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Consider the bi-harmonic differential expression of the form

on a manifold of bounded geometry (M, g) with metric g, where Ay, is the scalar
Laplacianon Mand g > O'is a locally integrable function on M.

In the terminology of Everitt and Giertz, the differential expression A is said to be
separated in P (M), if forall u € [P (M) such that Au € [P (M), we have qu € [P (M) .In
this paper, we give sufficient conditions for A to be separated in [P (M) ,where

1 <p< oo
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Introduction

In the terminology of Everitt and Giertz, the concept of separation of differential opera-
tors was first introduced in [1]. Several results of the separation problem are given in a
series of pioneering papers [2—5]. For more backgrounds concerning to our problem, see
[6-8]. Atia et al. [9] have studied the separation property of the bi-harmonic differential

expression A = A%, + ¢, on a Riemannian manifold (M, g) without boundary in L? (M),

2
loc

Recently, Atia [10] has studied the sufficient conditions for the magnetic bi-harmonic

where Ay is the Laplacian on M and 0 < g € Ly (M) is a real-valued function.
differential operator B of the form B = A% + g to be separated in L? (M), on a complete
Riemannian manifold (M, g) with metric g , where Af is the magnetic Laplacian on M
and g > 0 is a locally square integrable function on M. In [11], Milatovic has studied the
separation property for the Schrodinger-type expression of the form L = A;+¢, on non-
compact manifolds in L” (M) . Let (M, g) be a Riemannian manifold without boundary,
with metric g (i.e., M is a C*° — manifold without boundary and g = (gjx) is a Riemannian
metric on M) and dimM = n. We will assume that M is connected. We will also assume
that we are given a positive smooth measure dy, i.e., in any local coordinates al a2, K
, there exists a strictly positive C>—density p (x) such that du = p (x) dx'dx?...dx". In
the sequel, L? (M) is the space of complex-valued square integrable functions on M with
the inner product:
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(u,v) = f (w™)dp, (1)
M
and ||.|| is the norm in L2 (M) corresponding to the inner product (1). We use the notation
L? (AIT*M) for the space of complex-valued square integrable 1-forms on M with the
inner product:

(W, )2 (areary = f (W, W)du, 2)
M
where for 1-forms W = Vdexf and ¥ = Wdxk, we define (W, V) = gfkb\’/jkllk , where
(gjk) is the inverse matrix to (gj) , and W = Wdx* (above, we use the standard Einstein
summation convention).

The notation ||. [l 2(p17+r) stands for the norm in L? (AlT*M) corresponding to the
inner product (2). To simplify notations, we will denote the inner products (1) and (2) by
(.,.). In the sequel, for 1 < p < oo, L? (M) is the space of complex-valued p-integrable
functions on M with the norm:

»
lual, = flulpdu : 3)

In what follows, by C! (M) , we denote the space of continuously differentiable complex-
valued functions on M, and by C*° (M) , we denote the space of smooth complex-valued
functions on M, by CZ° (M) —the space of smooth compactly supported complex-valued
functions on M, by Q! (M) — the space of smooth 1-forms on M , and by Qg (M)
—the space of smooth compactly supported 1-forms on M. In the sequel, the operator
d: C® (M) — Q! (M) is the standard differential and d* : Q! (M) — C> (M) is the for-
mal adjoint of d defined by the identity: (du, V) 2(ar17:p1) = (,d*v),  u € CX M), ve
Q! (M) .By Ay = d*d , we will denote the scalar Laplacian on M. We will use the product
rule for d* as follows:

d* (uv) = ud*v — (du,v), ue Ct (M), ve QL (M). (4)
We consider the bi-harmonic differential expression:
A=A} +¢q (5)

where g > 0 is a locally integrable function on M.
Definition 1 The set Dy :

Let A be as in (5), we will use the notation

D, ={u e I? (M) : Au € IF (M)}. (6)

Remark 1 In general, it is not true that for all u € D,, we have AJZVIu e L? (M) and
qu € LP (M) separately. Using the terminology of Everitt and Giertz, we will say that the
differential expression A = Ajzw + q is separated in LP (M) when the following statement
holds true: for all u € Dy, we have qu € LP (M) .

We will give sufficient conditions for A to be separated in L” (M) . Assume that the
manifold (M, g) has bounded geometry, that is
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(a) infyepr rinj(x) > 0, where r;,;(x) is the injectivity radius of (M, g),

(b) all covariant derivatives V/R of the Riemann curvature tensor R are bounded:
‘V’R! <K; j=0,1,2, ..,.where K; are constants.

Let (M,g) be a manifold of bounded geometry. Then, there exists a sequence of
functions (called cut-off functions) {q’),} in C3° (M) such that forallj =1,2,3..,

Ho=<¢; <1

(ii) ¢j < ¢js15

(iii) for every compact set S C M , there exists j such that ¢;|s = 1;

(iv) supyepq [doj| < C1o supyenr |Amej| < Ci,and sup,ey | A4
is a constant independent of j. For the construction of ¢; satisfying the above properties,
see [12].

< Cy,whereC; > 0

Preliminary lemma
In the following, we introduce a preliminary lemma which will be used in the sequel.

Lemma 1 Assume that (M,g) is a connected C°—Riemannian manifold without
boundary, with metric g and has bounded geometry. Assume that there exist a constant y
such that0 <y < g € CY (M), and

|AMq(x)‘ < aq% (%), forallx € M, 7)

where 0 < o < %, 1 <p<o0,and ’AMq(x)’ denotes the norm of Ayq(x) € TiM
with respect to the inner product in T} M induced by the metric g. Assume that f € LP (M)
and that u € IP (M) N C' (M) is a solution of the equation

A+ qu=f. 8)

Additionally assume that for all k € [—%,p — 1] ,
p k+1 1 : k p—4 o _
lul g2 € L* (M) and lim ( Ayuq du, u|ul’™™ ¢jdu ) = 0. 9)
Jj—00

Then, the following properties hold:

lim (AMM, qku lulP—2 Aquj) =0, (10)

j—o0

and

Nl e Lo, and [ Tl de< G, (1)
M

forallk € [—%,p — 1] , where {¢j} is as in (i-iv) and C1 > 0 is a constant independent of u.
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Proof We first prove (10): Since u € L (M) N ct, using integration by parts,
product rule of d, the definition of Ay; = d*d , and the formula d(u¢) = %, we have

(A;\/Iu,qkululpf2 AM@) = lim (AMu,qku(ue)pszM(i)j)

e—07t

= lim (du,d (qku(ug)p_zﬁMﬁi)j))

= (dudg", wwe = s uy)
+ lim, (dug" dus, ey Brdy)
+(p—2) lim (duq"dun, 12w~ Bty
+ lim(dn, "t~ 2d(Bus))

- 1_1>151+ (du, dq* u(uc)? _ZAMfl’/‘)

+ lim (d gt d(Bug)

+p -1 (du, qdu |ulP ™ AM@)

= tim (wd* (da utu? > gy)
(o ()

_ : * ( k p—2 ,
+@-1) ElerlJr (u,d (q du(uc) AM¢,)> ,
using the product rule (4) of d*, we get

<A1\/1u,qkl,t|u|1"_2 AM@) = — lim (ud (u(ue)p_zAM@),qu)

Jim,
+ lim (w0 2Dy i)

~(p -1 lim <ud (qk (u€>P—2AM¢j) ,du)
o= 1) lim (16" @) Ay o)
- lim (ud (autuor=2) ,d(Aquj))

. k —2 42
+ tim (wqumo? > 234),
using the product rule of d again, we get
(Ao ™ ngy) = = lim (ud (Suigy) ey’ dg")
€e—
o . p—2 g k
61_13)1+ (uA;mb,du, (ue) dq’)
—(p—2) lim (uAMdydu, uz(ue)p_4qu)
e—~>0t
. -2 k
+ lim () Avdidug”)

. k P—2 72 4.
i (e 2s30)
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+@—-1) lim (uqu, (Me)p_ZAM(ﬁjdu)
e—0t
) k -2
+@p-1) 61_12){r (uq d (AM¢j) s (ue)f d”)
—(p—D(p—-2) lim (uqkdu, (e )P_4AM¢jdu)
e—>0t
o . k p—2 A
p-1 El_l)r{)l+ (u,q (ue) AM¢,AMM>
) k -
+ lim (g, u(u (B )
. k —2
— 6l_1)rf)1+ (udq du, (ue)? d(AM¢1‘))
—(p—2) lim (uqudu, uz(ug)”_‘*d(AM(bj)).
e—0t
Hence, we obtain
p (Do, g w72 Aagy) = (s, w2 Dardy) + (1,6 u 1172 23195 )
—-p-Dp-2) (uqkdu, ulufp™* AM¢jdu> .
Taking the limit as j — 0o, we get
p lim (AMM, g uup=? AMq&j) = lim (uAA/qu,ululp_2 Aquj)
j—o00 J—>00
+ lim (u, g uuP=? A%/[@)
j—> 00
—(p-1(p-2) lim (uqkdu, uluP=4 Aqu,»du) .
]—)OO

By properties of {¢/} , it follows that for all x € M, ¢;(x) — 1, d¢;j(x) — 0, Ay¢j(x) — 0
and Ajzwqb,'(x) — 0asj — oo, we apply dominated convergence theorem by using the
assumption (7), the assumption |u|P qk+% € L1 (M) and the condition (iv), we obtain (10).

We now prove (11): Since u € L? (M) N C! (M), using (8), integration by parts, product

rule of d, the definition of Ay; = d*d , and the formula d(u.) = “u%“ , we have

(Frdtulul2¢y) = (D300 du =2 ) + (qu g u 2 )

lim (23, ¢ o ~20y) + (qu a1~ )

e—07t

lim (d (Ayu) ,d (qku(ue)p_zqﬁj)) + (qu,qku |ulP =2 ¢j>

e—0t

= lim (d Qo) utuo? 2dgy) + Tim (d (Bar) q ey
=) lim (4 (), g 0w~y
+ lim (d ), w2 ddg") + (qu, gl )
= (d (Aprue) , gFu |ufP 2 dd);) + (d (Apue) ,u|ulP~> ¢jqu)
+p-1) (d (Ayu), g~ |ulP™2 qb,«du) + (qu, g ululP™> ¢j)
— lim (AMu, da* (qku(ue)p_quﬁj)) (-1 lim (AMM, dar (qk (uE)P—%,du))

e—0t

+ lim (AMu, d* (M(ue)p_2¢jqu>) + (51”: qku |ufp =2 ¢/‘) )

e—0t



Atia Journal of the Egyptian Mathematical Society (2019) 27:24 Page 6 of 10

using the product rule (4) of d*, we get

(f, qku lulP~2 ¢j) =— lim+ (AMud (qku(ue)p_z) ,d¢j)—|— lim (AMu,qku(uE)p_zAM@)
- hm (AMud (u(ue)p 2(])} qu)+ hm ((AMu)u(ue)p_2¢j, Aqu>
—(p— 1) hm (AMud (q (ue)P~ 2(15/) du)

. — k -2
+p = 1) lim (Barug ey ¢y, daaue) + (qu b w2 gy),
using the product rule of 4 again, we get

(f,qku lulP~2 ¢j> = — Elin(r)l+ (AMuqu, u(ué)p_zdgb/) — 6lirlr)l+ (AMuqkdu, (ue)p_qub,»)
~(p—2) lim (Aacug du i (ue " dty)
+ (AMM, qku lulP~2 AM¢j> + lirg+ (AMudqu, u(ué)p_quk)
— lim (Asudyde, (uey2dg") + (s uP = ¢, did )
~(p—2) lim (Anugydu e~ dg )
+p—1) lim (AMuqu, (ue)l’*chjdu)
+@p-1 el_ingr (AMuqk, (ue)p72d¢jdu>
—-p-1D@pE-2) el_i)rgJr (AMuqkdu, u(ue)"%qudu)

+(p = 1) (Anrug w2 gy, ) + (qus ' P2 )
Hence, we obtain

(Fd"uiul = ¢)) = —o = Do — 2 (Barug*du, = ¢ydu)
+ (L g 10 Baidy) + (0 = 1) (L, g a2 ¢y 20m)

+ (AMu, ululf=? ¢jAqu> + (qu, g ulup=? ¢j> . (12)

We now estimate the term (AMu, uulp=? ¢jAqu) .
Using the assumption (7), we get

‘Aqu‘ <okl g (13)

Using (13) and the inequality ab < (p — 1)a® + ﬁil), forall0 < a,b € R, we have

(A1~ ¢y 21"

< / | Aagaal | | 177 6y e
M
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1 _
< | o lamul kI gT2 juP~' ¢ dp

Re— X—

p=2 Lok k1 2 p
(IAMMIIMI 2 ¢j2612> (U k| q 2 ¢,~2 IMIZ) du

- o2k?
< - 1)/|AMu|2 P2 gy dyu + 4—/q"+1¢j|u|1” du
»-D
M M

Ky p—2 o2k2 P -2
1) (AMu,q |u| ¢jAMu> + m (qu,q u |ul ¢j)

D (Ban g 1P gauu) + (1 - o) (qug'uiul2g),  (14)

(p_
(p_

wherea =1 — %,anda € (0,1].

From (14), we get

(8102 $ysna") = = | (a2 dypd )|

> (1= p) (Awae g a7 gyopm) + (o = 1) (g, " 11”2 ) (15)
From (15) into (12), we obtain

(fdulul=¢;) = o = D —2) (Baruqdu, = gy
+ (2arte g u |l Aady) + 0 = 1) (Baase, g 12 gy daau)
+(1—-p) (AM% " lufp > ¢>;AMM>
o = 1) (g0 g u w2 ) + (qu g 1P~ ¢y
=—-p-DpE-2) (AMuqkdu, ululP=* qﬁjdu)
+ (AMM, g u luP? AMq)j) +a (u, G u w2 ¢>j) . (16)
Now, we use the inequality:

p
abl = 2 e, (17)

where 1% + % =1,a, b€ R,and 1 € (0,1).Since ¢ < land ¢t = p%l > 1, this implies
(@) < ¢j.
Using this and (17), we have

(it uiurg)

IA

(7,2 )|

1
- / FIP dpt + 2 / @) Jult [u] P~ dp.
M M

IA

W UL+ 1 [ a1 d
M

kj
AP |[f||§ + A <qppl |ul, ¢ |u|P—1> ) (18)

Page 7 of 10
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From (18) into (16), we get
(8nrt gl Audy) + o (1,6l =2 )
kp_
= 1 - (Saau e gye) <52 117+ (7 gy ).

Since k < p — 1 and A € (0,1) is arbitrary, we can choose a sufficiently small A > 0 such
that

—-p-Dp-2) <AMuqkdu, uulP= qudu)

— (04 — _
+ (B dulul 2 sygy) + 5 (wd ulup ) <27 |fp. (9)
By Fatou’s lemma, we have
/qu lulf dp < lim inf (u, qk+1u lulP=2 ¢j). (20)
j—>o0
M

Combining (19) and (20) and using (9) and (10), we obtain [ g ulP du < G Hf’
M

P

p )
where C; > 0 is a constant independent of u, which is the proof of (11) and the lemma.
O

Preparatory result
The following proposition is the most important result of this section.

Proposition 1 Assume that (M, g) is a connected C*° —Riemannian manifold without
boundary, with metric g and has bounded geometry. Assume that the hypotheses (7), (8),
and (9) of the Lemma 1 are satisfied. Then

laul, = Clfi

where C > 0 is a constant independent of u.

, (1)

Proof Let m be an integer such that § < p < ”‘TH By the result (11) in Lemma 1
withk=—1,0, 1,1, 3,2, we get g7 [ul? € L' (M), qlulP € L} (M),...q% ' Jul €
LY (M) . Since g(x) > y > 0, thus Iulpqp_% = |ulp q%ﬂqﬁ < Iulpq%ﬂyﬁ,where B =
p— ’”T“ < 0. This implies |ul? q(p_l)Jr% € L' (M), so by (11) (for k = p — 1), we obtain

1 P . . . P P .
g \ul? € L+ (M) and}éqp [ulP du < C; ‘Lf‘p, which implies ”qu”p <C Hpr, that is

lal, < clf|
proposition. [

» ,where C > 0 is a constant independent of u. Hence, the proof of the

Lemma 2 Let (M, g) be a Remannian manifold, and let u € LY (M), Ayue Ll (M).

loc loc

ulx) -
ol 0
Then, A12\/1 lu| < Re ((Aﬁ/[u)signﬁ) , where signu(x) = { *® if u(x) #

. See [13].
0 otherwise [13]

Distributional inequality For 1 < p < oo and A > 0, we consider the inequality,

(AZZM + A) u=v>0, uecl?(M),wherev > 0 means that vis a positive distribution,
ie, (v,¢) > 0forevery0 < ¢ € C* (M) . See [14].

Lemma 3 Let (M, g) be a manifold of bounded geometry and let 1 < p < oo .
If u € LP (M) satisfies the distributional inequality: (Alzw + M) u > Othenu > 0
(almost every where or, equivalently, as a distribution). See [15].
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Lemma 4 If u € L? (M) satisfies the equation A%/Iu + qu = 0, (which is understood in
distributional sense), then u = 0.

Proof Since g € C! (M) C L (M), it follows that qu € L} (M) . Since we have AZZ\,ILH-

loc loc
qu = 0, it follows that AZZ\/IZ" = —qu € Llloc (M) . From Lemma 2 and the assumption
q >y >0, weget
2 2 g . u |M|2
Ay lul < Re ((AMu)szgnu) = —Re ((qu)szgnu) = —quﬁ = —qm =—qlul < -y lyl,

which implies (A%, + y) |u| < 0. From Lemma 3, we get |u| < 0. This implies # = 0

hence the proof. O

The Main result
We now introduce our main result of this paper.

Theorem 1 Assume that (M,g) is a connected C*°—Riemannian manifold without
boundary, with metric g and has bounded geometry. Assume that the assumption (7) of the
Lemma 1 is satisfied. Then

||qu||p < ClAul,, forallu € Dy, (22)

where C > 0 is a constant independent of u.

Proof Let u € D, and

(A +q)u=f (23)

so f € LP (M) . Thus, there exist a sequence (ﬁ) in CZ° (M) such that f; — f in L” (M) as
j — co. Let T be the closure of (A%, + g) |ceo) in LP (M) . By [15], it follows that:

(i) Dom(T) = Dy, and Tu = (A3, + q) u for all u € D,

(ii) The operator T is invertible, and T~ : L# (M) — LP (M) is a bounded linear
operator.

Consider the sequence T’lﬁ = w;, since T-1 .17 (M) — LP (M) is a bounded linear
operator, so wj — T~f in 17 (M) as j — oc. Let w = T~'f. Using the property (i) of T,
we get

(6 +q)w=f. (24)

From (23) and (24), we get (A%,[ + q) (u — w) = 0. By Lemma 4, we obtain u = w. Since
T’lﬁ = wj, it follows that w; € D), and by the property (i) of T, we get

(8% +q)wy = £ (25)

In (25), we have g € CL(M) and fj € C° (M), so by elliptic regularity, we get w; €
W/if (M) . By Sobolev embedding theorem [16], we get w; € Wli’f M) C Lfoc M),
where % = }7 — % Hence, qw; € L} (M). Using elliptic regularity again, we get
wj € leoct (M) with t > p. Applying the same procedure, we will obtain w; € ct(Mm).
Thus, w; € CH(M) N L? (M) satisfies the conditions of Proposition 1. From (25) for

j, r=12,..,weget (AZZM + q) (Wj — wy) = f; — f. Also, from (21), we get

latw; —wnll, =l =%, (26)
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Since (ﬁ) is a cauchy sequence in L” (M), from (26), it follows that (qwj) is also a cauchy
sequence in L?” (M), which implies (qwj) converges to s € LP (M). Let ¥ € C* (M),
then 0 = (qw;, ¥) — (wj,q¥) — (s, ¥) — (w,q¥) = (s —gw, V). So gw = s (because
C° (M) is dense in LP (M)). Hence, gw; — qw in L? (M) as j — oo. But, we have u = w,
so qu = gw. Since we have ||qw,-||p <C Hf/”p , by taking the limit asj — oo, we obtain
||qu||p <C Hpr = C||Aull,, where C > 0 is a constant independent of u. This concludes
the proof of the Theorem. O
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