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Abstract

In this paper, we obtain Fekete-Szegd inequalities for a certain class of analytic
z(.'\/’lfqu(z)),

=N f @ +yz(NEf @)

our results to certain functions defined by convolution products with a normalized

analytic function is given, and in particular, Fekete-Szeg6 inequalities for certain

subclasses of functions defined through Poisson distribution are obtained.

functions f satisfying 1 + % — 1j| < W(2). Application of
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Introduction

Let A denote the class of analytic functions of the form:

o0
f(z)=z+Zzzkzk,ze]D>:= {zeC:|z| < 1}, (1)
k=2
and S be the subclass of A which are univalent functions in .
If k € Ais given by:

o0
k@) =z+) b, zeD, 2)
k=2

then, the Hadamard (or convolution) product of f and k is defined by:

oo
(f xk)(z) =z+ Zakbkzk, z e D. (3)
k=2
If f and F are analytic functions in D, we say that f is subordinate to F, written f < F, if
there exists a Schwarz function w, which is analytic in D, with w(0) = 0, and |w(2)| < 1
for all z € D, such that f(z) = F(w(z)), z € D. Furthermore, if the function F is univalent
in D, then we have the following equivalence (see [1] and [2] ):

f(z) < F(z) & f(0) = F(0) and f(D) C F(D).
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The Bessel function of the first kind of order v is defined by the infinite series:

/(z)'=ZM zeC, (eR)
ST (k+v+D)

where I" stands for the Gamma function. Recently, Szasz and Kupén [3] investigated the
univalence of the normalized Bessel function of the first kind g, : D — C defined by (see
also [4-6])

@ (2) = 2T (v + 1)z 1], (27)

S k—1
-1 r 1
=z—|—E ) G+D zk,ze]D), (v e R).
k=2

451k — D)IT(k + v)

For 0 < g < 1, the g-derivative operator for g, is defined by:

B — Do+ | a@)-g@
R [”; F Tk —DITkh+ ) } T 2a-n

< (DT +1) B
' +k§ 4k=1(k — D!T (k + v)[k’q]zk 2el

where

[k’q] = 1_

k k-1
17 _ 1+Zq/, [O,q] :=0. (4)
q =
Using definition formula (4), we will define the next two products:
(i) For any non-negative integer k, the g-shifted factorial is given by:

oglt= 1D if k=0,
[l,q] [2,q] [B,q]...[k,q], if keN.

(ii) For any positive number r, the g-generalized Pochhammer symbol is defined by:

[r.q], = L if k=0,
e [ra][r+1.q]...[r+k—14q], if keN.

Forv > 0,1 > —1,and 0 < g < 1, define the function Iﬁ,q :D — Cby:

—  (=D*Ir(w+1) [kql! &
K = , D.
vq@ Z+k§4kfl(k—1)!r(k+ WA+ Lk ' 2 €

Remark 1 A simple computation shows that:
T} (@) x Mgpy1(2) = 20,8,(2), z€ D,

where the function M, 11 is given by:

00
[)" + qu]kfl
= E —_ 2z, D.
Mq,)L_H(Z) zZ+ 2 k—1,q]" Zk zZ €
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Using the definition of g-derivative along with the idea of convolutions, we introduce
the linear operator N lf‘,q : A — A defined by:

N\iqf(z) = Iﬁ‘,q(z) xflz) =z+ Z wkakzk, zeD, (5)

k=2
v>0x1>-1,0<g<1l),

where

=)t + [k q]!
wh_4b%k—mrw+vY[k+Lﬂpf ©

Remark 2 From definition relation (5), we can easily verify that the next relations hold
forallf € A:

@) [2+1,q) N f @) =[ 4, qI NJ 3 f (2) + ¢ 28, (N&;;lf(z)> ,z ey

(ii) ql_if?— NS @ =T}, xf(2) = T)f (2) =

o0
I3 (=D*Ir+1) k
z+ k% (A+1D)g—1 451 (k—1)'T (k+v) az’,z € D.

Now, we define the class of functions Mﬁjg (¢; W) as follows:

Definition 1 Let W(z) := 1 4+ Biz + Bz + ..., z € D, with By > 0, be a starlike
(univalent) function with respect to 1, which maps the unit disk D onto a region included
in the right half plane which is symmetric with respect to the real axis. For { € C*, and
0 <y < 1, the function f € A is said to be in the class Mﬁjg (&; W) if the function

! = (N @)

1+ = -1
Cla-mMf@+rz(Niyf@)
is analytic in D and satisfies:
z (N2 f(2) /
1+ 1 ( o ) 1| <W(2)

Sl aA-yINLf@ + vz (N&J(Z))
(v>0,1>-1,0<g<1,¢0€eC0=<y<1).

Putting ¢ — 17, we obtain that lim /\/lf,‘,’g ;W) = Q])}’y (¢; V), where
q—1-

@rey 1}
A — I @ +yz(Tif ()
(v>0,A>-1,¢0eC0=<y<1).

GMY (g; W) ::{1+;[ <\Il(z)}

In this paper, we obtain the Fekete-Szegd inequalities for the functions of the class
./\/lf}jg (¢;W). We give some application of our results to certain functions defined by
convolution products with a normalized analytic function. In particular, Fekete-Szegd
inequalities for certain subclasses of functions defined through Poisson distribution are

obtained.

Page 3 of 11



El-Deeb and Bulboaca Journal of the Egyptian Mathematical Society (2019) 27:42 Page 4 of 11

Fekete-Szeg6 problem

Denoted by P, the well-known Carathéodory’s class of analytic functions in I, normalized

with P(0) = 1, and having positive real part in D, that is ReP(z) > 0 for all z € D (see [7]).
To prove our results, we need the following two lemmas.

Lemma 1 [8, Lemma 3] If p(2) = 1 + c1z+ 22> + - - - € P, and « is a complex number,
then

max ’cz — ozcﬂ = 2max{1; [2a — 1{}.

Lemma 2 [9, Lemma 1] If p(z) = 1 + c1z + 22> + - -- € P, then

—4a +2, if @ <0,
oo —ac| < { 2, fo<a<l,
4o —2, ifa=>1.

When o < 0 or a > 1, the equality holds if and only if p(z) = 322 or one of its rotations.

1-z
If0 < « < 1, then the equality holds if and only if p(z) =
If a = 0, the equality holds if and only if:

1 A\14z (1 A\1l-z
= - — - — = , ith 0<A<]1,
P (2+2>1—z+(2 2) g W P=EAs

2 . .
}J_r; or one of its rotations.

or one of its rotations.
If o = 1, the equality holds if and only if:

1 1 A\ 1 1 A\ 1-
:(+> +Z+<_) 2 with 0<r<l.

2 2)1-z 2 2)1+z

Like it was mentioned in [9, pages 162—-163], although the above upper bound is sharp,
it can be improved as follows when 0 < @ < 1:

1
|cz—ozc%|+oe|c1|2§2, if O<oz§§, (7)
and
2 2 o L
|cz—occ1|+(1—ot)|cl| <2, if 5§a<1. (8)

Theorem 1 If the function f given by (1) belongs to the class Mf}jg (& W), with ¥(z) =
1+ Bz + Byz? + . .. satisfying the conditions of Definition 1, and ju is a complex number,

then:

Proof If f € Mﬁj}q/ (¢; W), then there exists a Schwarz function w, that is w is analytic in
D, with w(0) = 0 and |w(z)| < 1, z € D, such that:

1 (Mg @)

14—
Cl A= NS @ + vz (Nyf@)

Since w is a Schwarz function, it follows that the function p; defined by:

&—k ¢Bi(1+y)  2uiBiys

B
’613 - /m%| < __l41B max | 1; 5
By -y 1=,

“2(1—y)ys

where Yy, k € {2,3}, are given by (6).

- —1| =¥ (w(z), zeD. 9)
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1
pl(z)::l(z)=1+clz+czzz+...,ze]D), (10)
1—w(2)
belongs to P. Defining the function p by:
/
i 2 (Nigf @)
p(z) = 1+— ;=1 = 1+dlz+d222+. .., zeD,
(1= NG f @ + 7z (Niyf @)
(11)
in view of (9) and (10), we have:
(12)

o (& —1
p(z)_qj<p1(z>+1>’ cel

From (10), we easily get:
3

z)—1 1 c? C
1}28“:2[012—1—(@—21>22+<63+i—clcg)z3+...i|,ze]1]);

therefore,
p1(z) — 1 1 1 41 L. 2|2

———— | =1+ -B —B - = -B ..., z€eD,
(p1(2)+1 +2 112 + FPrle—r +4 201 |27+ z

and from (12), we obtain:
1 1 2 1

dl = 53101 and d2 = 531 (62 — C;) 2. (13)

On the other hand, from (11), according to (5), it follows that
_ 2 —yays  A-pnAtnaly

1—
Pt 0 R
¢ ¢ ¢
and combining (13) with (14), we have:
{Bicy
ag=—————, (15)
2T 20 -
and
B 2 1B Bi(1 2
s — {B1 62_671+7726% {Bid +y)e |
41 — )3 2 2B 201 —-y)
Therefore,
2 {By 2
az — pas = ——— (¢ — acy), (16
PR Gy (2D )
where
1 B Bi(1+ 2ueB
we Llq_ B2 IBi )’)+ 28 1\032 , (17)
2 B, 1-vy Q=)
O

and from Lemma 1, our result follows immediately.
Putting ¢ — 17 in Theorem 1, we obtain the next corollary:

Corollary 1 If the function f given by (1) belongs to the class gﬁ’y (&; W), with V(z) =
1+ Biz+ Byz? + ... satisfying the conditions of Definition 1, and (1 is a complex number,

then
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|a3—lm%| =<
@+§Bl(1+y)_ 3u¢Bi(A+1D(v +1) }
B; 1—y 20— +20v+2 ||

8IEIBIA +1)2(v+ Dy {1.
31—y ’

Using a similar proof like for Theorem 1 combined with Lemma 2, we can obtain the
following theorem:

Theorem 2 If the function f given by (1) belongs to the class Mf}jg (&), with ¥ (z) =
14B1z+Byz%+. .. satisfying the conditions of Definition 1 and j1, By € R, and ¢ > 0, then

tBy [@ 4 B0y MBWB], if w<o,

20-y)y3 | By 1-y A-y)y3
az — paj| < ﬁ, if o1 <p <oy,
—¢By By | ¢(Bi(1+y)  2uiBiys .
IR [31 T (kng]’ if w = o2,
with
1-— 2r B B (1
01=( Vs [, Ba EBu( +y)]’ (18)
2¢B1ys | By 1-y
and
1-— 2r B Bi(1+
o= LYWy B BAEY) V)}, (19)
2tB1ys | B 11—y

where Yy, k € {2, 3}, are given by (6).

Proof With the same proof like those of Theorem 1, we obtain the equalities (16) and
(17) hold.
(i) According to the first part of Lemma 2, we have:

|cz —ozcﬂ < —4a+2, ifaa<0.

Using (17), simple computation shows that the inequality @ < 0 is equivalent to u < o7y,
and from (16) combined with the inequality ‘(12 - ac% ’ < —4a+2, the first of our theorem
is proved.

(ii) The second part of Lemma 2 shows that:

oo —act| <2, if0<a <1

From (17), it is easy to check that the inequality 0 < @ < 1is equivalent to o7 < u < 09.
From the relation (16), the inequality |C2 — acﬂ < 2 proves the second part of our result.
(iii) Finally, form the third part of Lemma 2, we have:

|cz—ozc%| <da—2, ifa>1.

The relation (17) shows immediately that « > 1 is equivalent to i > o9, while (16)

combined with the inequality |02 — acﬂ < 4 — 2 proves the last part of our result. [
Taking ¢ — 17 in Theorem 2, we get the next special case:

Corollary 2 If the function f given by (1) belongs to the class (]ﬁ V(e W), with W(z) =
14B1z+Byz%+. .. satisfying the conditions of Definition 1 and 1, By € R, and ¢ > 0, then

Page 6 of 11
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8¢B1(A+1)2(v+1)s I:@ + {Bi(1+y) 3M§Bl(l+1)(\1+1)]
1 ’

31-y) B 1-y 2(1-y)(A+2)(v+2)
if n<ny,
a3 — pay| < | AL if m<n<m,
—8¢B1 (4 1)a(v+1)s [@ 4 B10+y) 3M§Bl(}»+1)(\f‘+1)]
31-y) B; 1-y 2(1-y)(A+2)(v+2) |?
if w=no,
with
= 20 —-y) A +2)(v+2) [_ By §31(1+V)j| (20)
3¢B1(A+1(v+1) B; a-y) |
and
_20-y)A+2)(v+2) [1 By ;“Bl(l+y)] (21)
3¢B1 (A + 1D)(v +1) By 1-y) ]

With a similar proof like for Theorem 1 and using the inequalities (7) and (8), we
obtained the next result.

Theorem 3 If the function f given by (1) belongs to the class Mﬁjg (&), with V(z) =
1+ B1z + Boz? + ... satisfying the conditions of Definition 1 and u,By € R, and ¢ > 0,
then the next inequalities hold:

(i) for o1 < u < o3, we have

2By Bl 1-y -yl =20 - y)vs
(22)

las _W%H(l — VY3 [1 By (Bi(1+4y) N 2utB1yrs } a? ¢B

(ii) for o3 < p < o9, we have

|las— pa3|+

1=y} {H By , (Bi(+y)  2u¢Biys ] < B

20B1ys3 By 1—y (1—y)¥s T 20—y
(23)

where o1 and o9 are defined by (18) and (19), respectively,
oy = L=V¥) [32 L B+ y)}
2ABiys B A-p) |
and Yy, k € {2,3}, are given by (6).

Proof With the same computations like in the proof of Theorem 1, we obtain the
relations (16) and (17), while (15) is equivalent to:
20—

B ¢B1

(i) To prove the first part of our theorem, we will use the inequality (7). Thus, according
to (16), (17), and the above relation, it is easy to check that (7) could be written in the
equivalent form (22), while the assumption 0 < o < % is equivalent to 01 < pu < 03.

(ii) For the proof of the second part of our result, we will use the inequality (8). From
(16), (17), and (24), it follows that (8) could be written in the form (23), and the assumption

% < a < lisequivalent to o3 < u < o9. O

c1 (24)

Page 7 of 11
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Putting ¢ — 1~ in Theorem 3, we obtain the following result:

Corollary 3 If the function f given by (1) belongs to the class GrY (&), with W(z) =
1 + B1z 4 Boz? + ... satisfying the conditions of Definition 1 and p, By € R, and ¢ > 0,
then the next inequalities hold:

(i) for n1 < u < n3, we have

las — paj|
21— )0+ D0 +2) [1 By (Bi(l+y) | 3ugBi0+ D+ ] il
3¢Bi(L + (v +1) Bi 1—y 20— ) A +2)(v +2)
_ 8¢B1( +1Do(v + D)o
- 31-y) '
(ii) for n3 < p < na, we have
|as — paj)
20 =py)A+2)(v +2) [1 + By + ¢(Bi(l+y)  3ButBi(A+ 1D +1) } PAE
3¢B1(A+D(v+1) B 1-y 20 =)L +2)(v+2)
- 8¢B1(A + 1)a(v + 1)
- 31—1y) ’

where 11 and 1y are defined by (20) and (21), respectively, and

_20=-n6G+20v+2) [Bz §B1(1+)/)]

3¢BIA+1)(v+1) | B (1—y)

Applications to functions defined by poisson distribution
In [10], Porwal studied a power series whose coefficients are probabilities of the Poisson
distribution, that is:

k—1

00 m .
Im(z)=z+]§(k_l)!e zk,zeD, (m > 0),

and motivated by this investigation Srivastava and Porwal [11] introduced the linear
operator 7" : A — A defined by:
k—1

m _
makzk

,zeD,

T"f(2) = Ln(2) x f(2) = 2+ k; k—1)1°

where f € A has the form (1).

Definition 2 Let the function V satisfying the conditions of Definition 1. For { € C¥,
0 <y < 1 andk € A the function f € A is said to be in the class Mﬁg & kW) if
fxke MUY (W), that is”

1 2 (N2 f k)(z)>/

> —1
C A= NG x @ +yz (N x @)

is analytic in D and satisfies

Page 8 of 11
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14t Z(N&q(ka)(z))/

ClaA=NL S < 0@ +yz(Ny(f x D)
(v>0,1>-1,0<g<1,¢0€C,0=<y<1).

;=1 <W¥(2)

A special case of the class Mﬁ,’g (¢;k; W) is obtained for k = 1I,; hence, f €
Mé}; (¢; Ly W) if and only if 7"'f € Mﬁ}; ;W) .

Applying Theorems 1 and 2 for the function f x k given by (3), we get the following
results, respectively:

Theorem 4 [fthe function f given by (1) belongs to the class Mﬁj}; (&l W), with W (z) =
14 Biz+Boz2+..., ke Ais given by (2) with babs # 0, and p is a complex number, then

B B Bi(1 2ucB1b
|a3—;m%|§|§|—1 max{l, j+§ 1(L+y)  2pgBib3ys }’

2(1 = y)lbslys Bi ' 1-y  (A-pbyl
where Y and k € {2, 3} are given by (6).

Theorem 5 [fthe function f given by (1) belongs to the class Mﬁjg (& kW), with W (z) =
14 Biz+ Byz> + . .. satisfying the conditions of Definition 1 and 1, By € R, k € A is given
by (2) with bybs # 0, and ¢ > 0, then

¢Bi By ¢(Bi(1+y) _ 2pgBibsys :
b3[y3 I:E + - ]’ ifn=o1,

2(1-y)l 1-y) (1-y)b3y2
B .
las — na3] <\ = ifor<p<oy,
—¢By By | ¢Bi(0+y) _ 2u¢Bibsys :
2(1=7)Ib31¥3 [81 =) <1_y)bg¢22]' iz o
with
oo - y)b3y3 [ L B B0 y)]
1= 5 | — — 4+ ",
2¢B1b3yr3 By 1-y
and
e V)b3v; [1 By  ¢Bi(L+ y)]
20B1bsyr3 B 1—y |

and Yy, k € {2,3}, are given by (6).

For k := I,,,, we have

2

and b3 = —e ",
2

and for this special case from Theorems 4 and 5, we deduce to the following results,

by = me ™"

respectively:

Theorem 6 If the function f given by (1) belongs to the class Mﬁ:g &L W), with
W(z) =1+ Biz+ Byz® + ..., and u is a complex number, then

By  ¢Bi(l+y)  wiBiys
By 1-y (1 —y)e 3

) 121By ,
‘6{3 — Mﬂz‘ < (1—)/);/;/1—26_"”’(//3 -max { 1;




El-Deeb and Bulboaca Journal of the Egyptian Mathematical Society (2019) 27:42 Page 10 of 11

where Yy and k € {2, 3} are given by (6).

Theorem 7 Ifthe function fgiven by (1) belongs to the class Mﬁjq (&1 W), with W (2) =
14B1z+Byz*+. . . satisfying the conditions of Definition 1 and i1, By € R, and ¢ > 0, then

(B By | ¢Bi(0+y)  _ uiBiys . *
A=yme 3 [Bl R <1fy>e-mw22]’ if w=of,
2 (B ,
az — pay| = (1—y)m216_m1//3’ éf Uik =m= 0’2*,

—¢By By, | t¢Bi(l+y) _ _ piBiys . *
A—y)m2e "3 [Bl + a— (1—]/)87”'1//22] ) lf' n= 0y,

with

or = A= ye™ys [_1 By, 431(1+y>}
' ¢B1ys3 B 1-y [

and

. A=y Myl [ By ¢Bi(1+ y)}
= ]_ —_— e——
72 By Tt

Bl 1-—- V4
where Yy and k € {2, 3} are given by (6).
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