n; > max{Li, L}, it follows that
T"k(n) > 0, which is a contradiction to the fact that 7" (n;) = 0. Thus, T(J) is oscil-
latory. Similar argument we apply to 7 (/). Indeed, these two solutions are linearly
independent.
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Next, we consider the case when [ = 6. Since (1.1) takes to a similar mapping for [ = 6,
then without loss of generality, we can assume an impulsive perturbation at each step.
Using (1.2) in (1.1), we have

a(6y) b(6y) c(Ok)
W(Ok13) + —Cw(Bga) + —— (1) + —w(6) = 0,

Ok+3 (L7325} Ok+1 (273

that is,
Apr3a(0r) Apr3b(0y) ap43¢(6k)
W(Oki3) + 2 W Opy2) + — O 1) + — () = 0
(L7 S5) (03 o

which is of the form

w(0k43) + AW (Ok42) + BOr)w(bks1) + CEr)w(B) =0, (3.12)

where A(6;) = "‘k%‘fk) <0, B(@) = "k%ﬁ(f“ <0 and C(6) = "‘k%;wk) <0. Let us

assume that 19(6y), v1(6x) and v (6;) are the solutions of (3.12) such that

: 1i=j
Vl(9k0+j) = {O l#}’

where i,j = 0,1,2 and 6, > [; > ly. Proceeding as above, we can show that T'(6;) and
T (6y) are oscillatory solutions; of course, these two solutions are linearly independent.
Hence, our theorem is proved. []

Theorem 3.10 Leta(l) > 0,b(l) > 0 and c(l) < Oforl > ly. Then, (£) has a nonoscilla-
tory solution.

Proof
For any positive integer i, let wi(l) be a solution of (€) such that

W) =0,w'(i+1) =0,w(i+2) > 0.
Let ! # 6. Indeed, w'(l) > Oforl € {0,1,...,i — 1} due to
—c(wi(l) = w'd +3) + aw (4 2) + b(OHw' (I +1).

Let {T'(l), T?(l), T3(I)} be a basis for the solution space of (1.1). For any solution w'({) is
therefore, we can write

wi(l) = dy; TH(1) + do; T*(1) + dsi T3 (1)

with d%i + d%l. + d_%i = L Since the sequence {d;}, j = 1,2, 3 is bounded, then there exists
a subsequence i of {i} such that dj;, — djask — oc. Set

w(l) = dyTY() + do T (1) + d3T3(1).

Since w () — w(l) as k — oo, then it follows that w(l) > 0 for [ > ly. In this way, we
find that w(/) is a positive solution of (1.1).



Tripathy and Chhatria Journal of the Egyptian Mathematical Society 2022,30(1):12 Page 17 of 19

Next, we consider the case when / = 6;. Because (1.1) leads to a similar mapping for
[ = 0, without loss of generality, we assume impulsive perturbation at each step. There-
fore, using (1.2) in (1.1), we have (3.12) noticing that A(6y) = ak%i(fk), B6y) = %ﬁ(ﬁk)

and C(0y) = ak%i@‘). Ultimately, A(6x) > 0, B(6x) > 0 and C(6;) < O for k € N. For a
positive integer /, let v/ (6;) be a solution of (3.12) such that

V' (Osi) = 0,V (Okris1) = 0,V (Orpiv2) > 0.

Therefore, vi(QkH) > 0forje{0,1,...,i —1}. Let {T(l), T%(), T3(l)} be a basis of the
solution space of (1.1) for which it is seldom to write

Vi) = er T (6r) + e T2(6x) + e3 T2 (6r)

with e%i + e%l. + e%i = 1. Proceeding as above we can show that w(6y) is a positive solu-
tion of (3.12). Therefore, w(/) is a positive solution (3.12) for all / and 6, k € N. This com-
pletes the proof of the theorem. O

Discussion

In the first part of the main results (Theorem 3.1-3.6), we have used the method of con-
traction. Upon use of limiting behaviour of coefficients and impulsive inequalities, we
are able to prove the main finding. For the proof of the next results (Theorem 3.9, 3.10),
Lemma 3.8 plays a major role. First, we constructed two operators using appropriate
solutions of (£). By applying the properties of linear algebra, it was then possible to get
oscillatory solutions of (£). Although the method adopted here is simple, the research
findings presented in this paper are also simpler and easily verifiable. Some numerical
examples are presented to verify the obtained results.

Conclusion

The oscillation theory of third-order differential/difference equations has significantly
advanced in the last few decades, as evidenced in the literature, see, e.g. [17-19, 23-25].
As we discussed in the introduction part, discrete-time systems are more computer-
friendly than their continuous-time counterparts, so we have considered the third-order
difference equations in a closed form rather than the usual discrete analogue. On the
other hand, owing to many natural and man-made factors, the intrinsic growth of physi-
cal/biological processes usually undergoes some discrete changes of relatively short
duration at fixed times. Often, such changes are characterised mathematically in the
form of impulses [12—14, 26]. Therefore, in this work, we have studied a general class
of third-order linear difference equations (1.1) under the influence of discrete moments
of impulsive effects (1.2). Unlike most of the works in the literature, we do not require
monotonic properties of nonoscillatory solutions to study (£). In fact, this effort rep-
resents a new step in the literature of impulsive difference equations. For interested
readers, this work can be extended to the nonlinear counterpart of (£). We conclude
this work by noticing that the system remains oscillating after the imposition of proper
impulse controls.
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