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Introduction
The doubly warped product of Riemannian (semi-Riemannian) manifolds has been stud-
ied by many authors, for example, we refer to [1-5]. Several applications to theoretical
physics can be found in the literature. For instance, in [3], Beem-Powell considered the
doubly warped product for Lorentzian manifolds. Moreover, in [6, 7], Asanov studied the
generalization of the Schwarzschild metric in the Finslerian setting and obtained some
models of relativity theory described through the warped product of Finsler metrics.
Then, Shen used a construction of warped of Riemannian metrics at the vertical bundle
and obtained a Finslerian warped product metric [8]. Recently, E. Peyghan and A. Tayebi
([9]) introduced horizontal and vertical warped product Finsler manifold and they proved
that every C-reducible or proper Berwaldian doubly warped product Finsler manifold is
Riemannian.

In this paper, we study a more general product Finsler manifold that will be called con-
formally doubly warped product Finsler manifold (CDWPEF), that is, the product manifold
M := My x M endowed with the metric F : TM{ x TM3 — R defined by

E(v1,v2) = & TODR0D) 120y (1)) F2 (1 (1) + f2(r M) ER(ra (1)

where (M1, F1) and (M3, F>) are two Finsler manifolds; f; : M; — Rt and f, : My — R*
are two smooth functions on M; and My, respectively; w1 : My X My — Mj, wo : My X
My — M, are the natural projection maps; and o : M; x My — R is a positively smooth
function on My x My, TMS = TM; — 0 and TM$ = TM> — 0.

For a conformally doubly warped product Finsler manifolds (CDWPEF), the coefficients
of Barthel connection and its curvature tensor are studied. Moreover, the coefficients of

© The Author(s). 2019 Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0

@ Springer Open International License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and
— reproduction in any medium, provided you give appropriate credit to the original author(s) and the source, provide a link to the
Creative Commons license, and indicate if changes were made.


http://crossmark.crossref.org/dialog/?doi=10.1186/s42787-019-0059-0&domain=pdf
mailto: amrsoleiman@yahoo.com
http://creativecommons.org/licenses/by/4.0/

Soleiman and Abdelsalam Journal of the Egyptian Mathematical Society (2019) 27:55

Cartan connection for CDWPF are given. Finally, some special Finsler spaces concerning
a conformally doubly warped product Finsler manifold are derived.

Finally, the obtained results in this paper generalize and retrieve some results con-
cerning the doubly warped product Finsler manifold, warped product Finsler manifold,
conformally warped product Finsler manifold, product Finsler manifold and conformally

product Finsler manifold.

Notations and preliminaries

In this section, we give a brief account of the basic concepts of Finsler geometry that will
be needed throughout. This means that all notations and results which appear in this
section refer to [10—14].

Let M be an n-dimensional smooth manifold. Let (x") be the coordinates of any point of
the base manifold M and (y*) a supporting element at the same point. We mean by T,M
the tangent space at x € M and TM = |J,,; TxM the tangent bundle of M. A Finsler
structure on M is defined as follows:

Definition 1 A Finsler structure on a manifold M is a function [11-13]
F:TM - R
with the following properties:

(a) F >0andF(x,y) =0ifand onlyify=0.

(b) Fis C*™ on the slit tangent bundle TM = TM\{0}.

(c) F(x,y) is positively homogenous of degree one in y: F(x,.y) = LF(x,y) forally € TM
and ) > 0.

(d) The Hessian matrix gij(x,y) := % 92F2

3y dy!

is positive-definite at each point of T M.

The pair (M, F) is called a Finsler space and the symmetric bilinear form g = g;;(x, y)dx' @
dx is called the Finsler metric tensor of the Finsler space (M, F).
1_93F?

ey
called Riemannian if and only if the Cartan tensor Cjj vanishes identically [10, 13]. By

The tensor Cyx = is called the Cartan torsion. It is well known that F is
Deicke’s Theorem, F is Riemannian if and only if /; = 0, where [; := gjkCL'jk called the
mean (contraction) Cartan torsion.

The Matsumoto torsion for a Finsler structure (M, F) with dimension # is given by

1
M = Cyjx + m{[ihjk + Lihg; + Ixhi},

where 7 == gij — %yi ; is the angular metric tensor and y; := g,ig/ = g—; A Finsler
structure F is said to be C-reducible if the Matsumoto torsion vanishes identically [15].

If a Finsler manifold (M, F(x,y)) is given, then the components of the associated
canonical spray G” and the components of the associated nonlinear connection (Barthel
connection) Gf’ are defined respectively by

; 1, 82F* . 3F? IG"
Gl(x,y) = —g" Y — Y%, y), Gl = —.
x9) = ¢ {athy’ o @) Gi oy
Also, the Berwald curvature tensor is defined by
i 33"

Bk = g yayiay

Page20f 13
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A Finsler structure F is called Berwaldian if the Berwald curvature tensor Bf]fk vanishes
identically.

Finally, we know that there exist at least four linear Finsler connections associated
with a Finsler structure F and they have the same nonlinear connection G/ namely, the
Cartan connection CT' = ( Ff]’.,Gf’, Cf]’.), the Berwald connection BI' = ( Gg, Gf’,O),
the Hashiguchi connection HI' = ( GZ, Gf?, Cf]’-), and the Chern (Rund) connection

. h
—(1h ok hoo_ 1, hed8 ~n._ 9G] k. 1 ki %8 | Sgu _ 98y,
Rl = (I'y, G}, 0), where Ci=3¢& By Gjj = 3y; and Th = 5 g"50 + 5 — o)

being the horizontal basis adapted to the Barthel connection G]’

b= e - Gl
Barthel connection for CDWPF
In this section, we investigate the coefficients of canonical spray for the conformally dou-
bly warped product Finsler manifold (CDWPF). Moreover, the coefficients of the Barthel
connection and its curvature tensor for CDWPF are obtained.

First, we begin with the following definition.

Definition 2 Let (M, F1) and (M, F>) be two Finsler manifolds with dimM, = n;
and dimMy = ny and fi : My — RV and f, : My — RV be two smooth functions.
Let my : My X My — My, my : My x My — My be the natural projection maps and
o : My x My — RY be positively smooth function on My x My. The product manifold
M := My x My endowed with the metric F : TM] x TM9 — R defined by

F(v1,v2) = & FODR0D) 12 1 (1)) F2(ry (1) + 211 (1) 3 (2 (v2)) (1)

where TMS = TMy — 0 and TM3 = TMj — O, called the conformally doubly warped
product Finsler manifolds (CDWPFE) of the manifolds My and M, and denoted by
(M1 x [ My, F). In this case, o will be called the conformally factor and fi and f, will be
called the warping functions.

Specially, if either fi = 1 or f, = 1, but not both, and o is not constant function, then
(M1 X [ My, F) will be called conformally warped product Finsler manifolds (CWPF)
of the manifolds My and M. If both fi = 1, fo = 1, and o is not constant function, then
(M1 x [My, F) will be called a conformally product Finsler manifold (CPF). If neither
J1 nor f is constant and o = 0, then ( My x My, F) will be called a doubly warped
product Finsler manifold (DWPF).

Now, let (M7, F;) and (Ms, F;) be two Finsler manifolds with dimensions #; and n,
respectively. Hence, the two functions

32F?
dyiay

32F2

e v @

gii(x,y) == Gop (U, v) :=

define Finsler metrics on M; and My, respectively. Let ( M1 x My, F) be a conformally
doubly warped Finsler manifold (CDWPF) and let x € M and y € TxM, where x =
xuw),y= ,v),M:=M; x My and TxM = T,M; & T,,M>.
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Consequently, from Egs. (1) and (2), the conformally doubly warped Finsler metric and
its inverse are given by

gy = DBy (70 0 )
a aya ayb 0 326 (x'”)flzgaﬂ
—20 (x,u) 1 i
e g 0
b _ 5
g"Z (X, Y) - 0 : e—ZU(xv”) %gwﬂ ’ (4)

fi

where y* = (y,v%), yb = (P, g = ezg(x’”)f22glj, 8up = eza(x'”)flzgaﬂ, gip =
8w = 0 ij,.. € {l,.,m} a,B,..€{l,..,m}and a,b,... € {1,..,n + na}.

Proposition 1 The coefficients of conformally doubly warped canonical spray for

CDWPF are given by
G*(x,u,y,v) = (Gi(x, u,y,v), G*(x, 1,9, v)),
where
Gy v) = Gy + g”’{2<—y’ + 8—" “)352 - flzaafh(f%F% +1F)
R ] ©
G, u,y,v) = G*(u,v) + EgaV{Z(LUﬁ by %J’i)% —22;;,(1[221:12 +/LF)
L L gy ©)

f2ow avP T dur h

Proof We know that the coefficients of canonical spray for (M, F1), (M3, F>), and
(M1 X My, F) are defined respectively by

. 1 92F2 apZ
G ) zh 1 y 7
®y) = ¢ {ahaad }(xy) 7)
3*F3 aF2
o — Zov P2
G (u,v) ey {aw’ o031 }(u, V) (8)
1 92F2 a
G* , - - b c 97 V).
oy = .8 {aybaxc Y~ o }(x y) ©)

Setting a = i into (9) and noting the fact that g’ = 0, we get

, 1 d2F? dF?
Gy = 18" pa T 5V
1, 9*F% ,  3?F2  OF?
= -y + - ). 10
18 Gon?” T g T o) (10

Page40of 13



Soleiman and Abdelsalam Journal of the Egyptian Mathematical Society (2019) 27:55

On the other hand, from (1) one can show that

JdF? 2 90 9.0 2 -2 231:12 8f12 2
ow { o AR A 55 E
dF? 2 90 9.0 2 2 281:22 8f22 2
ou* ¢ Zauo‘(fzpl T A ou® 8u°‘F1

022 _ ezgfz{zaa 0%F  92F? }

3y"ax 21%000 ayh ' ayhaw
82F? 20 |y do 3°F} N 3f} oF?
——— =e — .
dy"du du® 9yh  du® gyh

Hence, Relation (5) follows by substituting the above relations into (10), taking into
account (3), (4) and (7).

Similarly, by putting b = « into (9), using Eq. (4), g¥ = 0 and after some calculations,
one can deduce Relation (6). This completes the proof. O

Proposition 2 The coefficients of conformally doubly warped product Barthel connec-
tion for COWPF are given by

i
GZ(X, Y) = 78((}“();, y) = (}Z](x’ u’y’ V) Gz(x, u’y’ V) ’
ay Gﬁ(x, U, y,v) Gﬁ(x, U, y,v)
where
, dG* .1 3g" do do do ,
i — e - S 728 2] 202 R Yo i
Gi@uy,v) = ay 4f7 9y oxh VELHAE) + <8xry + e )6j
+3£yz’_lgihai"’i12_iagih%2 2, L g
0" 4% gxh oy 4ff 9y oxh P T off dur T’
, 0Gt 1 ,| 00 dFF 1 ,00 OF2 1 [off 9F? of* dF2
Gy iy ) = o = Lgilp 00 0L 100 08 | 1 Uy IFL OB
b 4 duP 9y f2 7 oxh ovP - f2 \ouP 9yt oxh 0vP
2 2 2 2 2 2
Sy m B L [,00 08 100 0rp 1 (offors o oRf\|
/ y 4 dof v fFCour oy fE\ow 8V dur 9y
aG* 1 9g*¥ do tileg do
o — e Y 22 2 -2 T Iy o
Cpwiny,v) = vk G 42 avP dur 2E AR+ (3x’y T >8ﬂ
L9 e Loy 00 0F 10O L

14 — .
ouf " 4% dw avh a2 ovP w1 o gwr )

Proof The proof follows from Proposition 1 and taking into account the fact that

o ih a2 . 2
0N OFY g (387 OFy _ () O
9y dy v ov

Corollary 1 In view of the above proposition and [9], the basis of the vertical and the hor-
izontal distributions VTM® and HTM®; M := My x My for the CDWPF ( M1 x j, M3, F)
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are given respectively by
D
a

ayr By at e

o, ¥
gdxa — dxi 4 sdye 07
where
s 9 Lo g8 , 0 p 0
. = T ;T — 7—7—M7_G7,
8% A/ oy T v Sad Tayr T vk
d
o g e 0 gy d
shu du * 3y “ovk  Su « um “dyr
and
LI B SN IR
8 REY Joy " Su® T Qu® @y

v L fy 5t 1 aghdff ., 1 9g'h do

do
2 2 2 2 r
— = P — - - ——(fs F{ +f{F5) + —
! 2fzz duc ! 4f22 Yy dxl 2 4]”22 Yy dxl 2F+/E) Ewy

do ,  do 1 ,,d0 OF?
_ - 8}‘_ —gn L
+(8xty + dus’ )9 4° gxh 3y
1 92 1 agh* of? 1 9g"* 3o 9
MH .= 771 LY 2 FZ_ 2F2 2F2 o
© T of28xi 0 0 T a2 g gL a2 g gt 2] ) + o5y

do , do 1, 90 OF;
bl el oo —gnr 22 %72
+(8xty +8u)‘v> “ 4% ur e

GL, Gf are given by Proposition 2.

Proposition 3 The coefficients of the conformally doubly warped product Barthel
curvature tensor for COWPF are given by

d
849G, Gy

= (RS, R, RE, RE Y RI,RY,RY,),

sz(x, u,y, V) = Sde - Sd)(“ ij? Nipr g ij? aj’
where
drk dgk k k k
RK L by M yrgh o O M
VUsdy sy A R S gy ] vk
dmrk drk drk
Rk ,:(SGL'_‘SG/S k,,:‘Sng_SGj
BT sdyB Sdxi ’ T sdy sdye’
e R
af T Sdyb - Sdya’ G sdy - Sdxi '
ary arV
RY. .— 8"1([}3.’ 8 Gﬂ Y . 5‘1@5 8 Gj
BT sdyB - Sdxi ’ o T sdy) - sdye’
dry agr Y y y
]Ry :ZSGW—L Gﬂ:RV +uaﬁ %_MMGV —MH%— raMu 5
of sdyb Sdye ap Sub B B gyn B dy"

k . .
Ui i{Ay} = Ajj — Aji and GS = %, Gf;ﬁ = %, (G}, G}, Gjg, G§) are the coefficients of

conformally doubly warped product Barthel connection given by Proposition 2.

Page 6 of 13
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In view of the above proposition, we have

Corollary 2 [fthe conformally doubly warped product Finsler manifold ( j, M1 x 7 M, F)
is horizontally integrable, then (My, F1) and (M, F>) are horizontally integrable if and
only if the following conditions satisfy

84 T yr ] gyn
. OML . aMg} — o

SMk oMk oMk
u;j{ L-MGy -M;—L -G/ =L =0,

sML "
uaﬁ {81,{15 —MBG‘};M —M

B gyn B dy"

Berwald connection for CODWPF
Here, the coefficients of the conformally doubly warped product Berwald connection for
CDWPF are studied and investigated.

Proposition 4 The coefficients G, (x, u,y,v) of the conformally doubly warped product
Berwald connection for COWPF are given by

3Gz (xy) k ok ok ok
sz(x,y) = giyb = (Gi;’ Giﬁ’Gaj’ G(;ﬁr GZ: GZg; (GZ]'; Ggﬂ),

where
Gt 0G _ e 1 %0 AR, 1 0% bo
o j 2 Anjani G 2 2 Anj i 4kt
ay 4f5 9y 9y* dx 4f5 9y 9y* dx
kh 2 kh 2
1ag‘ 8(781-"1‘ lag‘ 8081—"1. a—é5(<+a—¢8f<—lgkhgija—a
4 3y xh 3y 4 0y dxh 9yt oxi T O 2 xh

_ ik
=G,

(BFL+11F5)

IGK 1 af2 1 aghaftar: £ 9g" 9o 9FF o

BT vB T of20uP T 4f Byl axh VP 4f2 By dxhavP T uf T TP
dGK 1 do  of?
k. a _ _ _— _kh 2% Ik
Cop 7= Gyp = o8 { Vowh T | = G
Ll 1 o of?
Vo o._ i T va 27" 2l vy
B = Gy = o G { e e | = G
IG! 1 off 1 9g7% off OFF  f} 3g"® 9o IFF o
Gl == — = o= =212 e 1, §¥_ Gl

P T of2oxi P 4f2 9vB due ayl  4f2 9vP du 9yl axi P AV

12 1 8%g"* off 1 9% do
GV, = 2_@Ggl, -~ J2p2 2p2 | 2p2
af ovB af 4f12 avBove gyt 1 4](12 B g aux(fz 1 +f1 )

2 2
_10g" B0 OF,  19g" B0 0Fy | B0 o B0 o Lo B0
4 v Jur 3vP 4 9vB dur v due P quP Y 2 ut
_GV
=Gl

and (G;, G}‘?‘, Gfg, G%) are the coefficients of conformally doubly warped product Barthel
connection given by Proposition 2.

According to Propositions 2 and 4, we have
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Theorem 1 The conformally doubly warped product Berwald connection for COWPF is
given by
= (GZb (xx u, y: V)) Gz(x) u, _)/, V)’ 0);

where G, and G, are respectively given by Propositions 2 and 4.

Cartan connection for COWPF
As in the preceding section, the coefficients of the conformally doubly warped product
Cartan connection for CDWPF are obtained and studied.

Proposition 5 The coefficients Ffzb (x,u,y,v) of the conformally doubly warped product
Cartan connection for COWPF are given by

e 8'8ea | 88es  O'8ar|  —k — -y =
Loy 1,9, v) := g d e}f d Ea Y ae Z(ri/"Fiﬂ’FwJ’Fwﬂ’Ftl’rlﬂ’ w}’ aﬂ)
5%x §%x 5%x
where
Fij—r aﬁdal 3’ j gkgl]_i M /ay Mi ayr hay }’
T = L g fz y 08ni o 0 |k
Iig = 2f2 { @i — 3G /] By +2f; Wghi}_rﬂi’
™~ = 1 kh{ f1 f2 xagaﬁ + fz do )
af — 2f2 h P 9x hgaﬂ ’
_ 1 f agii do
Y _ PRp) 27 °8 2
Fij__i )/{ )Lgl] fZ Kar fZa Agl]
= 1 f 988 =
Y _ A 1 2 Y
Fiﬁ—zf y{ —f1Gflaa +f1a, =Tg;i»

— do do 1 3g)\ 8g)La 8ga
Y _ v )’ y _ 7 VA T VA T B 1% _ 1% B
Vap = T +a w0p B % T 5,78 G~ 58 {M"‘ ave M8 e MG )

ko 1 ki[85 | Sgni _ 98y Vo= lg 8¢ o _ 08 w
and T = 58"\ 5F + 50— 872}’ Top = 38 {5;5 + 5o — Suf }, M, My are
defined by Corollary 1.

Proof The proof follows from the definition of Ffzb(x, u,y,v) taking into account
Relations (3) and (4) and Corollary 1. O

Proposition 6 The coefficients Efzb (%, u,y,v) of the conformally doubly warped product
Cartan tensor field for COWPF are given by
1 o 98ab
2 aye

= (€T Ca

= (C{;,oooooocy),

Cap @ 0,3,v) =

Cap»CyCls Cip Clg)

aj? iy’ aj?

where Cf; x,y) = % K g” and CV (w,v) :== 3 g”)‘ dg"‘ﬁ are the coefficients of Cartan tensor
fields of (M1, F1) and (Mz, B), respectlvely,

Page 8 of 13
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Summing up, we have

Theorem 2 The conformally doubly warped product Cartan connection for COWPF is
given by

Crd = (Fizb(xv Uy, V)’ GZ(‘X’ uy, V)’ EZzb(‘x’ u,y, V))’

where FZh (x,u,y,v) and Ezb(x, u,y,v) are respectively given by Proposition 5 and 6, also
Gy, is given by Proposition 2.

Corollary 3 For the conformally doubly warped product Finsler manifold CDWPE we
have

(a) the conformally doubly warped product Rund connection RT'? is given by
d _ ¢ a
Rr - (Fab(x; I/l:y, V)’ Gb(x; M,)/, V)! O)
(b) the conformally doubly warped product Hasiguchi connection HT'? is given by

Hrd = (G;b(x, u,y, V), Gz(x’ u,y, V); 6;b(x: u,y, V))’

where G (x,u,y,v), G, (x,u,9,v), Ffzb(x, uw,y,v), and fzb(x, u,y,v) are respectively given
by Propositions 2, 4, 5 and 6.

Some special Finsler spaces
In this section, some special Finsler spaces such as Riemannian, C-reducible, and Berwal-
dian spaces are studied for CDWPE.

First, we begin with the following two lemmas which are useful for this section.

Lemma 1 The coefficients 1,(x, u,y,v) of the conformally doubly warped product con-
traction Cartan torsion tensor for COWPF are given by

Tﬂ(x’ u,y,v) = gbcéabc(x: u,y,v) = ([;(%,9),0,0,0,0,0,0, Iy (&, v)),

_ —d )
where Cypc(x, 1,9, V) = 8dcCpp Li(%,y) := g}kcijk(x’ y) and Iy (u,v) := gﬂycotﬂy (, v).

Proof The proof follows from the definition of C.(x, u, y, v) together with (3), (4) and
the fact that Cp, := gdCZ'Zb = (62“f22 Cijk(%,9),0,0,0,0,0,0, ez”fl2 Capy (u,v)). O

Lemma 2 The coefficients hyp(x,u,y,v) of the conformally doubly warped product
angular metric tensor for CDWPF are given by

1
hﬂb(xr u,y, V) ‘= 8ab — ﬁYaYh = (hij; hiﬂr hotj: hotﬂ)r

where
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1 5
B, 1,9, V) = 8ij — —5Yiyj = € f3(@j — =525 ViI))-
F? LF +fF;
20 £2 12
hig (%, u,y,v) = gip — %Yz’Yﬁ = —%J’Wﬂ
F S FL +7F;
haj(%, 4, y, V) = 8uj — iY'y v/ o v
C(] ’ » ) - ] ] o — } o
BT TR R
le

1
o (%,1,5,V) = Bap — T3 Ya¥p = e* 2 (gup — VaVp)-

SE+fF

Proof The proof follows from the definition of 7, (%, 1, y, v) together with (3) and the
fact thaty, := gﬂbyh = (ezgfz2 Vi, ez"f22 Vo) . O

In view of Lemma 1, we have

Theorem 3 The conformally doubly warped product Finsler manifold ( My x 5 My, F)
is Riemannian if and only if (M, F1) and (M, F>) are Riemannian manifolds.

A doubly warped product Finsler manifold CDWPF is C-reducible if the associated
Matsumoto conformally doubly warped product tensor field M (x, u,y,v) vanishes
identically.

Theorem 4 Every C-reducible conformally doubly warped product Finsler manifold
(M1 X 5, My, F) is Riemannian.

Proof The Matsumoto conformally doubly warped product tensor field M5, (x, &, y, v)
is defined by

_ 1 _ _ _
Mpe(x, 4, y,v) == Cype — m{lahbc + Ipheq +Ichgp). (11)

Hence, using Lemmas 1 and 2, the component M (x, 4, y, v) has the form

20 £242 2021 2
M (%, 4,9, v) = R
A n+1f2F} + {23 Tom+) R 4R
Consequently, one can show that
20 £2 2 272
X f2F2] f2F
Majk(x;%er))’jyk = 21 0‘(1 =

C m+l 2R+ f12F22)'

Now, if Mlyjk (%, %, y, v) vanishes, then I, vanishes. This means that (My, F>) is Riemannian.
Similarly, if Mg (%, u,9,v) = 0, then I; = 0. Hence, (M1, F1) is also Riemannian.
Therefore, using Theorem 3, the result follows. O

In view of Proposition 4, we have

d
abc

Berwald curvature tensor for COWPF are given by

Proposition 7 The coefficients B%, (x,u,y,v) of the conformally doubly warped product
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Bd ( ),_ aGZb _ (Bk ]Bk Bk ]Bk BV By ]BV BV )
abc %o Ys V) 2= aye i Pipp Papl Papr B Digp Popp Paph):
where
k

X 1 83gkh afZ 1 83gkh do
k J k
By = 50 =B~ Imaiaray axit? ~ a7 syiagayi g V2 F1 H/ED)
ay 4f5 3y 0y 9y dx: 4f5 dyloy oyt ox

1 9% oF} 90 1 0%g" 9o 0Ff  19g" do 1 9% 90 OF}
43y0y 9yl 9 doylayioxh 9y 2 oyl a9 doyloy oxk oy
19g" 9o 1 9gM 9o 99
2 By axh ST 2 oyl axh 1T & Gan T
k
e . 2Cm __ 1 VN 0F O | o0
ipl ay! 4f7 9y'ay! avP " oxh L oah’’
k
B .— 0G0 - _iagikhg {ilz +f28i}
apl dy! 2f} 9y a1
B, . 9Gag L i off 500
apr T T T —Eg Cam{aTch + /i 37,,},
Gy _ 1 8ff | 00
yo.— b _ oYk I2 2 7Y
IB%ijl T ay[ - flzg Ct]l{au“ +f2 FYPTR
14
BY = aGiﬁ = _iiag)/ll gi {ﬁ +f2870—}
BT oyl T of2 avP SMgun T2 gy
g G _ 1 0% 0RO, 00
@Bl gyl T ap2 gvBave gyl ot 72 dur’’
y Lf” vPIve 9y' " ou u
IG, 1 93g7*  of? 1 3¢g" 9o
B, = b _pgr 2 & Capp 2 & 99 g2 2
b = T = P 4 5 avmo un 'L a2 ovioviare un 011 D)

1 8%g7* OF; 9o 1 3%g"* do IFZ  13g"* do
- Taa —— 8pr —
4. 9vPOVE OV Qut 4 OvAOVY QuMt OV 2 9v* Jut
19g"* do 1 9g""* do 1 8%g"* 9o dF2

T2 o gun &

k Kk k v
ﬂ}’ld Gij’ G;ﬂ’ Gaﬂ’ Gij’ Giﬁ’

Berwald connection given by Proposition 4.

T2 v 0wt 5P T 290 ovP ot v

Definition 3 A conformally doubly warped product Finsler manifold ( ;, My x 7 Ma, F)
2 . af2
satisfying the following conditions: ng‘h + flzg% # 0 and (;’szM + fzzaaﬁ # 0 is called a

conditionally conformally doubly warped product Finsler manifold.

Theorem 5 Every conditionally conformally doubly warped product Finsler manifold

(M1 x f My, F) with vanishing Berwald curvature is Riemannian.

Definition 4 A conformally doubly warped product Finsler manifold ( ;, M1 x 7 My, F)
with constant conformal factor o is called a homothety doubly warped product Finsler

manifold.

do
ym 2
g ut

v GZ;} are the coefficients of conformally doubly warped product
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A Finsler manifold is called Berwald if its hv-Berwald curvature tensor vanishes
identically.

Theorem 6 Let (, My x My, F) be a homothety doubly warped product Finsler mani-

Jfold and f, is constant on M (f, is constant on My). Then, ( , M1 X 5, M>, F) is Berwaldian
o 2

if and only if (M, F1) is Riemannian, (Mo, Fy) is Berwaldian and g7 Oy _ 0 ((My, F>)

vh du¥
9l o _ 0)

is Riemannian, (Mq, F1) is Berwaldian and ol Bl

Proof Suppose that ( , My x 7 My, F) is a homothety doubly warped product Finsler
manifold and f; is constant on M;. Then, from Proposition 7, one can show that

1 af?
Y _ 2
By, = Nz gV"C,ﬂ—auu ) (12)
1 agrt  af2
Y o . J2
Bl‘ﬂ[ = 2f12 81//3 gllauﬂ ’ (13)
1 93%gr+ of?
Bgﬂx — BV g fé 2 (14)

WL 4f2 gyrguB v dun B

Now, if ( , M1 x 7 My, F) is Berwaldian, then using (12), we conclude that Cjj vanishes,
ogr 3f22 =0

and hence (M, F1) is Riemanian. On the other hand, from (13), we get ovF Sl

a3 ar2
%%—zﬂ = 0. From which together with (14), we get Bgﬂk = 0. This

means that (M», F2) is Berwaldian. The converse is proved by the same manner. This

Consequently,

completes the proof. O

Concluding remarks

1. In this paper, we obtained some results concerning the conformally doubly warped
product Finsler manifold CDWPF; namely, we got formulas for the following:

(a) Canonical spray, Barthel connection and its curvature tensor (Propositions 1,
2, and 3) are calculated.

(b) Berwald and Cartan connections (Theorems 1 and 2) are computed.

(c) Some special Finsler spaces such as Riemannian, C-reducible and Berwald
spaces (Theorems 3, 4 and 6) are studied.

2. The above results can be obtained for the conformally warped product Finsler
manifold CWPF by setting fi = 1.
3. The same results can be achieved for the doubly warped product Finsler manifold
DWPEF by setting o = 0 which was investigated by Peyghan and Tayebi [9] .
4. The mentioned results above can be obtained for the warped product Finsler
manifold WPF by settingo =0, = 1,and f = 1.
Abbreviations

CDWPF: Conformally doubly warped product Finsler manifolds; CPF: Conformally product Finsler manifolds; CWPF:
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