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Introduction

Quantales were introduced by C. J. Mulvey in [1], with the purpose of studying the foun-
dations of quantum mechanics and the spectrum of C*-algebras. In 2007, Rodabaugh
[2] introduced the notion of semi-quantale as a generalization of quantale and used it as
an appropriate lattice-theoretic basis to formulate powerset, topological, and fuzzy topo-
logical theories. The notion of semi-quantale provides a useful tool to gather various
lattice-theoretic notions, which have been extensively studied in non-commutative struc-
tures; it has a wide application, especially in studying the non-commutative lattice-valued
quasi-topology [2-6].

In 2015, Demirici [7] introduced the notion of M-fuzzy semi-quantales as a fuzzy
version of notion of Rodabaugh’s semi-quantales, providing a common framework for
(L, M)-fuzzy topological spaces of Kubiak and Sostak [8], L-quasi-fuzzy topological
spaces of Rodabaugh [2], and L-fuzzy topological spaces of Hohle and Sostak [9].

As we all know, the quantic nuclei and the quantic conuclei play an important role
in quantale theory. In this paper, we aim to introduce the notions of M-fuzzy quan-
tic nuclei and conuclei on quantales and study some of their properties. Firstly, in
“The (direct) product of two quantales” section, we will define and study the (direct) prod-
uct of two quantales which will be used through this paper. In “M-fuzzy quantic nuclei”
section, the concept of an M-fuzzy quantic ( or quantale) nuclei is introduced and
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a relationship between it and the notion of M-fuzzy semi-quantales is discussed. In
“M-fuzzy quantic conuclei” section, the concept of an M-fuzzy quantic (or quantale)
conuclei is introduced. As an application of M-fuzzy quantic conuclei on quantales, we
characterize and study the notion of (L, M)-quasi-fuzzy interior operator on a non-empty
set X and discuss the relationship between it and an (L, M)-quasi-fuzzy topology on
X. Finally, in “M-fuzzy ideal conuclei on quantales” section, the concept of an M-fuzzy
left (resp., right) ideal conucleus is introduced and the relationship with the concept of
M-fuzzy left (resp., right) quantale ideals is introduced.

Preliminaries

A semi-quantale L = (L, <,Q®) [2, 10] is a complete lattice L = (L, <) equipped with
a binary operation ® : L x L —> L (called a tensor product) with no additional
assumptions. As convention, we denote the join, meet, top, and bottom in the com-
plete lattice (L, <) by \/, A\, Tz , and L, respectively. Semi-quantales include various
classes of ordered algebraic structures (e.g., complete residuated lattices, unit interval
[0,1] equipped with t-norms or ¢-conorms, quantales, frames, semi-frames) playing a
major role in fuzzy set theory and fuzzy logics [11, 12]. Now, we list only some of their
definitions that will be needed in the following text.

Definition 1 A semi-quantale L = (L, <, ®) is called:

(1) A unital semi-quantale [2] if the groupoid (L, ®) has an identity elemente € L called
the unit. If the unit e coincides with the top element T of L, then a unital
semi-quantale is called a strictly two-sided semi-quantale.

(2) A commutative semi-quantate (2] if ® is commutative, i.e,a ® b = b @ a for every
a,bel.

(3) A quantale [13] if the binary operation ® is associative and satisfies

a®(\/b)=\/(@®b)and(\/b)®@a=\/b:i®a) forallac L, {blics L.

iel iel iel iel

(4) A coquantale [14] if the multiplication ® is associative and satisfies

a®(\b)=/\@®b) and (/\b)®a= \(bi®a) foralla € L, (bies < L.

iel iel iel iel

A semi-quantale morphism [2] / from a semi-quantale L = (L, <, ®) to an other semi-
quantale M = (M, <,®) isamap & : L —> M preserving the tensor product and the
arbitrary joins. If a semi-quantale morphism # : L — M additionally preserves the
top (resp., unit) element, i.e., h(T) = Ty (resp., h(er) = epr), then it is said to be
strong (resp., unital). The category SQuant comprises all semi-quantales together with
semi-quantale morphisms. The non-full subcategory UnSQuant of SQuant comprises
all unital semi-quantales and all unital semi-quantale morphisms [2]. Quant is the full
subcategory of SQuant, which has as objects all quantales.

CoQuant is the full subcategory of SQuant, which has as objects all coquantales and as
morphisms, all maps that preserve the tensor product and arbitrary meets.

Let X be a non-empty set and L € |SQuant|. An L-fuzzy subset (or L-subset) of X is
a mapping A : X —> L. The family of all L-fuzzy subsets on X will be denoted by LX.
The smallest element and the largest element in LX are denoted by L and T, respectively.
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The algebraic and lattice-theoretic structures can be extended from the semi-quantale
(L, <, V/,®) to L pointwisely:

o A<B<& A(x) < B(x),
e (A®B)(x) = Ax) ® B(x),

forallx € X.
Obviously, (L, <, ®) is again a semi-quantale with respect to the multiplication ® and

the joins of a subset {A; : i € I} of LX is given by
VAN =V Ailx) Vxe X.

I;e Ithe case wt}i:re L is unital with unit e, then LX becomes a unital semi-quantale with
the unit e. For an ordinary mapping f : X — Y, one can define the mappings f;~ :
X — LY and f; : LY — X by ;7 (A)(») = V{A®) : x € X,f(x) = y} for every
A eLXandeveryy € Y,f;"(B) = Bof for every B € LY, respectively. For more details,
we refer to [2, 15].

Every quantale L has two residuals, which are induced by its binary operation ® and
which are definedbya \( b = \/{c:a®c <b}and b /' a = \/{c:c®a < b}, respec-
tively, providing a single residuum — in case of a commutative multiplication (resulting
complete residuated lattices of Denniston et al. [16]). These operations have the standard
properties of poset adjunctions [17] or (order preserving) Galois connections [18], for

example,
aQb<csa<b\c&b=<c,/a. (1)

For the convenience of the reader, the following proposition recalls some of their other
properties, which will be heavily used throughout this paper.

Proposition 1 [13, 19] For L € |Quant| witha,b,c € L and B C L, we have the following

properties:

(1) a® (a~\yb)<band((b ,/ a)Ra < b,

(2 bN@No=(@®b) \cand(c,/b)/a=c,/ (a®Db),
(3) aN(cy b)y=(a\c) /b

(4) a<bimpliesc\(a <c\ybandb\ c<a \ c

Before going too much further, we recall that if L = (L, <) is a poset, an order preserving
function g : L — L is called a closure (resp., coclosure) operator on the poset L = (L, <)
[13, 17] iff it satisfies the following conditions:

(1) a <g(a) (resp.,g(a) <a),foralla € L,
(2) g(g(a)) = g(a), foralla € L.

Definition 2 [4, 13] Let (L, <, ®) € |SQuant|. A quantic nucleus (resp., conucleus) on L
is a closure (resp., coclosure) operator g : L —> L such that g(a) ® g(b) < g(a ® b)) for all
a,bel.

Definition 3 [20] Let L be a quantale. A non-empty subset I C L is called a left (resp.,
right) ideal of L if it satisfies the following three conditions:
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(1) avbelforallabel,
(2) Foralla,beL,ifaelandb <a,thenb <€ I;
(3) Forallae Landx € ,a®x € I(resp.,x Q@ a € I).
A subset I is an ideal if it is both a left ideal and a right ideal.

Definition 4 [7] Let (L, <, ®), (M, <, ©) € |[SQuant|.

(i) An M-fuzzy semi-quantale on L is a map p : L —> M satisfying the following
conditions: For alla,b € L and {aj|j € J} € L,

(FSQ1) (@) © u(b) < p@a®b),
(FSQ2) Ny @) = 1 (Ve @)-

(iiy An M-fuzzy semi-quantale p is called strong if u(Tp) = T .
(iii) In case where (L, <, ®) is a unital semi-quantale with the unit er, an M-fuzzy
semi-quantale w is called unital if u(er) = T .

Definition 5 [7] Let (L, <, ®), (M, <,®) € |SQuant|, and X be a non-empty set.

(i) Amaprt:LX —> M is called an (L, M)-quasi-fuzzy topology on X iff t is an
M-fuzzy semi-quantale on LX, i.e., the next conditions are satisfied for all A, B € L*
and {Ajlj € J} € LX :

(QT1) T(AHOTB)<T(A®DB),
(QT?) /\je] T(4)) = r(\/je]Aj)'

(i) An (L, M)-quasi-fuzzy topology is strong iff T (T) = T .

(#ii) Let L be a unital semi-quantale with unit e. An (L, M)-quasi-fuzzy topology is then
called an (L, M)-fuzzy topology iff t(e) = T um.

(iv) The ordered pair (X, t) is called an (L, M)-quasi-fuzzy (resp., strong
(L, M)-quasi-fuzzy, (L, M)-fuzzy) topological space if t is an (L, M)-quasi-fuzzy
(resp., strong (L, M)-quasi-fuzzy, (L, M)-fuzzy) topology on X.

The (direct) product of two quantales
It is known that the (direct) product of two ordered sets (P, <) and (Q, <) is the ordered
set (P x Q, <) [21], where the order relation on the product P x Q is defined as follows:

(a,b) < (c,d)inPx Q& a<cinPand b <d in Q. 2)

Also, the (direct) product of two semigroups (G, ®) and (H, ©) is a semigroup (G x H, *)
[22], where the binary operation * on G x H is defined as follows:

(a,b) % (c,;d) = (@@ ¢, b O d). (3)

Furthermore, the direct product of two complete lattices is a complete lattice [23].
So, we can conclude that the direct product of any two semi-quantales is again a
semi-quantale with the tensor product * denoted by Eq. (3).

Lemma 1 The direct product of any two quantales is a quantale.

Proof Since the direct product of any two semi-quantales is a semi-quantale, then we
only prove the distributively of \/ over the product .
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Let Q = ( ) < \/’*) = Ql X QZ where Ql = (er S’\/r ®) and QZ = (QZr S’\/; @)

are quantales.
Foralla,\/;a; € Q1,b,\/; bi € Qa, we have

(a,b) * \/ (ai b;) = (a,b) (\/ai,\/b,) = (a@\/ai,bo\/bi),
= (\/(ﬂ@)ﬂi),\/(b@bi)),

= \/((u@ai),(bebi)).
Similarly, we can prove that \/,(a;, b;) * (a,b) = \/;((a; ® a), (b; © b)). -

Lemma 2 For (Q1,<,\/,®), (Q2,<,\/,0) € |Quant|, let a1,b; € Q1 and az, by € Qa.
Then

(1) (a1,a2) \( (b1,b2) = (a1 \( b1,a2 \( b2),
(2) (b1,by) / (a1,a2) = (b1 / a1,b2 / a2).

Proof

(@1 \buay N\ by) = ({1 ®c1 < b1}, \/{e2: a2 0 c2 < ba)),
=\{(cr,e2) a1 ®c1 < by,ay O ¢y < by,
=\ler,e2) : (@1 @ c1,a2 © ¢2) < (b1, b2)},
= \/l(cr,¢2) : (a1, a2)  (c1,¢2) < (b1, b)),

= (a1, a2) \\ (b1, b2).
The item (2) can be proved similarly. O

Proposition 2 Let (Q1, <,\/,®), (Q2,<,\/,©®) € |Quant|, a,b,c € Q1 and a1,b1,¢1 €
Qy. Then
(1) (a,a1) * ((a,a1) \ (b, b1)) < (b, b1),
(2) ((b,b1) v (a,a1)) * (a,a1) < (b, by),
(3) (b,b1) \ (@, a1) \( (¢,c1)) = ((a,a1) * (b, b1)) \( (¢, 1),
(4) ((c;c1) v (b,b1)) / (a,a1) = (c,c1) " (@, a1) % (b, b)),
(5) (a,a1) \ ((c,c1) (b, b1)) = ((a,a1) \ (¢, c1)) (b, b1).

Proof (1)

(a,a1) * (@, a1) (b, b1)) = (a,a1) * (@ \ b,a1 \ b1)

= (a® (a \\ b),a1 © (a1 \ b1))(by Proposition 1(1))
=< (b) bl)

((by bl) l/ (ﬂ,(ll)) * (ax (ll) = (b / a, bl 1/ ﬂl) * (ﬂ,&ll)

= (b a)®a, (b1 ,/ a1) © a1)(by Proposition 1(1))
=< (b: bl)
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®3)
(b,b1) \ ((@,a1) \ (c,c1)) = (b, b1) (@ ¢ a1 1)
=(b\ (@ ¢),b1 (a1 \\ 1)
= ((a®b) \( ¢ (a1 © b1) \( c1)(by Proposition 1(2))
= (a®b,a; © b1) \{ (¢, c1)(by Lemma 2)
= ((@,a1) * (b, b1)) \ (¢, c1).
(4)
(6 e1) v/ (b,b1) / (a,a1) = (¢ / byer / b1)  (4,a1)
=((c /' b) v a (/b)) a)
= (¢ (@a®Db),c1 / (a1 © b1))(by Proposition 1(2))
= (c,c1) v (@®b,a; © b1)(by Lemma 2)
= (6,c1) (@ a1) * (b, b1)).
(5)
(a,a1) \ ((¢;c1) (b, b)) = (a,a1) \( (¢ / b,c1 /" b1)
=@\ (¢ b)ar \ (c1 v b1)
= ((a\(¢) / b,(a1 \( c1) / b1)(by Proposition 1(3))
=(a\(Ga1 \ 1)/ (b,b1)(by Lemma 2)
= ((@,a1) \ (¢, c1)) (b, by).
O
M-fuzzy quantic nuclei
In this section, we will introduce the concept of an M-fuzzy quantic nuclei as a fuzzy
version of the well-known quantic nuclei. Some properties of such M-fuzzy quantic nuclei
will be studied, and the relationship between it and the notion of M-fuzzy semi-quantales
will be discussed.

Before we go further into this section, let us begin with introducing a fuzzy version of
the known closure operator on a partially ordered set.

Definition 6 For a complete lattice (M, <) and an ordered set (L, <), a mapping C : L X
M — L is called an M-fuzzy closure operator on L if it satisfies the following conditions:
foralla,b e Landa,p € M,

(C1) Ca,a)>a;
(Cy) Cla,a) < C(b,B),ifa<banda < B;
(C3) Cla,a) = C(C(a,a),a).

Proposition 3 Let (L, <,®), (M,<,0) € |SQuant| and n : L — M be an M-fuzzy
semi-quantale. A mapping C,, : L x M — L defined by the equality.

Culaa)=N\xel:x>a,ux) >alVacLa M,

is an M-fuzzy closure operator on L.

Proof Let uw : L — M be an M-fuzzy semi-quantale. To prove that the map C, :
L x M — L defined by
Culaa) = N\xel:x>a,ux >alVacL,a MM,
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is an M-fuzzy closure operator on L, we will prove that the conditions (C; — C3) of the
above definition hold.

(C1) By definition of C,,, we have Cj (g, ) = Afx € L : x> a, u(x) > a} > a.
So, Cy(a,a) > a.
(Cy) Ifa<banda < B, then
Cub,B) = N\lxeL:x>b,ux) > p},
>Nxel:x>b>a,nukx) >p>al,
= Cyu(a,a).
Hence, C, (a,a) < C, (b, B).
(C3) Since Cy(a,«) € Land
Cu(Cula,a),a) = N\{x e L:x > Cyla, o), u(x) > o},
we have that pu(x) > u(Cy(a,a)) > a.
Then, putting x = C,,(a, «), we have
Cu(Cu(a,a),a) = \ Cy(a,a) and this implies
Cula,a) > Cy(Cpyla,a),a).
Also, from (C1), we have that
Cu(Cula,a),a) > Cy(a,a).

Then, the equality holds. -

Definition 7 Let (L, <,®), (M, <,®) € |SQuant|. A mapping C: Lx M —> L is called
an M-fuzzy quantic nucleus operator on L if it is an M-fuzzy closure operator on L and
satisfies the following condition: for all a,b € L and o, € M,

(Cy) Cla,a)@C,B) <Cla®b,a ® P).

Proposition 4 Let (L, <,®) € |CoQuant|, (M, <,®) € |SQuant| and i : L —> M be
an M-fuzzy semi-quantale. The mapping C,, : L x M — L defined by the equality.

Culaa)=Nuel:u>anu)>a,VacLaecM

is an M-fuzzy quantic nucleus on L.

Proof We only prove the condition Cy4. For a,b € L and o, 8 € M, we have: C,(a,a) ®
Cub,B)=Nu:ucLu>aa<puw}® Nlv:iveLv=bp<um)
=ANu®viuvelLu>av>ba<uw),p=<nm»l
=ANu®v:uvelLu>av>=ba®B <uu)ouwl
< ANu®v:iuveLa®@b<u®v,a®B < pnuevv},
<ANw:iwelLw>a®baoOB <uw}=Cia®bap).
Then Cy,(a,a) ® Cu(b, ) < Cu(@a® b,a O B). =

Proposition 5 Let (L, <,®), (M, <,0) € |Quant| and C: L x M —> L be an M-fuzzy
quantic nucleus on a quantale L, then

Cla,a) \ C(b, ) = a ™\ C(b, ) (resp., C(b, B) " Cla, &) < C(b, B) /' a).

Proof Since C(a,®) > a, then by Proposition 1 (4), we have
Cla,a) \\ C(b,B) <a\ C(b,B).

The argument for the residuum / proceeds similarly. O

Corollary 1 For (L, <,®), (M, <,0) € |Quant|. I[fC : L x M —> L be an M-fuzzy
quantic nucleus on a quantale L, then
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(1)
()

Cbyap s a)<Cbp a
Cla\ba ™\ B) =a Cbp),

3) Cby ap a)=Cbp / Claa),
(4) Cla ™\ ba\ B) = Caa) \ Cb B,

foralla,be L, a,p € M.

Proof (1) Since C(b / a,B /' @)®@C(a,a) < C((b / a)®a, (B / a))Oa) < C(b, B)

3)

and C: L x M — L is an M-fuzzy quantic nucleus on L, then from Proposition 5,
we have that
Cb vy ap s a)=<Cbp /a
Similarly, we can prove (2).
Since C(a,a) ® C(b /" a,B /" @) = Cla,a) ® C[ (b, B) / (a, )]

< Cl@a)® (b, p) v (a,a)] < C(b, ). Thus
by apysao=Cbp) / Caa).

Similarly, we can prove (4). O

Lemma 3 Let L be a unital quantale. Foralla,b € L, o, B € M, a mapping C : LXxM —>
L with C(a,a) \ C(b,B) = a \ C(b,p) and C(b,B) ,/ Cla,a) = C(b,p) / aisan
M-fuzzy quantic nucleus on L.

Proof Foralla,b € L, a, B € M, suppose that
Cla,a) \y C(b, B) < a\y C(b,B)and C(b, B) ,/ Cla,a) < C(b,B) ,/ a.

By the unital assumption ey, we have that:

1)

()

3)

(4)

er ® Cla,a) < Cla,a) & ep < Cla, ) / Cla,a) < Ca,a) /a
e ®a < Cla,a)
& a < C(a,a).
Ifa < band o < B, then
ee®a=<b=Cbp) e =Cbp a
e < Cb,B) v Caa)
< e ® Cla,a) < C(b,B)
& Cla,a) < C(b, B).
Since a < C(a, ), from (2), we have C(a, @) < C(C(a, o), a).
On the other hand, e; ® C(a,«) < C(a,a) < e < Cla,a) / Cla,a)
S e < Cla,a) v/ C(Cla,a),a)
S e Q@ C(Ca,a),a) < Cla, @)
& C(C(a,a),0) < C(a,a),
< C(Cla,a),a) = Cla,a).
From the items (1)—(2), we have, foralla,b € L,a, 8 € M
a®b<Cla®ba®Op)ea<Clax@badp) /b
s a<Cla®babp), CbPp)
©a®Chp) <Cla®badp)
& Cb,p) =aNCla®babp)
& C(b, B) < Cla,a) \{ Ca ® b,a © B)
< Cla,a) ® C(b,B) < Cla®b,a O P).
Thus, Cis a an M-fuzzy quantic nucleus. The right unital case follows similarly.

Page 8 of 17
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M-fuzzy quantic conuclei O
In this section, we will introduce and study the concept of an M-fuzzy quantic conuclei on
a quantale L = (L, <, ®). A relationship between M-fuzzy quantic conuclei and M-fuzzy
semi-quantales will be discussed. Also, we characterize and study the notion of (L, M)-
quasi-fuzzy interior operator, as an application of M-fuzzy quantic conuclei on quantales,
and discuss the relationship between such an (L, M)-quasi-fuzzy interior operator and an
(L, M)-quasi-fuzzy topology on a non-empty set X.

Definition 8 Let (L, <) and (M, <) be posets. A mapping k : L x M —> L is called an
M-fuzzy coclosure operator on L if, for all a,b € L and o, B € M, it satisfies the following
conditions:

(k1) k(a,a) < k(b,B) whenevera < b, < a.
(k) Kk(a,a) < a.
(KB) K(d’ 05) = K(K(d, 05)’ 05)'

Definition 9 An M-fuzzy coclosure operator k : L x M — L is said to be:

(1) Strongifk(Tr,a)=Ty.
(2) Unital if (L, <, ®) is unital and k (e, ) = T.

Proposition 6 Let (L, <,®), (M, <,0) € |SQuant| and i : L —> M be an M-fuzzy
(resp., a strong M-fuzzy) semi-quantale. The mapping k,, : L x M — L defined by the
equality.

ky@a)=\{xeLl:x <a,ukx) >a}VaeLando € M;

is an M-fuzzy (resp., a strong M-fuzzy) coclosure operator on L.

Proof Let u : L — M be an M-fuzzy semi-quantale. To prove that the map «,, :
L x M — L defined by

ky@a)=\{xel:x<a,ux) >a}VacLando e M

is an M-fuzzy coclosure operator on L, we will prove the conditions (k1 — «3) of the
above definition.

(k1) Fora,b e Landa,B € Mwitha < b, 8 < a, we have
kp(a,a) =\{xeLl:x <a,pnkx > a}
<Vixel:x<bux > B},
= (b, B).
So, ku(a, @) < Ky (b, B).
(k2) By definition of «,,, we have
kpl@e)=\{xel:x <a,ux) >a}l <a.
Then, k,(a,a) < a.
(k3) Since ky(a,a) € Land ky(ky(a,a),a) = \/{x € L:x < ky(a, o), n(x) > a}, we
have that u (k. (a, o)) > u(x) > a.
Then, putting x = «, (a, @), we have «, (k. (a, a), @) = \/ k. (a, «) and this implies
kp(a, o) <k, (ky(a, a),a).
Also, from (k3), we have that
ky(ky(a, o), a) < ky(a, o).
Then, the equality holds.
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If u : L — M be a strong M-fuzzy semi-quantale, then it is clear that
k(M) =V{xeLx=Tr,ukx) >a} =Ty,
which means that «, is a strong M-fuzzy coclosure operator on L. O

Definition 10 Let (L, <,®), (M, <,0) € |SQuant|. A mappingx : L x M —> L is
called an M-fuzzy quantic conucleus on L if it is an M-fuzzy coclosure operator on L and
satisfies the following conditions: for all a,b € L and o, f € M,

(ka) Kk(a,a0) @ k(b,B) <k(@®b,a® p).

Proposition 7 Let (L, <,®) € |Quant|, (M, <,®) € |SQuant| and u : L —> M be an
M-fuzzy semi-quantale on L. The mapping k,, : L x M — L defined by the equality.

kpl@a)=\/{xeLl:x <a,ux)>a}VaeclaecM,

is an M-fuzzy quantic conucleus on L.

Proof We only prove the condition «4:
kp(a, ) @k (b, B) =\/{x:xeLx<aa<pu@®}@\{y:yeLy<bp<pny)
=Vx®y:x,yeLx<ay<ba=<ux),B<und
<\V{z:zeLz<a®baOp <u@®@}=«,(a®bodp).
Then, «y(a, @) ® K, (b, B) < ku(a® b,a O ). O

Remark 1 If L € [UnSQuant| and «, (e, o) = \/{x € L,x = ey, u(x) > a} = Ty, then
Ky is a unital M-fuzzy quantic conucleus on L.

Proposition 8 For (L, <,®), (M, <,®) € |Quant| and given an M-fuzzy (resp., a strong
M-fuzzy) quantic conucleus k : L X M —> L, then an M-fuzzy set ju, : L —> M, which
defined by

(@ =\{e e M:k(a,a) > a,ac L},

is an M-fuzzy (resp., a strong M-fuzzy) semi-quantale on L.

Proof Let k : L x M —> L be an M-fuzzy quantic conucleus on L. We need to show
that u, is an M-fuzzy semi-quantale. To this end

(1) For a family of {a; : i € I} C L, we have
,U,,((\/i a)=\{aeM: K(\/ie[ ap,a) > \/ieI ail,
=V{eeM:V,g«x@@,a) >\, ai},
> Niet Ve e M k(ai,0) > ai} = Njep i (@)
Then, we (\/;ai) = Nier b (@)
(2) Fora,be Landa,B € M.

(@) © pye (b)) = \{a e M : k(a,a) > a} © \/{B € M : «(b,B) > b},
=Vieop k@) >akbp) > b},
=V{eoB:«@a)@«b,p) > a® b},
=\V{e0B:k@®ba®pP) >xaa)«b,B)>a® b},
<\V{y:x@®b,y) > a®b},
= e (a ® b).

Then, ui (@) © e (b) < pi(a ® b).

In the case of a strong M-fuzzy quantic conucleus, i.e., k(Tr,a) = T, we have that
i (T1) = Ty and this completes the proof. O
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The following proposition lists some of the basic properties of the residuals N\ and
on an M-fuzzy quantic conucleusx : L x M — L.

Proposition 9 For (L, <,Q), (M, <,0) € |Quant|, let k : L x M —> L be an M-fuzzy
quantic conucleus on L. Then for all a,b,c € L,a, 8 € M, the following hold:

(@) k(@) @k(a\yba\ B)<«kbPp),
(i) kb / a,B /o) Qk(a,a) <k(b,B).

Proof (1) By Proposition 1 (1), we have

k(@) @k(a ™\ ba\ B)=«k(aa) @«l[(aa) \ (b p)]
<k[(a &) ® (a,a) \\ (b, B)] (by Proposition 2(1))
<«(b,B).

(2) By Proposition 1 (1), we have

kb ap/ a)Qk(a,a)=k[(bB) / (ac)]Rkaa)
<«k[(b,B) / (a,a) ® (a,a)] (by Proposition 2(2));
<«(b,B). 0

We conclude this section by given the notion of (L, M)-quasi-fuzzy interior operator
as an example of an M-fuzzy quantic conucleus on the power set quantale L* and as a
generalized form of an L-interior operator of [9]. Also, we study the relationship between
(L, M)-quasi-fuzzy interior operator and (L, M)-quasi-fuzzy topology on a non-empty set X.

Definition 11 For (L, <, ®), (M, <,®) € |SQuant| and a non-empty set X, the mapping
T:IX x M —> L% is called:

(i) An (L, M)-quasi-fuzzy interior operator on X iff I satisfies the following conditions:
ForallA,B € LX,a, B € M;

(71) T(A,a) <ZI(B,B) wheneverA < B, < a.
(Ty) Z(A,a) < A.

I3) ZT(A,0) <I(Z(A, @), ).

(Zs) Z(A,a0) ®Z(B,B) <Z(A®B,a O p).

(ii) A strong (L, M)-quasi-fuzzy interior operator if it satisfies the following condition:
(Is) (T, ) =T.

(iti) An (L, M)-fuzzy interior operator if L € |UnSQuant| with unit e and the following
condition is satisfied:
Zs) I(ea)=T.

Proposition 10 For (L, <,®), (M, <,®) € |Quant|, a non-empty set X, and an (L, M)-
quasi-fuzzy topology T : LX —> M, the mapping T, : LX x M — LX defined by the
equality.

T.A ) =\{uelX :u<Artm >a),VA € LX,a € M,

is an (L, M)-quasi-fuzzy interior operator on X.

Proof Let T : L* — M be an (L, M)-quasi-fuzzy topology on X. To prove that the map
T, : LX x M — L defined by
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T.Aa)=\{uel* :u<Atw >a},VAc LX,a e M,
is an (L, M)-quasi-fuzzy interior operator on X, we will prove that the conditions (Z; —
74) of the above definition hold.

(1) ForA,Be L¥andw, B € Mwith A < B, B < a, we have
A ) =\V{uelX u<A 1w > al,
<Vi{uelX:u<Brt@m >4}
=1:(B, B).
(2) By definition of Z,, we have Z; (A, @) = \/{u € LX : u < A, t(u) > a} < A.
(3) Since Z. (A, @) € LX and Z, (Z; (A, @), &) = \/{u e LX : u < T, (A, @), T () > «},
then we have that 7(Z; (4, a)) > (1) > «.
Putting u = Z; (A, «), we have Z; (Z; (4, ), ) = \/ Z: (A, @) and this implies
(A o) < T (1: (A o), @).
Also, from (2), we have that
I:(Z: (A a),a) <1 (A, ).
Then, the equality holds.
@) AL BB =Vu:uelX,u<Aa<tw)®\{v:ive X, y<BB <
Tt}
=\V{uev:uvelX,u<Av<Ba<tu),p<tW)
<Viw:welX,w<A®B,aOB <t(W)} =L, (ARB,a O p).
That is, 7, (4, @) ® T, (B, ) < T (A ® B,a © B). =

As consequences of the above proposition, we have the following result:

Corollary 2 Let (L, <,®), (M, <,®) € |Quant| and X be a non-empty set.

(1) For a strong (L, M)-quasi-fuzzy topology t : LX —> M, the mapping
T, : LX x M —> LX is a strong (L, M)-quasi-fuzzy interior operator on X.

(2) ForL € |UnQuant| and an (L, M)-fuzzy topology t : LX — M, the mapping
Ty IX x M — X isan (L, M) -fuzzy interior operator on X.

Proposition 11 For (L, <,®), (M, <,®) € |Quant| and an (L, M)-quasi-fuzzy (resp.,
strong (L, M)-quasi-fuzzy, (L, M)-fuzzy) interior operator T : LX x M — LX, the mapping
t, : LX —> M defined by

T, (A) = \{e e M: I(A,a) > A}, A € L%,

is an (L, M)-quasi-fuzzy (resp., strong (L, M)-quasi-fuzzy, (L, M)-fuzzy) topology on X.

Proof We prove only the case of (L, M)-quasi-fuzzy interior operator, and the other
cases can be proved similarly. Let Z : LX x M —> LX be an (L, M)-quasi-fuzzy interior
operator on X. Define the mapping t, : LX — M by

. (A) = \/{e e M: T(A, &) > A}, A € LX.

We need to show that 7, is an (L, M)-quasi-fuzzy topology on X. To this end

(1) For a family of {4; : i € I} C LX, we have
1, (V;A) = Ve e M I(V g A ) = Vi Al
=Vi{e e M: Vg I(Asa) = Vg Aily
> /\l'e] \/{O{ eEM:I(Aj,a) = A} = /\iel TI(Ai)'
Then, 7, (\/; A) = Ny T2 (4.
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(2) ForA,BeLXandw,B €M,
(A0t (B)=V{eeM:Z(A,a) > A} O \/{p e M:I(B,B) = B},
=\{eOp:Z(A a) > A, Z(B,B) > B},
=\V{eOB: Z(AQB,a®B) > AQB},
<V{y:Z(A®B,y) > AQ B},
=1, (A®B).
Then, 7, (A) © 7, (B) < 7, (A ® B).

O

Remark 2 The correspondences t —— 1, and L —— 1, obtained in Propositions 10
and 11 are the generalizations of the correspondences between L-fuzzy interior operators

and L-fuzzy topological spaces in [9].

M-fuzzy ideal conuclei on quantales

In this section, we define M-fuzzy left (resp., right) ideals of quantales and discuss some
of their properties. Also, the concept of an M-fuzzy left (resp., right) ideal conucleus is
introduced and the relationship with the concept of M-fuzzy left (resp., right) ideals on a

quantale is introduced.

Definition 12 Let (L, <,®), (M, <,0) € |SQuant|. An M-fuzzy left (resp, right) ideal
on a quantale L is a map | : L —> M satisfying the following conditions: for all a,b € X
(Iy) Ifa < b, then u(a) > u(b).
() m(av b) = pua) A ub).
(I3) w(a®b) = nb)(resp., u(a)).

A map u : L — M, which is both M-fuzzy left and right ideal, is called an M-fuzzy ideal.

Examplel LetL = {1,a,b,c,d, T} beasetorderedby L. <c<b<T,l <d<a<T,
and d < b and equipped with associative binary operations:

® 1l a b c d T
il N 1 il 4L 1L
a 1l a d L d a
b 1l d ¢ c L b
c 1 L c c 1 c
d 1 d 1 € il d
T 1l a b c d T

Then, we can easily see that (L, <,®) is a quantale. A mapping u : L — {0,1}
defined by

1 x<b

X) =
w) 0 otherwise

is an M- fuzzy left(resp., right) ideal of the quantale (L, <, ®).

Proposition 12 Let {u;}jc; be a family of M-fuzzy left (vesp., right) ideals of a quantale

L. Then, /\/-E 7 1 is also an M-fuzzy left (resp., right) ideal of L.
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Proof Suppose that {11;};c; be a family of M-fuzzy left (resp., right) ideals of L. Statement
(11) is clear. To prove (I) notice that since every p; is an M-fuzzy left (resp., right) ideal
of L, we have

(/\je] Mj)(ﬂ Vv b) = /\je] Mj(ﬂ Vv b),

= Njgy(wj@) A pj(b)),
= Njegg (@) A /\jg](ﬂj(b));
= (/\je] wy)(a) A (/\je] i) (D).
We prove property (I3) as follows:
(N 1)@ ® b) = oy i ® b)
> Njey (i) (respo, Ny (1(@)
= (N ) B)(resp., (Njey 1)) (@)).
Therefore, /\jE s i) is an M-fuzzy left (resp., right) ideal of L. O

Proposition 13 An onto quantale homomorphic preimage of an M-fuzzy left (resp.,
right) ideal is an M-fuzzy left (resp., right) ideal.

Proof Letf : L —> Ly be an onto homomorphism. Let p be an M-fuzzy left ideal and
let 1« be the preimage of p under f; i.e., u = fy; (p). Property (/1) is clear. For any a, b € Ly,
u(a v b) = p(f(av b)),
= p(f(@) Vv f(b)),
> p(f(a)) A p(f(b)),
= w(@ A (D).
and u(a ® b) = p(f(a ® b)),
= p(f(@) ®f (b)),
= p(f(b)) = u(b).
This shows that p is an M-fuzzy left ideal of L;. The other case is similar. O

Now, we are in a position to introduce and study the notion of M-fuzzy left (resp., right)
ideal conucleus on quantales, and study the relationship with M-fuzzy left (resp., right)

ideals.

Definition 13 For (L, <,®), (M, <,0) € |Quant| and all a,b € L,a,8 € M, an M-

fuzzy coclosure operator k : L x M — L is said to be :

(Lka) An M-fuzzy left ideal conucleus ifa ® k (b, B) < k(a ® b, B),
(Rxa) An M-fuzzy right ideal conucleus ifk (a,) @ b < k(a ® b, ).

Proposition 14 Let (L, <,®), (M, <,0) € |Quant|. If u : L —> M is an M-fuzzy left
(resp., right) ideal on L, the mapping k,, : L x M — L defined by the equality

kul@a) =\/{xel:x <a,ux) >al,VacLoecM,

is an M-fuzzy left (resp., right) ideal conucleus on L.

Proof Let u : L —> M be an M-fuzzy left ideal of L and letx;, : L x M —> L be a
mapping defined by

kp@a)=\{xel:x<aux) >a}VaecLaech

We need to show that the operator «, is an M-fuzzy left conucleus.

Page 14 of 17
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By Proposition 6, we have that the mapping «, : L x M — L is an M-fuzzy coclosure
on L. Now, we prove only the condition (Lxs). To this end, for a,b € L, B € M and since
we MLisan M-fuzzy left ideal, then p(a ® x) > u(x), and therefore,

a®kub,p)=a®\/{xeL:x<bux) =B}
=\V{a®xeL:a<bx<bukx) > B}
=\V{a®xel:a®@x<a®b,ualx) > B,
<Vlyel:y<a®b,uy = B},
=ku(a®b,p).

Then, a ® k., (b, B) < ku(a ® b, B). The right case follows similarly. O

Corollary 3 For (L, <,®), (M, <,®) € |Quant| and an M-fuzzy ideal |1 € ML on L, the
mapping K, : L x M — L defined by the equality,

kplaa)=\{xel:x<aux) >a}VaecLaechM,

is an M-fuzzy ideal conucleus on L.

Remark 3 Fora,b € Land o, € M, we havea,b <aNv banda A B < «, B, so for an
M-fuzzy coclosure k : L x M —> L, we have that k(a Vv b,a A B) > k(a, ), k (b, B), which
implies that k(a v b,a A B) > k(a,a) V k(b, B).

Proposition 15 For (L, <,Q),(M, <,0) € |Quant| and an M-fuzzy left (resp., right)
ideal conucleus k : L x M —> L, the mapping u : L —> M defined by v (a) = \/{o €
M,k(a,a) > a,a € L} is an M-fuzzy left (resp., right) ideal of L.

Proof Let k : L x M —> L be an M-fuzzy left (resp., right) ideal conucleus on L. For
a,beLanda, B € Mwitha < band ¢ > B, we have
(1) (@) =\Vi{e e M:k(a,a) > a},
= V{BeM:«b,p) = b},
= e (b).
(2) (@ A () =\ € M : k(a,a) = a} AN\/{B € M:k(b,p) = b},
= \V{a AB:k(a,a)>aandk(b,B) > b},
=V{enAnB:k@a) Vb B)>avb}
=\V{eAB:k@Vvbanp) >«k(aa)VikbB)>avb}
<\Vf{enB:k@VvbaoanpB)>aVvb}
= wula Vv b).
(3) ma®b)=\/{peM:ka®bp)>a® b},
=\V{peM:a®«kb p)>a b},
> V(B eM:«(b,B) = b},
= wi (D).

Similarly, i (a @ b) > p,(a). 0

Corollary 4 For (L, <,®), (M, <,©) € |Quant| and an M-fuzzy ideal conucleus « :
L x M — L, the mapping i, : L —> M defined by
(@) = \/{a € M,k(a,a) > a,a € L} is an M-fuzzy ideal of L.

The following lemma provides an important description of M-fuzzy left (resp., right)

ideal conuclei for a unital quantale in terms of the residuum \ (resp., /).
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Lemma 4 Let (L, <,®),(M, <,0) € |Quant| and k : L x M —> L be an M-fuzzy left
(resp., right) ideal conucleus on a quantale L. Then,

K(a,0) \ k(b,B) = k(a,0) \ b (resp., k(b, B) / «(a,0) =b / k(a,)),
foralla,be L, o, p € M.

Proof By (Proposition 1(4)),a <b=c\a <c\ b,
=>b\ c<a\,c
If k is an M-fuzzy left ideal conucleus on L, then since « (b, 8) < b, we have

k(a,0) \( kb, B) <k(a,a) \(b,and b \ k(a,a) < k(b,B) \ k(a,a).

Thus producing
k(a, o) \y k(b, B) = k(a,x) \( b.
The argument for  proceeds similarly. O

Lemma 5 Let L be a unital quantale. A mapping k : L x M —> L is an M-fuzzy left
(resp., right) ideal conucleus on L if

k(a, o) \ Kk (b, B) = Kk(a,a) \ b (resp., k(b, B) / k(a,a) =b / k(a,a)),
foralla,beL, o, p € M.

Proof Suppose thatk(b,B) ,/ «(a,a) =b / k(a,a)foralla,b e L,a, B € M,and e
be unit of L.
() et ®«k(a,a) <k(a,a)=e <k(a,a) / k(a,a)=a / «k(a,a)
=eQk(a,a) <a
= «(a,a) <a.
(ii) Ifa <b,and B < «, then
ee®k(aa) <a<b=e <b,/«(a)=«kbp) / k@)
= e Q«k(a,a) <k(b,p)
= k(a,ax) <«k(b,p).
That is, « is order preserving.
(iii) Sincek(a,a) / k(a,a) < k(k(a,a),a) / k(a,a), then
et @k(a,a) <k(a,a) =>e <k(k(a,a),a) / k(aa),
=e Qk(a,a) <k(k(a,a)a),
= k(a,a) <k(k(aa),a).
= k(a, o) =«kk(a o))
That is, k is idempotent.

By (i), (ii), and (iii), we have that « is an M-fuzzy coclosure, and therefore, we have

a®@kb,B) <k@«kb, p)=a<k@xkbpB))  «b,B)
=S a<k@®bpB) kb p)
:>ﬂ®K(b,ﬁ) SK(d®b’ﬁ)‘

Thus, a @ k (b, B) < k(a® b, B). So k is an M-fuzzy left ideal conucleus. The right

case follows similarly. 0

As a consequence of the above lemmas, we have the following proposition:
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Proposition 16 Let L be a unital quantale. A map k : L x M — L is an M-fuzzy ideal
conucleus if and only if

k(a,) \(k(b,B) =k(a,0) \\bandk(b,B) ,/ k(@a, o) =b / k(a,a),
foralla,beL,a,f € M.
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