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Introduction
Let Aj(p) denote the class of functions in the form:

which are analytic and p-valent in the open is open unit diskU = {z : |z| < 1}. We note 
that A1(p) = A(p)(see [13, 30]) and A1(1) = A. Also let T(p,  j) denote the subclass of 
Aj(p)which can express in the form:

In recent years, the topic of q-calculus had attracted the attention of several researchers 
(see, for example, [2, 15, 16, 23, 34, 43–45]). Quantum calculus is the modern name for 
the investigation of calculus without limits. The quantum calculus or q-calculus began 
with Jackson in the early twentieth century, but this kind of calculus had already been 
worked out by Euler and Jacobi. In the general run, the q-calculus is used in various 
fields of Mathematics and Physics. Also, q-calculus appeared the connection between 

(1.1)f (z) = zp +

∞

k=j+p

akz
k (j, p ∈ N = {1, 2, . . .}),

(1.2)f (z) = zp −

∞
∑

k=j+p

akz
k (ak ≥ 0, j, p ∈ N).

Abstract 

In this paper, by using q-calculus (Jackson’s q-derivative) Dq,p we defined new operator 
Dn
�,q,pf

(m)(z) . After that, we used this operator to introduce two new subclasses of mul-
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Mathematics and Physics. It had a lot of applications in different mathematical 
areas such as number theory, combinatorics, orthogonal polynomials, basic hyper-
geometric functions and other sciences quantum theory, mechanics and the theory of 
relativity. Several convolutional and fractional calculus q-operators were defined by 
many researchers. The generalization of derivative and integral in q-calculus is known 
as q-analogue derivative and q-analogue integral. Recently, many authors used the 
q- analogue derivative and q-analogue integral to generalize many classes and many 
operators in Geometric Function Theory (see, for example, [14, 33, 40, 42]).

For a function f (z) ∈ A(p) given by (1.1) (with j = 1) Jackson’s q-derivative (or q-dif-
ference) Dq,p (0 < q < 1) is defined as follows:

provided that f ′(0)exists. From (1.1) (with j = 1 ) and (1.3), we deduce that

such that q-integer number k [k]q is defined by

We observe that

for a function fwhich is differentiable in a given subset of C . For all f (z) ∈ T (p, j), we find 
( see [25] )

where θ(p,m) is defined by

For f ∈ T (p, j), we introduce the operator 
Dn
�,q,pf

(m) : T (p, j) → T (p, j) (� ≥ 0, n,m ∈ N0, 0 < q < 1, j, p ∈ N, p > m) as follows:

(1.3)Dq,pf (z) =







f (z)−f (qz)
(1−q)z for z �= 0,

f ′(0) for z = 0,

(f ∈ A(p))

(1.4)Dq,pf (z) = [p]qz
p−1 +

∞
∑

k=p+1

[k]qakz
k−1,

(1.5)[k]q =
1− qk

1− q
= 1+

n−1
∑

k=1

qk , 0 < q < 1, [0]q = 0.

lim
q→1−

Dq,pf (z) = lim
q→1−

f (z)− f (qz)

(1− q)z
= f ′(z),

(1.6)

f (m)(z) = θ(p,m)zp−m

−

∞
∑

k=j+p

θ(k ,m)akz
k−m (p, j ∈ N, m ∈ N0 = N ∪ {0}, p > m),

(1.7)θ(p,m) =
p!

(p−m)!
=

{

1 , m = 0,

p(p− 1) . . . (p−m+ 1), m �= 0.
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From (1.2) and (1.8), we can obtain

where

We note that 

 (1) Dn
�,q,pf

(0)(z) = Inq,p(�)f (z),(Aouf and Madian [14], with ̺ = 0]);
 (2) limq→1− Dn

1,q,pf
(m)(z) = Dn

pf
(m)(z),(Aouf [8, 9]);

 (3) limq→1− Dn
1,q,pf

(0)(z) = Dn
pf (z)(see [11, 18], Cătaş [24], with l = 0 ] and [37]);

 (4) limq→1− Dn
1,q,1f

(0)(z) = Dnf (z)(see ([26, 27], with l = 0));
 (5) limq→1− Dn

�,q,1f
(0)(z) = Dn

�
f (z)(see [1, 17, 21]);

 (6) Dn
1,q,1f

(0)(z) = Dn
qf (z)(see [32] ), limq→1− Dn

qf (z) = Dnf (z)(see Sălă gean [39] 
see also [10, 12]);

 (7) limq→1− Dn
1,q,pf

(m)(z) = Dn
pf

(m)(z)(see Aouf et al. [22]);

 (8) limq→1− Dn
�,q,pf

(m)(z) = In
�,pf

(m)(z)

 (9) Dn
1,q,pf

(m)(z) = Inq,pf
(m)(z)

Dn
�,q,pf

(m)(z) =f (m)(z),

D1
�,q,pf

(m)(z) =D�,q,p

(

D0
�,q,pf

(m)(z)
)

= (1− �)f (m)(z)+
�

[p−m]q
zDq,p(f

(m)(z))

=θ(p,m)zp−m −

∞
∑

k=j+p

θ(k ,m)

[

[p−m]q+�

(

[k−m]q−[p−m]q

)

[p−m]q

]

akz
k−m

,

D2
�,q,pf

(m)(z) = D�,q,p

(

D1
�,q,pf

(m)(z)
)

= (1− �)D1
�,q,pf

(m)(z)+
�

[p−m]q
zDq,p(D

1
�,q,pf

(m)(z))

=θ(p,m)zp−m −

∞
∑

k=j+p

θ(k ,m)

[

[p−m]q+�

(

[k−m]q−[p−m]q

)

[p−m]q

]2

akz
k−m

.

.

.

(1.8)
Dn
�,q,pf

(m)(z) = D�,q,p

(

Dn−1
�,q,pf

(m)(z)
)

= (1− �)Dn−1
�,q,pf

(m)(z)+
�

[p−m]q
zDq,p(D

n−1
�,q,pf

(m)(z))(n ∈ N)

= θ(p,m)zp−m −

∞
∑

k=j+p

θ(k ,m)�n,m
q,p (k , �)akz

k−m,

(1.9)
�n,m

q,p (k , �) =





[p−m]q + �

�

[k −m]q − [p−m]q

�

[p−m]q





n

(� ≥ 0, m, n ∈ N0, 0 < q < 1, j, p ∈ N, p > m).

=







f ∈ T (p, j) : In
�,pf

(m)(z) = θ(p,m)zp−m −
∞
�

k=j+p

��

p−m+�(k−p)
p−m

��n
θ(k ,m)akz

k−m,

n,m ∈ N0, j, p ∈ N, � ≥ 0, p > m







;
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 (10) Dn
1,q,pf

(0)(z) = Dn
q,pf (z)

 Now by using Dn
�,q,pf

(m)(z), we defined the classes Fn,m
q,p (j, �, σ , b,β)and 

Gn,m
q,p (j, �, σ , b,β) in below definitions:

Definition 1 Assume f (z) ∈ T (p, j),then f (z) ∈ Fn,m
q,p (j, �, σ , b,β)if it satisfies the 

following inequality:

We observe that: 

 (1) limq→1− Fn,m
q,p (j, 1, σ , b,β) = Sj(n, p,m, σ , b,β) see Aouf et al. [22];

 (2) Fn,0
q,p (j, �, σ , b,β) = Snq (j, �, p, σ , b,β)see Aouf and madian [14], with ̺ = 0];

 (3) limq→1− F0,0
q,p(j, �, σ , b,β) = Sj(p, σ , b,β) see Aouf and Mostafa [19], with bk = 1;

 (4) limq→1− Fn,m
q,p (j, �, σ , b,β) = Fn,m

p (j, �, σ , b,β)

 (5) Fn,m
q,p (j, 1, σ , b,β) = Fn,m

q,p (j, σ , b,β)

 (6) Fn,0
q,p (j, 1, σ , b,β) = Fn

q,p(j, σ , b,β)

 (7) limq→1− Fn,m
q,p (j, �, 0, b,β) = SFn,m

p (j, �, σ , b,β)

=







f ∈ T (p, j) : Inq,pf
(m)(z) = θ(p,m)zp−m −

∞
�

k=j+p

�

[k−m]q
[p−m]q

�n
θ(k ,m)akz

k−m,

n,m ∈ N0, 0 < q < 1, j, p ∈ N, p > m







;

=







f ∈ T (p, j) : Dn
q,pf (z) = zp −

∞
�

k=j+p

�

[k]q
[p]q

�n
akz

k ,

n ∈ N0, j, p ∈ N, 0 < q < 1







.

∣

∣

∣

∣

∣

1

b

[

(1− σ)zDq,p(D
n
�,q,pf

(m)(z))+ σ zDq,p(zDq,p(D
n
�,q,pf

(m)(z)))

(1− σ)Dn
�,q,pf

(m)(z)+ σ zDq,p(D
n
�,q,pf

(m)(z))
− [p−m]q

]∣

∣

∣

∣

∣

< β

(1.10)
(b ∈ C

∗,m, n ∈ N0, p, j ∈ N, 0 < q < 1, � ≥ 0, 0 ≤ σ ≤ 1, 0 < β ≤ 1, p > m).

{

f ∈ T (p, j) :

∣

∣

∣

∣

1

b

[

z(In
�,pf

(m)(z))′+σ z2(In
�,pf

(m)(z))′′

(1−σ)In
�,pf

(m)(z)+σ z(In
�,pf

(m)(z))′
− (p−m)

]∣

∣

∣

∣

< β ,

b ∈ C
∗,m, n ∈ N0, p, j ∈ N, � ≥ 0, 0 ≤ σ ≤ 1, 0 < β ≤ 1, p > m

}

;

{

f ∈ T (p, j) :

∣

∣

∣

∣

1

b

[

(1−σ)zDq,p(I
n
q,pf

(m)(z))+σ zDq,p(zDq,p(I
n
q,pf

(m)(z)))

(1−σ)Inq,pf
(m)(z)+σ zDq,p(Inq,pf

(m)(z))
− [p−m]q

]∣

∣

∣

∣

< β ,

b ∈ C
∗,m, n ∈ N0, p, j ∈ N, 0 < q < 1, 0 ≤ σ ≤ 1, 0 < β ≤ 1, p > m

}

;

{

f ∈ T (p, j) :

∣

∣

∣

∣

1

b

[

(1−σ)zDq,p(D
n
q,pf (z))+σ zDq,p(zDq,p(D

n
q,pf (z)))

(1−σ)Dn
q,pf (z)+σ zDq,p(Dn

q,pf (z))
− [p]q

]

∣

∣

∣

∣

< β ,

b ∈ C
∗, n ∈ N0, p, j ∈ N, 0 < q < 1, 0 ≤ σ ≤ 1, 0 < β ≤ 1

}

;
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 (8) Fn,m
q,p (j, 1, 0, b,β) = SFn,m

q,p (j, b,β)

 (9) Fn,m
q,p (j, �, 0, b,β) = Sn,mq,p (j, �, b,β)

 (10) limq→1− Fn,m
q,p (j, �, 1, b,β) = KFn,m

p (j, �, b,β)

 (11) Fn,m
q,p (j, 1, 1, b,β) = KFn,m

q,p (j, b,β)

 (12) Fn,m
q,p (j, �, 1, b,β) = Kn,m

q,p (j, �, b,β)

Definition 2 Assume f (z) ∈ T (p, j),if it satisfies (1.11), then f (z) ∈ Gn,m
q,p (j, �, σ , b,β)

We note that: 

 (1) limq→1− Gn,m
q,p (j, 1, σ , b,β) = Kj(n, p,m, σ , b,β) see Aouf et al. [22];

 (2) Gn,0
q,p(j, �, σ , b,β) = Kn

q (j, �, p, σ , b,β)see Aouf and Madian [14], with ̺ = 0];
 (3) limq→1− Gn,m

q,p (j, �, σ , b,β) = Gn,m
p (j, �, σ , b,β)

{

f ∈ T (p, j) :

∣

∣

∣

∣

1

b

[

z(In
�,pf

(m)(z))′

In
�,pf

(m)(z)
− (p−m)

]∣

∣

∣

∣

< β ,

b ∈ C
∗,m, n ∈ N0, p, j ∈ N, � ≥ 0, 0 < β ≤ 1, p > m

}

;

{

f ∈ T (p, j) :

∣

∣

∣

∣

1

b

[

zDq,p(I
n
q,pf

(m)(z))

Inq,pf
(m)(z)

− [p−m]q

]∣

∣

∣

∣

< β ,

b ∈ C
∗,m, n ∈ N0, p, j ∈ N, 0 < q < 1, 0 < β ≤ 1, p > m

}

;

{

f ∈ T (p, j) :

∣

∣

∣

∣

∣

1

b

[

zDq,p(D
n
�,q,pf

(m)(z))

Dn
�,q,pf

(m)(z)
− [p−m]q

]∣

∣

∣

∣

∣

< β ,

b ∈ C
∗,m, n ∈ N0, p, j ∈ N, 0 < q < 1, � ≥ 0, 0 < β ≤ 1, p > m

}

;

{

f ∈ T (p, j) :

∣

∣

∣

∣

1

b

[

1+
z(In

�,pf
(m)(z))′′

(In
�,pf

(m)(z))′
− (p−m)

]∣

∣

∣

∣

< β ,

b ∈ C
∗,m, n ∈ N0, p, j ∈ N, � ≥ 0, 0 < β ≤ 1, p > m

}

;

{

f ∈ T (p, j) :

∣

∣

∣

∣

1

b

[

Dq,p(zDq,p(I
n
q,pf

(m)(z)))

Dq,p(Inq,pf
(m)(z))

− [p−m]q

]∣

∣

∣

∣

< β ,

b ∈ C
∗,m, n ∈ N0, p, j ∈ N, 0 < q < 1, 0 < β ≤ 1, p > m

}

;

{

f ∈ T (p, j) :

∣

∣

∣

∣

∣

1

b

[

Dq,p(zDq,p(D
n
�,q,pf

(m)(z)))

Dq,p(D
n
�,q,pf

(m)(z))
− [p−m]q

]∣

∣

∣

∣

∣

< β ,

b ∈ C
∗,m, n ∈ N0, p, j ∈ N, 0 < q < 1, � ≥ 0, 0 < β ≤ 1, p > m

}

.

∣

∣

∣

∣

∣

1

b

{

(1− σ)
Dn
�,q,pf

(m)(z)

zp−m
+ σ

Dq,p(D
n
�,q,pf

(m)(z))

[p−m]qzp−m−1
− θ(p,m)

}∣

∣

∣

∣

∣

< β

(1.11)
(b ∈ C

∗,m, n ∈ N0, p, j ∈ N, 0 < q < 1, � ≥ 0, 0 ≤ σ ≤ 1, 0 < β ≤ 1, p > m).
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 (4) Gn,m
q,p (j, 1, σ , b,β) = Gn,m

q,p (j, σ , b,β)

 (5) Gn,0
q,p(j, 1, σ , b,β) = Gn

q,p(j, σ , b,β)

 (6) limq→1− Gn,m
q,p (j, �, 1, b,β) = Ln,mp (j, �, b,β)

 (7) Gn,m
q,p (j, 1, 1, b,β) = Mn,m

q,p (j, b,β)

 (8) Gn,0
q,p(j, 1, 1, b,β) = Gn

q,p(j, b,β)

 (9) limq→1− Gn,m
q,p (j, �, 0, b,β) = On,m

p (j, �, b,β)

 (10) Gn,m
q,p (j, 1, 0, b,β) = Rn,m

q,p (j, b,β)

 (11) Gn,0
q,p(j, 1, 0, b,β) = Pn

q,p(j, b,β)

{

f ∈ T (p, j) :

∣

∣

∣

∣

∣

1

b

[

(1− σ)
In
�,pf

(m)(z)

zp−m
+ σ

(In
�,pf

(m)(z))′

(p−m)zp−m−1
− θ(p,m)

]∣

∣

∣

∣

∣

< β ,

b ∈ C
∗,m, n ∈ N0, p, j ∈ N, � ≥ 0, 0 ≤ σ ≤ 1, 0 < β ≤ 1, p > m

}

;

{

f ∈ T (p, j) :

∣

∣

∣

∣

∣

1

b

{

(1− σ)
Inq,pf

(m)(z)

zp−m
+ σ

Dq,p(I
n
q,pf

(m)(z))

[p−m]qzp−m−1
− θ(p,m)

}∣

∣

∣

∣

∣

< β ,

b ∈ C
∗,m, n ∈ N0, p, j ∈ N, 0 < q < 1, 0 ≤ σ ≤ 1, 0 < β ≤ 1, p > m

}

;

{

f ∈ T (p, j) :

∣

∣

∣

∣

1

b

{

(1− σ)
Dn
q,pf (z)

zp
+ σ

Dq,p(D
n
q,pf (z))

[p]qzp−1
− 1

}∣

∣

∣

∣

< β ,

b ∈ C
∗, n ∈ N0, p, j ∈ N, 0 < q < 1, 0 ≤ σ ≤ 1, 0 < β ≤ 1

}

;

{

f ∈ T (p, j) :

∣

∣

∣

∣

∣

1

b

[

(In
�,pf

(m)(z))′

(p−m)zp−m−1
− θ(p,m)

]∣

∣

∣

∣

∣

< β ,

b ∈ C
∗,m, n ∈ N0, p, j ∈ N, � ≥ 0, 0 < β ≤ 1, p > m

}

;

{

f ∈ T (p, j) :

∣

∣

∣

∣

∣

1

b

[

Dq,p(I
n
q,pf

(m)(z))

[p−m]qzp−m−1
− θ(p,m)

]∣

∣

∣

∣

∣

< β ,

b ∈ C
∗,m, n ∈ N0, p, j ∈ N, 0 < q < 1, 0 < β ≤ 1, p > m

}

;

{

f ∈ T (p, j) :

∣

∣

∣

∣

1

b

[

Dq,p(D
n
q,pf (z))

[p]qzp−1
− 1

]∣

∣

∣

∣

< β

b ∈ C
∗, n ∈ N0, p, j ∈ N, 0 < q < 1, 0 ≤ σ ≤ 1, 0 < β ≤ 1

}

;

{

f ∈ T (p, j) :

∣

∣

∣

∣

∣

1

b

[

In
�,pf

(m)(z)

zp−m
− θ(p,m)

]∣

∣

∣

∣

∣

< β ,

b ∈ C
∗,m, n ∈ N0, p, j ∈ N, � ≥ 0, 0 < β ≤ 1, p > m

}

;

{

f ∈ T (p, j) :

∣

∣

∣

∣

∣

1

b

[

Inq,pf
(m)(z)

zp−m
− θ(p,m)

]∣

∣

∣

∣

∣

< β ,

b ∈ C
∗,m, n ∈ N0, p, j ∈ N, 0 < q < 1, 0 < β ≤ 1, p > m

}

;



Page 7 of 14Madian  Journal of the Egyptian Mathematical Society           (2022) 30:16  

 (12) Gn,m
q,p (j, �, 1, b,β) = Gn,m

q,p (j, �, b,β)

 (13) Gn,m
q,p (j, �, 0, b,β) = GLn,mp (j, �, b,β)

Now, as a results of Authors articles see ([3–7] [29, 31, 34, 35, 38]), we define the neigh-
borhood (j, δ)for f ∈ T (p, j)by

In specially, if

we obtain

Now, we define the 
(

q, j, δ,m
)

−neighborhood for f ∈ T (p, j) by

In particular, if h(z)given by (1.12), we immediately have

We note that 
 (i) N

p,q
j,δ,0(f ) = N

p,q
j,δ (f )andNp,q

j,δ,0(h) = N
p,q
j,δ (h)(see [14, 20]);

{

f ∈ T (p, j) :

∣

∣

∣

∣

1

b

[

Dn
q,pf (z)

zp
− 1

]∣

∣

∣

∣

< β ,

b ∈ C
∗, n ∈ N0, p, j ∈ N, 0 < q < 1, 0 < β ≤ 1

}

;

{

f ∈ T (p, j) :

∣

∣

∣

∣

∣

1

b

[

Dq,p(D
n
,�,q,pf

(m)(z))

[p−m]qzp−m−1
− θ(p,m)

]∣

∣

∣

∣

∣

< β ,

b ∈ C
∗,m, n ∈ N0, p, j ∈ N, � ≥ 0, 0 < q < 1, 0 < β ≤ 1, p > m

}

;

{

f ∈ T (p, j) :

∣

∣

∣

∣

∣

1

b

[

In
�,pf

(m)(z)

zp−m
− θ(p,m)

]∣

∣

∣

∣

∣

< β ,

b ∈ C
∗,m, n ∈ N0, p, j ∈ N, � ≥ 0, 0 < β ≤ 1, p > m

}

.

(1.12)

N
p
j,δ(f ) =

�

g : g ∈ T (p, j), g(z)

= zp −

∞
�

k=j+p

bk z
k and

∞
�

k=j+p

k|ak − bk | ≤ δ







.

(1.13)h(z) = zp (p ∈ N),

(1.14)N
p
j,δ(h) =







g : g ∈ T (p, j), g(z) = zp −

∞
�

k=j+p

bk z
k and

∞
�

k=j+p

k
�

�bk
�

� ≤ δ







.

(1.15)

N
p,q
j,δ,m(f ) =

�

g : g ∈ T (p, j), g(z) = zp

−

∞
�

k=j+p

bk z
k and

∞
�

k=j+p

[k −m]q
�

�ak − bk
�

� ≤ δ







.

(1.16)

N
p,q
j,δ,m(h) =

�

g : g ∈ T (p, j), g(z) = zp

−

∞
�

k=j+p

bk z
k and

∞
�

k=j+p

[k −m]q
�

�bk
�

� ≤ δ







.
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 (ii) limq→1− N
p,q
j,δ,0(f ) = N

p
j,δ(f )andlimq→1− N

p,q
j,δ,0(h) = N

p
j,δ(h)(see [20] and Aouf et al. 

[22] ).

Preliminaries
On the other hand, we assume through the article that, 
b ∈ C

∗, n,m ∈ N0, p, j ∈ N, � ≥ 0, 0 < q < 1, 0 ≤ σ ≤ 1 , 0 < β ≤ 1, p > m 
and�n,m

q,p (k , �) is given by (1.9). To prove the main outcomes in the article we need Lem-
mas 1 and 2 below.

Lemma 1 Let f ∈ T (p, j) is given by (1.2), then f ∈ Fn,m
q,p (j, �, σ , b,β),

if and only if

Proof
If f ∈ Fn,m

q,p (j, �, σ , b,β). Then we have

or, equivalently,

By setting |z| = r(0 ≤ r < 1) in (2.3), the term in the denominator of the left hand side 
of (2.3) is positive for 0 ≤ r < 1 . Therefore, by Putting r −→ 1 through real values, (2.3) 
helps us to the desired assertion of Lemma 1.

Conversely, assume |z| = 1and apply the hypothesis (2.1), from (2.3) we have

(2.1)

∞
∑

k=j+p

([k −m]q+β
∣

∣b
∣

∣−[p−m]q)[1+ σ([k −m]q−1)]θ(k ,m)�n,m
q,p (k , �)ak

≤β
∣

∣b
∣

∣θ(p,m)[1+ σ([p−m]q−1)].

(2.2)

Re

{

(1−σ)zDq,p(D
n
�,q,pf

(m)(z))+σ zDq,p(zDq,p(D
n
�,q,pf

(m)(z)))

(1−σ)Dn
�,q,pf

(m)(z)+σ zDq,p(D
n
�,q,pf

(m)(z))
− [p−m]q

}

> −β
∣

∣b
∣

∣ (z ∈ U),

(2.3)Re











−
∞
�

k=j+p

([k−m]q−[p−m]q)[1+σ([k−m]q−1)]θ(k ,m)�
n,m
q,p (k ,�)ak zk−p

[1+σ([p−m]q−1)]θ(p,m)−
∞
�

k=j+p

[1+σ([k−m]q−1)]θ(k ,m)�
n,m
q,p (k ,�)ak zk−p











> −β
�

�b
�

�.
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So, we have f (z) ∈ Fn,m
q,p (j, �, σ , b,β) by applying the maximum modulus theorem, which 

completes the proof of Lemma 1.  �

Remark 1
Letting q → 1− and n = m = 0 in Lemma 1, we obtain the result obtained by Aouf and 
Mostafa [19], Lemma 1, with bk = 1].

The following lemma can be established similarly.

Lemma 2 Let f ∈ T (p, j) is given by (1.2). Then f ∈ Gn,m
q,p (j, �, σ , b,β),

if and only if

3‑ Inclusion results
In this part, we showed inclusion relations for each of the classes Fn,m

q,p (j, �, σ , b,β)and 
Gn,m
q,p (j, �, σ , b,β)including (q, j, δ,m)− neighborhood were defined by (1.15) and (1.16).

Theorem 1 Suppose f ∈ T (p, j)includes in Fn,m
q,p (j, �, σ , b,β), then

since h(z) is defined by (1.13) and ηis given by

∣

∣

∣

∣

∣

(1− σ)zDq,p(D
n
�,q,pf

(m)(z))+ σ zDq,p(zDq,p(D
n
�,q,pf

(m)(z)))

(1− σ)Dn
�,q,pf

(m)(z)+ σ zDq,p(D
n
�,q,pf

(m)(z))
− [p−m]q

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∞
∑

k=j+p

([k −m]q − [p−m]q)[1+ σ([k −m]q − 1)]θ(k ,m)�n,m
q,p (k , �)ak z

k−p

[1+ σ([p−m]q − 1)]θ(p,m)−
∞
∑

k=j+p

[1+ σ([k −m]q − 1)]θ(k ,m)�
n,m
q,p (k , �)ak zk−p

∣

∣

∣

∣

∣

∣

∣

∣

∣

≤

∞
∑

k=j+p

([k −m]q − [p−m]q)[1+ σ([k −m]q − 1)]θ(k ,m)�n,m
q,p (k , �)ak |z|

k−p

[1+ σ([p−m]q − 1)]θ(p,m)−
∞
∑

k=j+p

[1+ σ([k −m]q − 1)]θ(k ,m)�
n,m
q,p (k , �)ak |z|

k−p

≤

∞
∑

k=j+p

([k −m]q − [p−m]q)[1+ σ([k −m]q − 1)]θ(k ,m)�n,m
q,p (k , �)ak

[1+ σ([p−m]q − 1)]θ(p,m)−
∞
∑

k=j+p

[1+ σ([k −m]q − 1)]θ(k ,m)�
n,m
q,p (k , �)ak

= β
∣

∣b
∣

∣.

(2.4)
∞
∑

k=j+p

[[p−m]q+σ([k −m]q−[p−m]q)]θ(k ,m)�n,m
q,p (k , �)ak≤ β

∣

∣b
∣

∣[p−m]q .

(3.1)Fn,m
q,p (j, �, σ , b,β)⊂ N

p,q
j,η,m(h),

(3.2)η =
[j+p−m]qβ|b|[1+σ([p−m]q−1)]θ(p,m)

([j+p−m]q+β|b|−[p−m]q)[1+σ([j+p−m]q−1)]θ(j+p,m)�
n,m
q,p (j+p,�)

([p−m]q>
∣

∣b
∣

∣).
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Proof
Let f ∈ Fn,m

q,p (j, �, σ , b,β) , then by using (2.1) of Lemma 1, we obtain

which quickly gives

Making use of (2.1) with (3.4), we obtain

Hence

by means of (1.14), we obtained (3.1) which asserted by Theorem 1. �

Remark 2
Letting q → 1− and n = m = 0 in Theorem 1, we obtain the result obtained by Aouf and 
Mostafa [19], Theorem 2, with bk = 1].

In a similar manner, we proved the following inclusion relationship by using (2.4) of 
Lemma 2 recompensed (2.1) of Lemma 1 on functions in Gn,m

q,p (j, �, σ , b,β).

Theorem 2 Assume f ∈ T (p, j)includes in Gn,m
q,p (j, �, σ , b,β), then

([j + p−m]q + β
∣

∣b
∣

∣− [p−m]q)[1+ σ([j + p−m]q − 1)]θ(j + p,m)�n,m
q,p (j + p, �)

∞
∑

k=j+p

ak

≤

∞
∑

k=j+p

([k −m]q + β
∣

∣b
∣

∣− [p−m]q)[1+ σ([k −m]q − 1)]θ(k ,m)�n,m
q,p (k , �)ak

(3.3)≤ β
∣

∣b
∣

∣[1+ σ([p−m]q − 1)]θ(p,m),

(3.4)
∞
∑

k=j+p

ak ≤
β|b|[1+σ([p−m]q−1)]θ(p,m)

([j+p−m]q+β|b|−[p−m]q)[1+σ([j+p−m]q−1)]θ(j+p,m)�
n,m
q,p (j+p,�)

.

[1+ σ([j + p−m]q − 1)]θ(j + p,m)�n,m
q,p (j + p, �)

∞
∑

k=j+p

[k −m]qak ≤

≤ β
∣

∣b
∣

∣[1+ σ([p−m]q − 1)]θ(p,m)

+ ([p−m]q − β
∣

∣b
∣

∣)[1+ σ([j + p−m]q − 1)]θ(j + p,m)�n,m
q,p (j + p, �)

∞
∑

k=j+p

ak

≤ β
∣

∣b
∣

∣[1+ σ([p−m]q − 1)]θ(p,m)+
([p−m]q − β

∣

∣b
∣

∣)β
∣

∣b
∣

∣[1+ σ([p−m]q − 1)]θ(p,m)

([j + p−m]q + β
∣

∣b
∣

∣− [p−m]q)

=
[j + p−m]qβ

∣

∣b
∣

∣[1+ σ([p−m]q − 1)]θ(p,m)

[j + p−m]q + β
∣

∣b
∣

∣− [p−m]q

.

(3.5)

∞
∑

k=j+p

[k −m]qak ≤
[j+p−m]qβ|b|[1+σ([p−m]q−1)]θ(p,m)

([j+p−m]q+β|b|−[p−m]q)[1+σ([j+p−m]q−1)]θ(j+p,m)�
n,m
q,p (j+p,�)

= η ([p−m]q >
∣

∣b
∣

∣),
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such thath(z)is defined by (1.13) and δis introduced by

4‑ Neighborhoods properties
In this section, we determine the neighborhood for each of the classes Fn,m(γ )

q,p (j, �, σ , b,β)

and Gn,m(γ )
q,p (j, �, σ , b,β) . If there exists a function ρ(z) ∈ F

n,m(γ )
q,p (j, �, σ , b,β), satisfies 

(4.1), then f (z) ∈ T (p, j) is said to be in the class Fn,m(γ )
q,p (j, �, σ , b,β)

Analogously,if we find a function ρ(z) ∈ G
n,m(γ )
q,p (j, �, σ , b,β)which the inequality (4.1) 

achieve, then we can say for f (z) ∈ T (p, j), f (z) ∈ G
n,m(γ )
q,p (j, �, σ , b,β).

Theorem 3 Let f ∈ T (p, j)includes in Fn,m(γ )
q,p (j, �, σ , b,β)and

then

where

Proof
Assume f ∈ N

p,q
j,η,m(h). From (1.15) we find that

which readily implies that

Next, since ρ(z) ∈ F
n,m(γ )
q,p (j, �, σ , b,β), by using (3.4), we have

(3.6)Gn,m
q,p (j, �, σ , b,β)⊂N

p,q
j,δ,m(h),

(3.7)δ =
[j + p−m]qβ

∣

∣b
∣

∣[p−m]q

[[p−m]q + σ([j + p−m]q − [p−m]q)]θ(j + p,m)�
n,m
q,p (j + p, �)

= .

(4.1)
∣

∣

∣

∣

f (z)

ρ(z)
− 1

∣

∣

∣

∣

< [p−m]q − γ (z ∈ U; 0 ≤ γ < [p−m]q).

(4.2)

γ = [p−m]q

−
η([j+p−m]q+β|b|−[p−m]q)[1+σ([j+p−m]q−1)]θ(j+p,m)�

n,m
q,p (j+p,�)

[j+p−m]q

{

([j+p−m]q+β|b|−[p−m]q)[1+σ([j+p−m]q−1)]θ(j+p,m)�
n,m
q,p (j+p,�)−β|b|[1+σ([p−m]q−1)]

}

θ(p,m)
,

(4.3)N
p,q
j,η,m(h) ⊂F

n,m(γ )
q,p (j, �, σ , b,β),

η ≤[p−m]q [j + p−m]q

{

1−
β
∣

∣b
∣

∣[1+ σ([p−m]q − 1)]θ(p,m)

([j + p−m]q + β
∣

∣b
∣

∣− [p−m]q)[1+ σ([j + p−m]q − 1)]θ(j + p,m)�
n,m
q,p (j + p, �)

}

.

(4.4)
∞
∑

k=j+p

[k −m]q
∣

∣ak − bk
∣

∣ ≤ η,

(4.5)
∞
∑

k=j+p

∣

∣ak − bk
∣

∣ ≤
η

[j + p−m]q
(p, j ∈ N).
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so that

provided that γ is given by (4.2) and by the above definition, f ∈ F
n,m(γ )
q,p (j, �, σ , b,β) , so 

the proof of Theorem 3 is finished. 

The proof of Theorem 4 below is similar to the proof of Theorem 3, we omit the details 
involved.

Theorem 4 Let f ∈ T (p, j)includes in Gn,m(γ )
q,p (j, �, σ , b,β)and

then

where

Remarks
(1) Taking m = 0 in our outcomes, we obtain the outcomes obtained by Aouf and Madian 
[14], with ̺ = 0 ]; (2) Taking q → 1− and � = 1 in our outcomes, we obtain the out-
comes obtained by Aouf et  al. [16]; (3) Taking q → 1−and n = 0 in our outcomes, we 
obtain the outcomes obtained by El- El-Ashwah et al. [28], with bk = 1 and m = 0 ]; (4) 
Taking q → 1− in Theorems 1,2,3 and 4, respectively, we obtain new outcomes for the 
classes Fn,m

p (j, �, σ , b,β), Gn,m
p (j, �, σ , b,β), Fn,m(γ )

p (j, �, σ , b,β)and Gn,m(γ )
p (j, �, σ , b,β), 

respectively;   (5) Taking (a) � = 1 , (b) � = 1and m = 0,(c) Letting q → 1− and σ = 0,

(d)� = 1and σ = 0,(E) σ = 0,(F) Letting q → 1− and σ = 1,(G)� = 1and σ = 1,(H) 
σ = 1, in Lemma 1, Theorems 1 and 3, respectively, we get to new outcomes for the 
classes Fn,m

q,p (j, σ , b,β), Fn
q,p(j, σ , b,β), SF

n,m
p (j, �, σ , b,β), SFn,m

q,p (j, b,β), Sn,mq,p (j, �, b,β), 
KFn,m

p (j, �, b,β), KFn,m
q,p (j, b,β)andKn,m

q,p (j, �, b,β), respectively;   (6) Taking (a) � = 1 , (b) 
� = 1and m = 0,(c) Letting q → 1− and σ = 1,(d)� = 1and σ = 1,(E) � = σ = 1and m = 0,

(4.6)
∞
∑

k=j+p

bk ≤
β|b|[1+σ([p−m]q−1)]θ(p,m)

([j+p−m]q+β|b|−[p−m]q)[1+σ([j+p−m]q−1)]θ(j+p,m)�
n,m
q,p (j+p,�)

,

∣

∣

∣

∣

f (z)

ρ(z)
− 1

∣

∣

∣

∣

≤

∞
∑

k=j+p

∣

∣ak − bk
∣

∣

1−
∞
∑

k=j+p

bk

≤
η([j+p−m]q+β|b|−[p−m]q )[1+σ([j+p−m]q−1)]θ(j+p,m)�

n,m
q,p (j+p,�)

[j+p−m]q

{

([j+p−m]q+β|b|−[p−m]q )[1+σ([j+p−m]q−1)]�
n,m
q,p (j+p,�)θ(j+p,m)−β|b|[1+σ([p−m]q−1)]θ(p,m)

}

= [p−m]q − γ ,

�

(4.7)

γ = [p−m]q

−
δ[[p−m]q + σ([j + p−m]q − [p−m]q)]�

n,m
q,p (j + p, �)θ(j + p,m)

[j + p−m]q

{

[[p−m]q + σ([j + p−m]q − [p−m]q)]�
n,m
q,p (j + p, �)θ(j + p,m)− β[p−m]q

∣

∣b
∣

∣

} ,

(4.8)N
p,q
j,δ,m(h) ⊂G

n,m(γ )
q,p (j, �, σ , b,β),

(4.9)

δ ≤[p−m]q[j + p−m]q

{

1−
β[p−m]q

∣

∣b
∣

∣

([p−m]q + σ([j + p−m]q − [p−m]q)]�
n,m
q,p (j + p, �)θ(j + p,m)

}

.



Page 13 of 14Madian  Journal of the Egyptian Mathematical Society           (2022) 30:16  

(F) Letting q → 1− and σ = 0,(G)� = 1and σ = 0, (H) � = 1and m = σ = 0,(I) σ = 1(J) 
σ = 0 in Lemma 2, Theorems 2 and 4, respectively, we get to new outcomes for the classes 
Gn,m
q,p (j, σ , b,β), G

n
q,p(j, σ , b,β), L

n,m
p (j, �, b,β),Mn,m

q,p (j, b,β),Gn
q,p(j, b,β),O

n,m
p (j, �, b,β),

Rn,m
q,p (j, b,β), P

n
q,p(j, b,β),G

n,m
q,p (j, �, b,β)and GLn,mp (j, �, b,β),respectively.

Conclusions
Throughout the paper, we defined new subclasses of complex order Fn,m

q,p (j, �, σ , b,β)and 
Gn,m
q,p (j, �, σ , b,β) by using Dn

�,q,pf
(m)(z) operator. Also, we introduced coefficients esti-

mates theorems and neighborhoods properties for this classes. This paper generalized 
many results for different authors. There was connection between q-analysis and (p,q)-
analysis see Srivastava [41]. Srivastava [41], page 340] applied some obvious parametric, 
argument variations and considered 0 < q < p ≤ 1, also translated the classical q-num-
ber [n]q to [n]p,q as follows:
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