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Introduction

The concept of fuzzy norm was first introduced by Katsaras [1] in the year 1984. After
that, in 1992, Felbin [2] defined a fuzzy norm on a linear space with an associated metric
of the Kaleva and Seikkala type [3]. Further developement in the notion of fuzzy norm
took place in 1994, when Cheng and Moderson [4] gave the definition of fuzzy norm in
another approach having an associated metric of the Kramosil and Michalek type [5] .
Thereafter, following the definition of fuzzy norm by Cheng and Moderson [4], Bag and
Samanta [6] introduced the concept of fuzzy norm in a different way.

On the other hand, several authors generalized the concept of metric space in many
ways. One of them is the notion of cone metric space introduced by Long-Guang et al.
[7] in the year 2007. In the year 2017, Tamang and Bag [8] extended the concept of fuzzy
norm to fuzzy cone norm with replacement of R by a real Banach space. In 1922, Banach
[9] proved fixed point result on contractive type mappings. So far, many authors have
obtained interesting extensions and generalization of the Banach contraction principle.
In 1968, Kannan [10] and, in 1972, Chatterjee [11] studied contractive mappings which
gives unique fixed point on complete metric space. As the fuzzy mathematics along with
the classical ones are constantly developing, the above fixed point results in fuzzy cone
normed linear space setting can also play an important role. Our aim in this paper is
to establish Banach, Kannan, and Chatterjee type fixed point theorems in fuzzy cone

normed linear space setting.

Preliminaries
In this section, some essential concepts for study are stated. Throughout the paper we use
symbol /\ to denote the infimum.

Definition 1 [7] Let E be a real Banach space and P be a subset of E. P is called a cone if
and only if:
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(i) Pis closed, nonempty and P # {0};
(i) a,beR, a,b>0,x,yeP=ax+bycbh;
(iii) x€e Pand —x € P = x=0.

Given a cone P C E, we define a partial ordering < with respect to P by x < y iff
y —x € P. We shall write x < y to indicate that x < y but x # y while x << y will stand
for y — x € IntP, where IntP denotes the interior of P.

The cone P is called normal if there is a number K > 0 such that for all x,y € E, with
0 < x < yimplies [lx|| < K|ly|.

The least positive number satisfying above is called the normal constant of P.

The cone P is called regular if every increasing sequence which is bounded from above
is convergent. That is if {x,} is a sequence in E such that

X =SS Xy Xy

for some y € E, then there is x € E such that |x, — x| - 0as n — oo.
Equivalently, the cone P is regular if every decreasing sequence is bounded below is
convergent. It is clear that a regular cone is a normal cone.

Definition 2 [12] The cone P is called strongly minihedral if every subset of E which is
bounded above via the partial ordering obtained by P, must have a least upper bound.
Hence, every subset which is bounded below must have greatest lower bound.

Definition 3 [13] A binary operation x :[0, 1] x[0, 1] =[O0, 1] isa t-norm if it satisfies
the following conditions:

(1) = is associative and commutative;
(2) ax1l=a Ya €[0,1];

(3) a*b < cxdwhenevera < cand b < d foreacha,b,c,d €[0, 1].

If * is continuous then it is called continuous t-norm. The following are examples of
some t-norms that are frequently used and defined for alla, b € [0, 1].
(i) Standard intersection: a * b = min(a, b).
(i) Algebraic product: a x b = ab.
(iii) Bounded difference: a x b = max(0, a + b — 1).

(iv) Drastic intersection:

a forb=1
axb={b fora=1

0 otherwise.

Definition 4 [8] Let X be a linear space over the field K and E be a real Banach space
with cone P, x is a t-norm. A fuzzy subset N; : X x E —[0,1] is said to be a fuzzy cone
norm if

(FCN1) V¢ e E witht < 6g, No(x,£) = 0;

(FCN2) (¥ 6p <t, No(x,t) = 1) iff x = Oy ;

(FCN3) V6 < tand0 £ ¢ € K, Nu(cx,£) = N, (x, ﬁ) ,

(FCN4) Vx,y e Xands,t € E, No(x+y,s+t) > Nc(x,5) * Ne(y, £);
(FCN5) limjs—oo Ne(x,t) = 1;

Then (X, N¢, *) is said to be a fuzzy cone normed linear space w.r.t E.
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Theorem 1 (Banach [9]) Let f be a self-map of a complete metric space (X, d) such that
d(f(x),f(y)) < ad(x,y) for some real number «, 0 < o < 1 foreachx,y € X. Then fhas a
unique fixed point.

Theorem 2 (Kannan [10]) Let fbe a self-map of a complete metric space (X, d) such that

d(f(x),f(y) < Bld({f(x),x) + d(f(y),y)] for some real number 8,0 < f < %for each
x,y € X. Then f has a unique fixed point.

Theorem 3 (Chatterjee [11]) Let f be a self-map of a complete metric space (X, d) such
that d(f (x),f () < y[d(f(x),y) + d(f(¥),x)] for some real number y,0 <y < %for each
x,y € X. Then f has a unique fixed point.

Main results
In this section we modified Definition 4 of fuzzy cone normed linear space as follows in
order to develop some fixed point results.

Definition 5 Let X be a linear space over the field K and E be a real Banach space with
cone P, x is a t-norm. A fuzzy subset N, : X x E —>[0, 1] is said to be a fuzzy cone norm if

(FCN1) Yt eE witht < 6, No.(x,¢) =0;
(FCN2) (V60g <t, No(x,t) =1)iff x =0x;
(0x denotes the zero element of X)
(FCN3) V6 < tand0 # ¢ € K, No(cx,t) = N, (x ﬁ) ;
(FCN4) Vx,y € Xands,t € E, No(x+y,5+t) > No(x,5) * Ne(y, £);
(FCN5) N.(x,t)=1ifs<tVseP;
Then (X, N, %) is said to be a fuzzy cone normed linear space w.r.t. E.
(ECN6) No(x,£) >0Vt > 0 = x = .

Note. We notice that for a real Banach space with normal cone the modified definition
is stronger than the existing one.
For,s <tVseP
ie,0g <s<tVselP
= |Is|| < K||t]| Vs € P (K is a normal constant )
= ||£|| > any positive real number
= ||t — oo.

Definition 6 Let (X, N, ) be a fuzzy cone normed linear space with a strongly minihe-
dral cone P and a € (0,1). A sequence {x,} is said to be a-fuzzy convergent and converges
toxif im A{¢t > 0 : Ne(xy — x,8) > a} = 0. If lim A{t > 0 : N.(x, — x, ) > a} =

n—oQ n— o0
O Yo € (0,1), then {x,} is said to be l-fuzzy convergent and converges to x.

Definition 7 Let (X, N, *) be a fuzzy cone normed linear space with a strongly mini-
hedral cone P and o € (0,1). A sequence {x,} is said to be a-fuzzy Cauchy sequence if
an;o At > 0 : Ne(Xpyp — %0, ) = a} = 6. foreachp = 1,2,3, ...
Z‘nli)ngo /Nt > 0 : Ne@nyp — Xnst) > a} =0 Va € (0,1) and for each p = 1,2,3, ..,

then {x,} is said to be I-fuzzy Cauchy sequence.
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Definition 8 Let (X, N, *) be a fuzzy cone normed linear space with a strongly minihe-
dral cone P and o € (0,1). Then, X is said to be a-fuzzy complete if every a-fuzzy Cauchy
sequence is a-fuzzy convergent to some element in X.

Definition 9 Let (X, N, %) be a fuzzy cone normed linear space with a strongly minihe-
dral cone P and a € (0,1). Then X is said to be I-fuzzy complete if every a-fuzzy Cauchy
sequence is a-fuzzy convergent Vo € (0, 1).

Example 1 Let (X, | ||c) be a cone normed linear space and take E = R*. Then P =
{(t1,t2) : t1,t2 > O} C E is a strongly minihedral normal cone with normal constant 1.
Define a function N; : X x E —>[0,1] by

Ne(x,t) =1 if[|xllc <t
=0 ifs =< |xllc

If we choose * = min, Then (X, N, %) is a fuzzy cone normed linear space satisfying
(FCNG6). If we take X = R, then (X, N, %) is an [-fuzzy complete fuzzy cone normed linear
space

Proof:

(i) Vt e E with ¢t < g, we have by definition, N;(x, t) = 0 for all x € X. Thus (FCN1)

holds.
(i) Vte Ewithor <t
N:(x,t) =1

= |xllc < tVt = O
= |llIxllcll < £l Yt = Ok (since P is normal cone with normal constant 1)
= [llxllcll = 0.
= llxllc = 6.
= x = 0x (0x denotes the zero element of X)
Again x = Oy
= llxllc = 6.
= 6x|lc < tVt > 6
= Ng(x, ) = 1.
So (FCN?2) holds.
(iii) Forallt € Ewithfr <tand0 #ce€ K
Let N.(cx,t) =0
=t = exllc
=t = clllxllc
= 1 = llxlle = N <x ﬁ) =0.
Let N .(cx,t) = 1
= llexlle < ¢
= lellixlle = ¢
= e < 4
= N, (x, ﬁ) =1.
So (FCN3) holds.
(iv) We have to show that
N.(x 4+ u,s + t) > min{N.(x,s), Nc(u,t)} Vx,y € X ands,t € E
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)

IfN(x+us+¢t) =0
Then, s+ ¢ < [lx + ullc < lIxllc + llullc

= [lxlle + llulle = (s +2) € P
= llullc =t — (s — lIxllc) € P
=5 — |xllc < llullc —¢ (1)

If ||x|| < si.e, O < s — ||x]|¢, then from (1)

O < llullc—¢

=t =< |lull

Soif x|l < s, then t < ||u]¢

So N.(x,8) = 1 and N.(,t) = 0.

Similarly, if || u||. < ¢, thens < |||,

So N (u,t) = 1 and N¢(x,s) = 0.

So in both cases,

Ne(x + u,s +t) > min{N.(x,s), N.(u,t)} = 0.

N, (x4 s+ £) =1

Then N¢(x + u,s + t) > min{N.(x,s), N.(u, )}

So (FCN4) holds.

If s < t for every s € P, then by definition, N.(x, £) = 1. So (FCN5) holds.
Thus, (X, N, *) is a fuzzy cone normed linear space.

Now, Vt = 0g, N (x,t) >0

= N¢(x,£) = 1, Vt > 6

= ||lxllc < tVt > O

= |lllxllcll < lI£]l Y& = 6 (P is a normal cone with normal constant 1)

= lxllc = 6

= x = 0Oy.

Thus, (FCN6) holds.

We now prove that (X, N, *) is an I-fuzzy complete cone normed linear space.
Let {x,,} be a «-Cauchy sequence in (X, N, *) for a € (0, 1).

Then A{t > 0 : No(xy, — %, £) > «} = Op as m, n — 00

Choose € > O arbitrarily, then there exists a natural number p such that

At > 0 : Ne(xy — %, t) > @} < € VE > Op and m, n > p.

= N.(xy, — Xy, €) > a > 0Ve > Opand m,n > p.

= ||%y — xXmllc < € Ye > Og and m, n > p. (by the definition of N,)

= |lwn — xmllell < ll€ll Ve = 6 (since P is normal cone with normal constant 1)
= %y — xmllce = O as m,n — 00

= |x; — x| — Oasm,n —> o0

= {«x,} is a Cauchy sequence in R. Since R is complete, 3 x € R such that x, — x as
n— 0o

=x,—x—> 0asn —> o0

= ||x; — x|lc —> Opasn — o©

= there exists a natural number #¢(¢) such that ||x, —x|| < £Vt > 6 and n > ng(¢).
= N.(xy —x,t) =1Vt > 60 and n > ny(t).

= A{t = 0 : Ne(xy —x,8) > a} =0pasn — 00

= {x,} is «-convergent to x.
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Since @ € (0,1) is arbitrary, every «-Cauchy sequence is a-convergent. So (X, N, *)
is an I-fuzzy complete fuzzy cone normed linear space.

Some fixed point theorems
In this section Banach, Kannan, and Chatterjee type fixed point theorems are established
in fuzzy setting.

Throughout this section, we consider * as continuous t-norm.
Theorem 4 (Banach Contraction type theorem in fuzzy cone normed linear space)

Let (X, N¢, %) be an [-fuzzy complete cone normed linear space satisfying (FCN6), P be
a stronghly minihedral cone with normal constant M. Suppose the mapping 7 : X — X

satisfies the contractive condition
J\(t = 0 : No(Tx — Ty, £) > @} <k /\{t = O : Ne(x — y,8) > @)

for some, @ € (0,1) and k € (0, 1) is a constant. Then, T has a fixed point in X. In addition
if M = 1, then the fixed point is unique. Assumingthat §x 8 >0V g € (0,1).

Proof Choose xy € X. Setx; = Txg,xp = Tx] = T2x0,..., Kn1 = Ty = T" xg. So {x,,}
is a sequence in X. First, we show that {x,,} is 8-Cauchy sequence for some 8 € (0,1). O

Now, for some « € (0, 1);
A\t = 08 : Ne@np1 — 20, 8) = @} = \(t = 0 : Ne(Tey — Ty1,) > 0}
<k \ & > 68 : Ne(wy — %0-1,1) = )
ie, /\lt >0k : Ne(urs —%nt) = ) <k /\{t > 0p : Ne(oew — 251,8) > )

Proceeding similarly, we have
/\{t > 0 : Ne(Xpp1 — Xnp ) > ) < K" /\{t > 0 : Ne(x1 — x0,2) > a}
Using normality condition, we get

I\ > 0 : NeGengr — 2, £) = a}ll < K°MI| \ (£ > 0F : Ne(x1 — x0,8) > e}

= lim || /\{t > O0r : Ne(x01 — %, t) > a}|| = 0 (since k" — Qas n — o0)
n—o0

= lim A{t > 0z : Ne(oug1 — %0, 8) > o} = 0p )
n—o0

Now for p > 1, we have

t
/\ {t > 0 : N, (xn+p — Xn+p—1» p> > (x}
t
+ /\ {t > 0 : N (x,,_,_p_l —xn+p_2,p> > oc}
t
+...+/\{t>95:Nc<xn+1—xn,p> za}

:/\{t>OE:Nc(xn+p—xn,t) > ok k. ko)

Since * is continuous, 38 € (0,1) such that @ * & * ... x @ = B.
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From above, we get
p/\{t > 0 : Nc(xn+p — Xntp—1» t)>al+p /\{t > O :Nc(xn+p—1 — Xnt+p—2; t) > o}
+ ot p \(E > 08 : N1 — 20, 8) = @} = \ (£ > 0 : Ne@nip — %0, £) > )

Using normality condition, we have,

H/\{t > 05 : No(tnsp — %n £) > ﬂ}H <pM H/\{t > 05t NoGinsp — Snip_1,8) > a}H
+pM | \ (> 0 Nelnip1 = uip-2,8) = @) | + .
+pM H/\{t = O : Ne(ny1 — %, £) > a}H

= ||/\{t > 0 : NeWngp — Xy £) = ,B}H — O0asn — oo forp =1,2,3,...using (2)
= At > 0 : Ne(Xpqp — %0, t) = B} — Opasn — oo forp = 1,2,3, ...
= {x,} is a B-Cauchy sequence.
So dx € X such that lim /\{t = 0 : No(xy, — x,8) > B} = 6. (3)
n— 00

We have
J\fs+t = 0p : Ne(Tx — x5+ 8) = B * )
< Nl > 65 : Ne(Tx — x,,8) = B} + /\ 1t = 6 : Ne(oo — %, 8) = B)
<k \ls > 0 : New — 25-1,9) = B} + /\ [t > O : Ne(wn — %, 8) = )
Using normality condition and (3), we get
H/\{s+t>05 N(Tx — %5+ £) > /3*,3}”
< Mk Afs = 0 - New = 201,59 = BY + \ [t = 0 s NeGon —,0) = 1
< M| /\fs = 05 5 Netx = ,1,5) = B) Il + M\l > 0 NeCon = 5,0) = B
Taking limit as # — oo, we have
H/\{s+t>eE N(Tx — x5+ 1) > ,B*,B}H =0
= \ls+t>0p: No(Tx —x,5+ ) > B« B} = 6
=V(s+1t)>0gN(Tx —x,s+t)>B*xF >0

= Tx — x = Ox by (FCN6)
= Tx = x.

Thus, x is a fixed point of 7.
Uniqueness: If possible suppose that 3y € X such that Ty = y.

Now, /\{t = 0 : Nex — y,6) > a} = \{t > 0 : No(Tx — Ty, 1) > )

fk/\{t>65:Nc(x—y,t) > o}

Using normality condition with normal constant 1, we have
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|08 N = 3,0 2 )| <k | Al = 05 Netx =9, 2 1]
= =0 | A\t =0 N —y,0 2 0l <0

- H/\{t > 0p :Nox —y,0) > a}H — 0(Since0 < k < 1)

= \lt > 0p : Ne(x —y,0) > o} = 0

=Vt = O Nelw — 3, ) > 0

= x — y = O by (FCN6)

= x=y.

Example 2 Let us consider the l-fuzzy complete cone normed linear space (X, N, ) of
Example 1. Let T be self-map of X given by Tx = 3. Take k = %

Now, {t > 0 : No(Tx — Ty, t) > o}, € (0,1)

x
= | 9:N<f—f,t>> }
{>E c 3 3 = O

={t>0: L _ByHC <t}

={t>0p:llx—yllc <3t}
t
Again, {t > O : N (x -9, l) > a}
K
={t > 6p: Nc(x —y2t) > o}
={t>6:|lx—yl. < 2t}
Thus, /\{t > 0F : llx — ylle < 3¢} = /\{t > 0F : llx — yllc < 2t}

t
ie, /\{t > 0 : No(Tx — Ty, ) > o} 5/\{t>QE:NC (x—y,k> Za}

Thus, T satisfies Banach type contraction. We see that 0 is the unique fixed point of 7.

Theorem 5 (Kannan contraction type fixed point theorem in fuzzy cone normed linear

space) .

Let (X, N, *) be a [-fuzzy complete cone normed linear space where %« = min, P be a
strongly minihedral cone with normal constant M. Suppose the mapping 7 : X — X
satisfies the contractive condition

A\t = 05 : N(Tx — Ty, £) > @) < k[ A\t = 05 : No(Tx — 5, £) > @)

+ A\t = 05 : Ne(Ty = 3,0) = a}|

Va € (0,1) and k € (0, %) is a constant. Then, T has a unique fixed point in X.

Proof Choose xg € X. Setx; = Txo, %2 = Tx; = T2xo,..., Xpy1 = Ixy = T . So {x,,}
is a sequence in X. First, we show that {x,} is «-Cauchy sequence for all « € (0, 1). O

Page 8 of 14
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Now, for o €,

J\IE = Ok : Ne(onsr — %0, 8) > @}

=\t = 0 : No(Ty — Txty_1,1) > o}

< k| A\t = 05 Ne(Tt = 5 8) = @) + \ (£ 0 s Ne(Tont = 501, 1) = )
= k[ A\t = 08 NeGiusr = 20,0) = ah + \ {6 > 0 NeCon = 50-1,8) = )]
= A= 05 NeGonsr —90) 2 @) < T N\l 05 Nelon —01,0) 2 )
= /\{t = 0 : Ne(xp1 — ¥, 1) > o} < 8" /\{t > O : Ne(x1 — %0,8) = o}

where § = 0<d8<1.

1—k

Using normality condition, we get,

|\t = 08 s NeGasr = 20,0) = | = M6" | \ (e > 0 Netoi = 0,0) = @)
= lim “/\{t > Op : No@ng1 — % £) > o{}H —o.
n— 00

=>/\{t>95:Nc(xn+1—xn,t) >a} —> Opasn — o0

(4)
Now for p > 1 we have,

/\ {t > 0 : N, (xn+p - xn+p1x;) > Ot}

+ /\ {t > 0 : N, <xn+p1 - xn+p2:;> > a}

+...+/\ {t > 6 : N, (x,,H —x,,,é) > a}

5/\{t>GE:NC(x,,+p—x,,,t)za*a*...*a—a}

Using normality condition and (4), it follows that

‘/\{t > 0 : Ne(Xpyp — Xns t) za}H — O0asn— ooforp=1,2,3,..

= /\{t >0 : Ne(Xpyp — %n,t) > o} = Opasn — ooforp =1,2,3,...

= {x,} is a @ — Cauchy sequence.
Since X is [-fuzzy complete, thus 3x € X such that

lim A\ (¢ > 0 : Ne(xy — %,8) > o} = 0p (5)
n— 00

Now,
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A\t = 0p : N(Tx — 5, 8) > a %0}
< It = 0 : No(Tx — x5, 8) = @} + \{t > 02 : Nelon — %,8) > )
= /\{t = 0 : No(Tx — Ty, 8) > @} + \{t > 02 : Ne(x — x,8) > )
ie, A\t > 0p : N(Tx — x,0) > )
< k[ Al 08 s Ne(Ttt = 0m1,0) = @) + \ (€ = 0 : Ne(Tx = 5, = o)
+ it > 0 : Ny — 2,8) > )
= (1= k) /\{t > 0g : No(Tx — x,1) > )
<k J\ 1t = 0 : Ne@n — %0-1,0) = @} + \{t = 0 : Ne(wy — %,0) = )
Using normality condition, from (4) and (5), we get
11—k H/\{t = 0p : No(Tx — x,8) > a}H
< Mk At = 0 : Notrn = x0-1,8) = @} + J\ [t = 05 NeGw, — 2,0) = @)
< Mk | A\ (€ = 05 5 NeGts = 0-1,0) = @) | + M | \ (£ = 0 : Netn = 5,0) = a)|
= H/\{t > 0 : No(Tx — x,t) > oz}“ =0asn — 00
= /\lt = 0 : N(Tx — x,) > o} = 0p
= N.(Tx —x,t) > aVa € (0,1)and V ¢ > 6
= N (Tx —x,t) =1Vt > 6

= Tx —x = Ox by (FCN2)
= Tx = x.

Thus, T has a fixed point.
Uniqueness: If 3y € X such that 7y = y.
Now,

A\t > 05 : Ne(x — y,0) > )
= /\{t > 0 : No(Tx — Ty, £) > o}
< k[ Al 05 Ne(Tx = 5,0 = o) + J\ [ = 05 - N(Ty = 3,0) = o)

Using normality condition, we have

|\t 05 : N — 3,0 = )

< Mk H/\{t = 6 : No(Tx — x,1) zoz}H + Mk H/\{t> O : No(Ty — y,8) > a}H
- ”/\{t>95:Nc(x—y,t) za}H —0.

= /\{t = 0 : Ne(x — ,£) > oo} = 0.

= N(x—yt)>aVae(0,1)andVt > O

= Ne(x —y,t) =1Vt > 6

— x — y = 6x by (FCN2)

= x=y.
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Example 3 Let us consider the [-fuzzy complete cone normed linear space (X, N¢, *) of
Example 1. Let T be self-map of X given by Tx = §. Take k = %

Now,

/\{t>GE:NC<Tx—x,£> za}+/\{t>85:Nc<Ty—y,Ii> za}

t
i/\ s+t > 0:N, Tx—x+y—Ty,S+ > o
k

5 5 t
Ao (2555 2]

1
5
=/\{s+t>95:Nc(g—%,s+t>za]

B P e

=\t > 0 : No(Tx — Ty, £) > o)

Thus, T satisfies Kannan type contraction. We see that 0 is the unique fixed point of T.
Theorem 6 (Chatterjee contraction type fixed point theorem.)

Let (X, N, ) be a [-fuzzy complete cone normed linear space where * = min, P be a
stronghly minihedral cone with normal constant M. Suppose the mapping 7 : X — X
satisfies the contractive condition

J\{t = 0 : No(Tx — Ty, £) > e}

5k[ NIt > 08 No(Tx = 3,8) = @) + \ [t > 05 : Ne(Ty — x,0) za}]

Ya € (0,1) and k € (0, %) is a constant. Then T has a fixed point in X. In addition, if
M = 1, then the fixed point is unique.

Proof Choose xg € X. Setx; = Txg, xp = Tx1 = T2xy,..., Xpr1 = Ixy, = T xo. So {x,,}
is a sequence in X. First, we show that {x,} is «-Cauchy sequence for all « € (0, 1). O

Now for @ € (0, 1);
At > 0 : Ne(xpp1 — %, 8) > )
= A\ft > 0 : No(Txy, — Txy—1,t) > o}
=< k[ At = 0 : No(Txy, — xp—1,8) > a} + A\t = 0 : Ne(Txyp—1 — x4, 8) > a}]
= k[ At = 0 : Ne(xpp1 — xp—1,8) > o} + N[t = 0 : Ne(xy, — %y, 1) > a}]
= k[ /\{7f > 0F : Ne(Xp41 — %, t) > a} + /\{t > O : Ne(%p — Xpy—1,1) > O[}] + 6k
= Alt > 0 : Ne(ng1 — %m 8) = @} < 157 A\t = 0 : Ne(wp — %p—1,8) > ot}
= At = 0 : Ne(wyt1 — 2, 8) > o} < 8" A\{t = 0 : Ne(x1 — x0,t) > a} where
=15, 0<8<1.

Using normality condition, we get
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|\ 08 s Newass = 20,0) = )| < M8”

Nl = 0 Netxr = 0,8) = )|
= lim | \le = 0 : NoGonsr — 50,0 = 0} = 0.

= lim /\(t > Op : Ne(us1 =% 8) = o) = 0 ©)
n—oo

Now for p > 1, we have

t t
/\{t > 0p : N¢ (xn+p — Xntp—1» ;) >a}+ /\ {t > O0p : N, (xn+p_1 — Xntp—2 1;) > Ol}

t
+...+/\{t>95:NC (xy,ﬂ —xn,;> za} z/\{t>95:Nc(xn+p—xn,t) >Saxok.. ke =al

(7)

Using normality condition and (6), it follows that

H/\{t >0 : NeXpyp — Xns t) > oz}” — O0asn— ooforp=1,2,3,..

= /\{t >0 : Ne@pip —Xnst) 2 a}) — Opasn — ooforp =1,2,3,...

= {x,} is ao — Cauchy sequence.
Since X is [-fuzzy complete, thus 3x € X such that

lim A\{t > 0¢ : No(on — %,8) > o) = 0p (8)

n— o
Now,

A\t = 05 : N(Tx — x,8) > @ %o}

< /\lt = 0 : No(Tx — x5, 8) = @} + \{t > 02 : Nelon — %,8) > )

= /\{t > 0 : Ne(Tx — Twu—1,8) = o} + \{t > 6 : Ne(on — %,0) = )

< k[ Alt = 05 : Ne(Tx = 501,) = @) + \{t = 05 5 Ne(Totn1 =, = o)
+ \lt > 0 : Ne(wn —%,8) = )

=k \(t = 0 : No(Tx — %, -1,8) = o} + A+ k) /\{£ > 05 : Ne(wy — x,1) > o}
< k[ Alt =05 : Ne(Tx = 5,0) = b+ \ > 0 NeCont =, = o}

+ @4k (= 08 NeGon — x,0) = )

= A=k \lt > 0 : Ne(Tx — x,t) > a} < k /\{t > 0 : Ne(xu1 — 5, £) > @}
+ A +k Nt > e : Nelon — x,8) > )

Using normality condition and (8), we get
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H(1 — k) \(t > 65 : Ne(Tx — %,0) = a}”

§M”k/\{t>05  Ne(po1 — x,8) > a}] + (4K J\(E > 0 : NeGon — 2, ) Za}H
= H/\{t > Op : No(Tx — x,£) > a}H < % H/\{t = Op : No(p_1 — %,8) > a}H
+Mi%+kk) ”/\{t>GE:NC(xn—x,t) za}”

- H/\{t>GE:NC(Tx—x,t) Za}H —0asn — 00

= /\lt = 0 : N(Tx — x,) > ) = 0p

= N.(Tx —x,t) > aVa € (0,1) and V ¢t > 6

= N(Tx —x,t) =1Vt > 6

= Tx — x = Ox by (FCN2)
= Tx = x.

Thus, T has a fixed point.
Uniqueness: If 3y € X such that Ty = y.
Now,

A\ > 0 : Ne(x — y,0) > )

= /\{t > 0 : No(Tx — Ty, t) > )

5/([ /\{t>95:NC(Tx—y,t)Za}+/\{t>9E1Nc(Ty—x:t)ZO‘}]
= k[ A\t > 05 Netw = 3,8 = o) + \lt = 6 : Nely — 3, = ]|
=2k \{t > 0 : Ne(x —3,1) > o}

Using normality condition with normal constant 1, we get

H/\{t = 0p : No(x — y,0) > a}H < H2k/\{t > 0p : No(x — y,0) > a}H

= (1—2K) H/\{t>95:NC(x—y,t) za}H <0
= H/\{t>(95:Nc(x—y,t) za}H =0. (Since0<k< ;)

= \lt > 0 : No(x — y,8) > @} = 6.

= N(x—yt)>aVae(01l)andVt > O
= N (x—yt)=1Vt> 6

= x —y = 0x by (FCN2)

=> X =).

Example 4 Let us consider the [-fuzzy complete cone normed linear space (X, N¢, *) of

Example 1. Let T be self -map of X given by Tx = 3. Take k = %
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Now,

/\{t>95:NC<Tx—y,/i) Za}+/\{t>GE:NC<Ty—x,It() za}

t
E/\{S+t>95:Nc(Tx—y—|—x—Ty,s—/t> za}

3x 3y s+t
:/\ s+t>0p: N, 5 T o

3
x
:/\{s+t>GE:NC<§—%,s+t>za}

=/\[t>95:Nc<g—%,t)ZOl}

= /\{t > O0p : Ne(Tx — Ty, t) > o}

Thus, T satisfies Chatterjee type contraction. We see that 0 is the unique fixed point of T.
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