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Introduction

In [1], A.M. Abd- Allah et al. introduced the concept of topological partial groups and
discussed some of their basic properties. Also, they introduced the category Tpg of topo-
logical partial groups, as objects and the homorphisms of topological partial groups, as
arrows. So, the category Tpg has the following deficiencies:

(i) Ifa € S, then the right transformation r, : S — S,x > xa and the left
transformation [, : S — S,x — ax, may not be open.
(i) The quotient map py : S — S,x > xN, N < S, may not be open, in general, where
S/N has the identification topology with respect to the quotient map.
(ili) Let S be a topological partial group and N < S. Then, the partial group S/N may
not be a topological partial group, since the cartesian product of two identification
maps may not be identification.

In [2], A.M. Abd- Allah et al. introduced the concept of k-partial groups and discussed
some of their basic properties. Also, they introduced the category kpg, of k-partial groups,
as objects, and the morphisms of k-partial groups, as arrows which is modified the above
deficiencies. In this paper, the concept of p-continuous maps is introduced and some of
their basic properties are discussed. Also, the category K of topological partial groups,
as objects, and the g-morphisms of topological partial groups , as arrows, is introduced,
which is alternative to the category K, of topological spaces, as objects, and k-continuous
maps, as arrows. The category K satisfied the same nice properties of the category kpg.
The idea of g-continuous maps was taken from the definition of k-continuous map [3].
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Preliminaries
We collect for sake of reference the needed definitions and results appeared in the given
references.

Definition 1 [4] Let S be a semigroup. Then, x € S is called an idempotent element if
x - x = x. The set of all idempotent elements in S is denoted by E(S).

Definition 2 [5] Let S be a semigroup and x € S. Then, an element e € S is called a
partial identity of x if:
(i) ex =xe=x,
(i) Ife'x =xe =x, forsomee’ € S, thenee =é'e=e.
Theorem 1 [5] Let S be a semigroup. Then,
(i) Ifx € S has a partial identity, then it is unique
(ii)  E(S) is the set of all partial identities of the elements of S.
We will denote by e, the partial identity of the element x € S.
Definition 3 [5] Let S be a semigroup and x € S has a partial identity element e,. Then,
y € S is called a partial inverse of x if:
i) xy=yx=ex
(i) ey =yex =9.

We will denote the partial inverse y of x € Sby x~1 .

Definition 4 [5] A semigroup S is called a partial group if:

(i) Everyx € S has a partial identity e,
(i)  Everyx € S has a partial inverse x~!
(i) Themapes:S — S,x > ey is a semigroup homomorphism

(iv) Themapy :S — S,x+> x~1

is a semigroup antihomomorphism.
So, every group is a partial group.

Definition 5 (6] Let S be a partial group and x € S. Then, we define S, ={y€S : e, = ey}.

Theorem 2 [5] Let S be a partial group and x € S. Then,

(i) Sy is a maximal subgroup of S which has identity e,
(i) S=UJ{Sx:x€S}

Corollary 1 [5] Every partial group is a disjoint union of a family of groups.

Definition 6 [3] Let X be a topological space. Then, the map o : C — X is called a test
map if o is continuous and C is a compact Hausdorf(f space.

Definition 7 [3] Let X and Y be topological spaces. Then, the map f : X — Y is called
k-continuous if fa : C — Y is continuous, for each test map o : C — X.
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Let 7 be the category of topological spaces, as objects and continuous maps, as arrows.
Also, let K be the category of topological spaces, as objects and k-continuous maps, as
arrows. It is clear that the category 7 is a wide subcategory of K.

Definition 8 [1] Let S be a partial group and t be a topology on S. Then, S is called a

topological partial group if the following maps are continuous:

(i)  The product map: t : S X § — S, (x,5) — xy
(i)  The partial identity map: es : S — S,x > ey
(iii)  The partial inverse map:y : S — S,x > x 1.

Definition 9 [1] Let S be a topological partial group and a € S. Then, the map r, : S —

S,x > xa is called a right transformation and the map I, : S — S,x — ax is called a left
transformation.

Theorem 3 [1] The maps r, and l,; are continuous.

Let g be a non-empty full subcategory of T which satisfies the following conditions [7]:

(i) If A isaclosed subspace of an object B of g, then A is a kg-space.
(ii) If B and C are objects in g, then B x C is also object in g.
(iii)  For objects X in g and Y in 7, the evaluation map e : YX x X — Y, (f, %) = f(x)
and x € X, is continuous, where Y has the compact open topology.
(iv) If A and B are objects in g, then the topological sum A |_| B is also an object in .

Definition 10 [2] Let S be a topological partial group. Then, the map h : C — S is
called a p-test map if h is continuous and h’l(Sex) is open in C for each ex € E(S), where
C € obj(p).

p-continuous maps

In this section, the notion of g-continuous map is introduced and some of their basic
properties are discussed. Also, the category K of p-continuous maps, as objects and the
morphisms of ©-continuous maps as arrows, is introduced.

Definition 11 Let S and T be topological partial groups. Then, the map f : S — T is
called ©-continuous if fh : C — T is continuous, for each a p-test map h: C — S.

We note that every continuous map of topological partial group is g-continuous. So,
the following maps are g-continuous:

(i) Theidentitymap/:S — S
(ii)  The partial identity map: es : S — S, x > e
(iii)  The partial inverse map: y : § — S,x > ™!

(iv)  The mapsr, and /,.

Definition 12 Let f : S — T be a p-continuous map. Then, fis called a o —morphism
ifit is a partial group homomorphism.

We note that (i) and (iii) above are gp-morphisms.
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Theorem 4 Iff : S — T and g : T — F are p-morphisms, then gf : S — F is also a

g-morphism.

Proof 1t is clear that gf is a partial group homomorphism. Let # : C — S be a pp—test
map. Since f is g-continuous, then fz : C — T is continuous. Now, (fi) "1 (T,) =
h_l(f_l(Te)), for each e € E(T). Since f is a partial group homomorphism, thenf_l(Te)
is a maximal subgroup of S. So, (f1) ~1(T,) is open in C, for each e € E(T). That means that
fh is a p-test map. Since g is p-continuous, then g(fh) = (gf)h : C — F is continuous.
Then, gf is go-continuous. Hence, gf is a go-morphism. O

Definition 13 A subset V of the topological partial group S is called p-open if i 1[ V]
is open in C for each a p-test map h: C — S

From the above definition, we have that S, is g-open in S.

Theorem 5 The family {¢» — ts} of g-open sets form a topology on S.

Proof It is clear that ¢ and S are g-open sets, since 4~ 1[S]= C and k[ ¢]= ¢. If U
and V are gp-open sets, then #~1[ U] and #~![ V] are open sets in C. But #~ [ (V] =
KU k[ V]is openin C.So, U () V is a po-open set. Similarly, let (/3 )51 be a sub-
family of p-open sets. Then, #~1[ ;] are open in C, for each A € L. Since h~![ U, hl=
U, K[ U] is open in C. Hence, | J Uj, is a p-open set. O

Definition 14 A subset A of the topological partial group S is called a gp-neighbourhood
of x € S if there exists a g-open set U in S such that x € U C A.

The family of all p-neighbourhoods of x € S is called a p-neighbourhood system and
is denoted by g — N,

Proposition 1 A subset A C S of the topological partial group S is a g-open set if and
only if it is a g-neighbourhood of each of its points.

Proof Let A be a p-open set. Then, x € A C A, for all x € A. Hence, A is a p-
neighbourhood of x. Conversely, for each x € A, there exists a g-open set U, such that

xel; CA.So,A=J U,. Hence, A is a go-open set. O

xeA

Theorem 6 Let S be a topological partial group and x € S. Then,

() x €N, forallN € N,
(i) IfN € Nyand N C M, then M € N,
(iii) IfN,M € N, then N (M € N,
(iv) IfN € N,, then there exists M € Ny such that N € N, for eachy € M.

Proof (i) If N € Ny, then there exists a gp-open set U in S such thatx € U € N.
Hence, x € N.
(i) If N € Ny, then there exists a gp-open set U in S such thatx € U C N. Since,

N C M, thenx € U € M. Hence, M € N,.
(ili) IfN,M € N, then there exist two gp-open sets U and V, respectively such that

x€elU C Nandx € V C M. So, we have thatx € UV € N[ M. Since N(\M
is a p-open set, then N (M € N;.
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(iv) If N € N, then there exists a go-open set M in S such thatx € M € N. Since M is a
g-open set, then M € Ny, forall y € M. Since, N C M, then N € N), for eachy € M.
O

Definition 15 Let S be a topological partial group and A C S. Then, x € A is called a
g-interior point of A if A is a p-neighbourhood of x.

The set of all p-interior points of A is called g-interior set and is denoted by o — A°.

Proposition 2 Let S be a topological partial group and A, B C S. Then,
i) p-A°cA

(i) IfA CB, thenp —A° C p — BO

(iii) g — A is a pp-open set

(iv) (p—A" =p—A°

Proof (i) Letx e p — A% Then, A € N,.So,x € A.

(i) Letx e g — A% Then, A € N,. Since, A C B, then B € Ny andsox € p — B.
Hence, p — A% C p — B°.

(iii) Letx € g — A% Then, A € N,. Thus, there exists N € N, such that A € N, for all
y € N.Thatis, y € p — A%, forall y € N. Hence, N C A. Thus,x € N C p — A°.
So, A € N,. Therefore, pp — A® is a g-open set.

(iv)  Since p — A% C A, then from (ii) (p — A%)? € p — AC. It remains that
o — A% C (p — A%0. This is given from x € p — A%, That is, pp — A® € Nj. Hence,

x e (p — A,
O
Corollary 2 A subset A of the topological partial group S is ©-open if and only if o —
AV = A
Proof It is obvious. O

Definition 16 A subset A of the topological partial group S is called p-closed if S — A is
a g-open set.

Definition 17 Let S be a topological partial group and A C S. Then, x € S € is called a
g-closure point of A if A(\N # ¢, foreach N € g — N,.

The set of all p-closure points of A is called the p-closure of A and is written by p — A.

Proposition 3 Let A be a subset of the topological partial group S. Then, the family
14 ={UA:Uisp — open in S} is a topology on A, which is called g-relative topology.

Proof It is clear that ¢, A € 74 sincep = ¢(|Aand A = A()S. Let M, N € t4. Then,
there exist two g-open sets I/ and V suchthat M = U ()Aand N = V()A.So,M[ N €
74. Also, let V' = (V)),er be a subfamily of t4. Then, for each A, there are g-open sets U,
such that V = U, (A. Then, V =, ; Vi = U, (U NA) = (U U NA. O

Theorem 7 Letf : S — T be p-continuous. Then, f | A : A — T is p-continuous.
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Proof Let U C T be p-open. Now, (f | A)~N(U) = f~1(U)NA. Since f~1(U) is a
g —open set in S, then f~1(1]) is a p-open in A. O

Definition 18 Let S be a topological partial group and A be a subpartial group of S.
Then, A with the gp-relative topology is a topological partial group, called a topological
subpartial group, denoted by A < S.

Definition 19 Let S and T be topological partial groups and let (x,y) € S x T. The set
g — (S xT), where M € NyinSand N € Ny in T is called a p-basic neighbourhood of

).

Definition 20 A subset U of M x N is called a ©-neighbourhood if there exists a g-basic
neighbourhood M x N of (x,y) such that (x,y) € M x N C U.

We note that if M and N are g-open sets in the topological partial groups S and T,
respectively, then M x N is a g-basic neighbourhood of any (x,y) € M x N.

Theorem 8 (i) IfA and B are p-open sets in S and T, respectively, then A x B is
also p-openinS x T
(i) IfCand D are gp-closed sets in S and T, respectively, then C x D is also g-closed in
SxT.

Proof (i) Let(x,y) e Ux V.Then,x € Uandy € V.So, U € p — N, in S and
V € o — Ny in T. This implies i/ x V is a g-basic neighbourhood of (x, y). Since
(x,y) e UxV CAxB, thenl x V € N,y). Hence, A x Bis also g-openin S x T.
(i) Wehave (SXxT)—(CxD)=(E—-C)xT|JSx (T —D).SinceS—Cand T —D
are g-open sets in S and T, respectively, then (S — C) x T and S x (T — D) are
g-opensetsin S x T and so (S x T) — (C x D) is go-open set in § x T. That is,

C x Dis gp-closedinS x T.
O

We note that the following maps are g-continuous, for each topological partial group S:

(i) TheprojectionmapsP; : Sx T — Sand Py : Sx T — T.
(i) The productmap i :S xS — S.
(ili)  The diagonal map Ag = {(x,x) : x € S}.

Theorem 9 Iff : S — T and f : S — F are p-morphisms, then (f,g) : S — T X Fis
also a p-morphism.

Proof 1t is clear that (f,g) is a partial group homomorphism. Let # : C — S be a p-
test map. Since f is g-continuous, then fi : C — T is continuous. Also, since g is -
continuous, then gh : C — T is continuous. So, (fh,gh) = (f,.g@)h : S — T x F is
continuous. That is, (f, g) is g-continuous. Hence, (f, g) is a go-morphism. O

Theorem 10 Iff; : S1 — T1 and fo : So — Ty are p-morphisms, then fi X f : §1 X So —
Ty x Ty is also a g-morphism.

Proof Itis clear that fj x f; : S; x Sy — T x T3 is a partial group homomorphism. Since
fi X fo = (fi P1, fo P2), then from the last theorem, we have that f; x f; is g-continuous.
Hence, fi X f; is a p-morphism. O
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Theorem 11 Let S and T be topological partial groups. Then, the following conditions
are equivalent for any mapf : S — T.
(i)  fis g-continuous
(i) f~'[ U] is a p-open set in S for each g-open set Uin T.
(iii)  f~1[U] is a po-closed set in S for each gp-closed set U in T.

Proof (i)— (ii) Let f be gp-continuous and let I € T be p-open. So, i 1 [f~1[U]]=
(fh)~[ U] is open in C, for each p-test map & : C — T. Hence, f~'[ U] is a p-open
setin S.

(ii)— (iii) Let U be g-closed in T. So T — U is gp-open in T. Therefore, f~[ T — U] =
S —f~[ U] is p-open in S. Hence, f [ U] is p-closed in S.

(iii)— (ii) Let U be g-open in T. So,T — U is g-closed in T. Therefore, f~1[ T — U] =
S —f~[ U] is p-closed in S. Hence, f~1[ U] is p-open in S.

(iii))— (i) Let & : C — S be a p-test map and U C T be open. So, f~![ U] is p-open in
S. Therefore, =1 [f~}[U]] = (fh)~'[ U] is open in C. Hence, f is p-continuous. O

Definition 21 Let S and T be topological partial groups. Then, the map f : S — T is
called p-open if f(U) is -open in T for each g-open set U in S. Also, themapf : S — T
is called p-closed if f (U) is g-closed in T for each gp-closed set U in S.

Theorem 12 Iff; : S1 — Ty andf, : Sy — Ty are p-open maps, then fi X fo : S1 X So —
Ty x Ty is also a g-open map.

Proof Let U C S1 x T be g-open and (x,y) € U. Then, there exists a gp-basic neigh-
bourhood M x N of (x,y) such that (x,y) € p — (M x N) € U. So, (fi X fo)[M x N]C
(fixf2)[ U]. Therefore, fi[ M] xfo N] C (fi xf2)[ U]. Since f1 and f, are g-open maps, then
filM] and fo[ N] are p-open sets in T7 and T», respectively. Hence, fi x f3 is gp-open. [

Theorem 13 The maps r, and l, are g-open maps.

Proof We only prove that r, is g-open as follows: Let U € S be g-open. Then, U [ Se,
is open in the maximal topological subgroup S, and so is open in S. Now, we have two
cases:

(i) Letr, |, 1 Se, = Se,. S0, 74 | 5o, UnSse,) = UaﬂSe We show that Ua ﬂSe is
open in S as follows: Let /1 : C — Sbea g@-test map. Then, ryh: C — Sis a p-test
map. Now, (r,h) "1 (Ua N Se,) = hY((r)~"YUa N Se,)) =
B ((ra) " (Ua) N(ra) "1(Se,)) = k(U N Se,)- Since U () S, is open in S, then

=1 N Se,) is open in C. Hence, Ua () S, is p-open in S.

(i) Letry, | : Se, = Se,. Since, the right transformation r, | is a homeomorphism
of the tépologlcal maximal subgroups S, , then r, | 5or u ﬁ Se,) isopenin S, .
Since Se, is openin S, then r, | 5or (UNSe,) =UaN Sex is open in S. That means
ra(l) = Ugyegs) Tals, (UNS.,) is p-openiin S

Similarly, we can prove that Zq is go-open. O

Theorem 14 Let S be a topological partial group and A, B C S. Then, if A is g-open in
S, then AB and BA are also @-open in S.
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Proof We only prove that AB is g-open in S as follows: Since AB = | J,.5r»(A), and
rp(A) is g-open in S, then AB is g-open in S. Similarly, we can prove that BA is also
g-openin S. O

Theorem 15 If S is a topological partial group, then every g-open topological subpartial
group of S is p-closed.

Proof Let A be a p-open topological subpartial group of S. Then, xA is g-open in S, for
allx € S. Since S — A = [, .4 ¥4, then § — A is -open. Therefore, A is p-closed. O

Theorem 16 The projection maps Py : SXT — Sand Py : SxT — T are gp-open maps.

Proof we only prove that P; is g-open, as follows: let W € S x T be g-open and x €
P;[ W]. Then, there exists y € T such that (x,y) € W. Since W is g-open, then there
exists a g-basic neighbourhood M x N of (x,y) such that (x,y) € M x N € W. So,
x €M = P1_1 [M x N] € Pi[ W]. Hence, P1[ W] € o — N,. Therefore, P; is g-open.
Similarly, we can prove that P, is g-open. O

Let {S;:i=1,2,---,n} be a family of topological partial groups and S =
an S; be the cartesian product of topological partial groups. That is, § =
i=1
x=():x,€8,vVi=12,...,n}.

Theorem 17 The partial group S with the cartesian product topology S = é) Siisa
i=1
topological partial group.

Proof The maps u, y and eg are gp-continuous, since i = (u; (P; x P;)), vy = (y;P;) and

es = <eSiPi) , respectively, where P; : <§> (S;) — S;, are the projection maps. O
i=1

Definition 22 Let S and T be topological partial groups. A topology e —t* on T is called
§—final with respect to the map f : S — T if, for any topological partial group F and all
maps g : T — F, we have that g is g-continuous if gf : S — F is @-continuous.

Theorem 18 The o —t* final topology on T with respect to the functionf : S — T exists
and is characterized by the following condition: If U C T, then U is p-open (p-closed) in
T if and only if f L[ U] is g-open (p-closed) in S.

Proof It is clear that ¢ and T are g-open sets in S. If J and V are g-open sets in T, then
FHuNVvli=fuiNsf [ V]is g-openinS. So, UV is g-open in T. Similarly, let
(L)) 3L be a subfamily of g-open sets in T. Then, f~1[| J(1l})] are p-open sets in S. So,
(J U, isa p-open set in S. A similar proof applies with g-open replaced by g-closed. [J

Definition 23 Let S and T be topological partial groups. Then, the map f : S — T is
called p-identification if f is surjective and T has the gp-final topology with respect to f.

Theorem 19 Let f : S — T be a p-continuous surjection. If fis a g-open (closed) map.
Then, fis a p-identification map.

Proof Let U C T be a g-open set. Then, f~}[ U] is p-open in S. Since f is surjective,
then f[f~[U]]= U. Hence, f~1[ U] is p-open in S if and only if I/ is p-open. A similar
proof applies with open replaced by g-closed. O
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Quotients in topological partial groups

Definition 24 If S is a topological partial group and N < S, then S/N with the p-
identification topology, with respect to the quotient map pn : S — S/N, is called the
§-coset space.

Theorem 20 Let S be a topological partial group and N < S. Then, the quotient map
oN : S — S/N is p-open.

Proof Let U < S be open. Then,

pn' (on (D) = {x € S : pn(x) € pn (L)}
={xeS:xN € U/N}
={xeS:xeaN forsome ac U}

= UaeLI aN
= UN.

Since U is open in S, then UN is open in S. Since py is an identification map and UN is
openin S, then pn(U) is open is S/N. O

Theorem 21 If S is a topological partial group and N < S, then S/N is a topological
partial group.

Proof Since py is a g-open identification map, then pn X pn is a g identification map.
So, the product map u : S/N x S/N — S/N is continuous, since i (on Xi PN) = PN I,
where u’ : § x; § — S is the product map. The partial inverse map y : S/N — S/Nand
the partial identity map es/y : S/N — S/N are continuous, since y py = pn ¥’ and
es/N PN = PN es are g-continuous and py is an identification map, where y’ : § — S,

x—xLlandes:S— S, x> e, are g-continuous. O

Theorem 22 Let ¢ : S — T be an idempotent separating surjective g-morphism and
K = kerg. Then, there exists a unique bijective p-morphism o : S/K — T such that

¢ = QpK-

Proof 1t is clear that « is bijective and a partial group homomorphism. Also, « is g-
continuous since ¢ is g-continuous and px is a g-identification map. O

Theorem 23 Let S be a topological partial group and M, N < S such that M C N, then

(i) N/MS/M
(i)  There exists a unique bijective g-morphism « : (S/M) /(N /M) such that

PN = CPN/MPM

Proof (i) See [4]

(i) Letpn:S— S/Nandpy:S — S/M be the quotient maps. Then, pp is an
idempotent separating surjective g-morphism and kerpny = N. So, from the last
theorem, there exists a unique bijective go-morphism ¢ : S/M — S/N such that
wpm = pN. Since kergp = N /M is a topological partial group, then by the last
theorem, there exists a unique bijective g-morphism « : (S/M)/(N /M), such that
PN = QPN/MPM- O
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Separation axioms.
Definition 25 Let S be a topological partial group. Then, S is called g-Hausdorff if, for
all x,y € S, there exist p-open sets U and V such thatx € U,y € V,and UV # ¢.

Theorem 24 Let S be a topological partial group. Then, S is Hausdorff if and only if S is
a Ty-space.

Proof Let S be a Hausdorff partial group. Then, S is a Tp-space. Conversely, let S be a
To-space. Letx,y € S,x # y:

(i) Ifx,y € Ss then S, isa Ta-group and there exist two open sets U, V' in S, and also
g-openin Ssuchthat UV # ¢ andx € U,y € V and

(i) Ifx € S,;andy € Sy, then, we have that S; and S, are g-open and S, [ S, # ¢. So,
S is a Hausdorff partial group.

O

Theorem 25 Let S be a Hausdorff topological partial group. If f,g : S — T are p-
morphisms of topological partial group, then the difference kernel A = {x € S : f(x) =
g(x)} is a p-closed subpartial group.

Proof A is closed (see [3]). Let x,y € A. Now,

fay™H =f@f o™
=f@fo!
=gx) gt =gy ™).

Therefore, xy~! € A. Hence, A is a gp-closed subpartial group. O

Let K'be the category of topological partial groups, as objects and the g-morphisms, as
arrows.
The category K is a convenient category since this category has a product and a

quotient.

Abbreviations

K: The category of topological partial groups, as objects and the g-morphisms of topological partial groups, as arrows; K:
The category of topological spaces, as objects and k-continuous maps, as arrows; kpg: The category of k-partial groups,
as objects, and the morphisms of k-partial groups, as arrows; Tpg: The category of topological partial groups, as objects
and the homorphisms of topological partial groups, as arrows; T: The category of topological spaces, as objects and
continuous maps, as arrows; g: A non-empty full subcategory of =
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