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Introduction and elementary discussions

Fixed point theory is one of the most important branches of non-linear analysis because
it contributes to many disciplines such as economics (maximization and minimization
problems), engineering and game theory, mathematics, and others. One of the most
important advances in mathematics, for example, is to find solutions for linear and non-
linear systems and others. Due to the ease of this method, it became the most prevalent
in functional analysis. This style emerged in 1922 when Banach [1] introduced his well-
known principle and called it Banach contraction principle in metric space. In 1992,
Matthews [2] circulated the principle of Banach to partial metric space as follows:

Definition 1 /2] A mappingp : ¥ x ¥ — R™T, where Y is a nonempty set, is said to be
a partial metric on Y if for any a,c,e € Y the following hypotheses hold:
(P1) a = cifand only if p(a,a) = p(c,¢) = p(a,c);
(Py) p(a,a) < p(a,c);
(P3) p(a,c) = p(c, a);
(P4) p(a,e) < p(a,c) + p(c,e) — p(c;0).
Then the pair (Y, p) is called a partial metric space.

The concept of b-metric space was illustrated by Bakhtin [3] in 1993 and Czerwik [4] in
1998. Since then, many papers have been published on the fixed point theory of various
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classes of single-valued and multi-valued operators in b-metric spaces (see, [5-8] and
references therein).

Definition 2 [4] Let Y # ) be a set and s > 1 be a given real number. A function
wp: T x Y —[0,00) is a b-metric if and only if, for all a, c,e € Y, the following conditions
are satisfied:

(b)) wp(a,c) =0 a=c

(b2) wp(a, c) = wp(c, a);

(b3) wp(a, ¢) < slwp(a, e) + wp(e, 0)].

The pair (Y, wp) is called a b-metric space (with a coefficient s > 1).

Amini-Harandi [9] introduced the notion of metric-like spaces which is an interesting
generalization of the spaces defined in [2] as follows:

Definition 3 /9] Let Y be a nonempty set, a mapping w : ¥ x Y — RY is said to be a
metric-like mapping on Y if for all a, c,e € Y the following three conditions hold:
(w1) w(a,c) =0=a=c;
(02) w(a,¢) = w(c a);
(w3) w(a,e) < w(a,c)+ w(ce).
Then, the pair (Y, w) is called a metric-like space.

A metric-like mapping on Y satisfies all of the conditions of a metric except that
w(a,a) may be positive for a € Y. Every partial metric space is a metric-like space but
not conversely in general. For more details, see [9].

By considering the results of b-metric and metric-like spaces, the notion of b-metric-like
space was presented by Alghamdi et al. [10]. They discussed some related fixed point con-
sequences concerning with this space. Recently, Hussain et al. [11] examined topological
structure of this space and presented some fixed point results in b-metric-like space. A lot
of results on fixed points of mappings via certain contractive conditions in the mentioned
spaces have been done (for example, see [11-13]).

Definition 4 [10] Let Y # ) be a set and s > 1 be a given real number. A function
wp : T XY —[0,00) is a b-metric-like space if and only if, for all a,c,e € Y, the following
conditions are realized:

(b1) wp(a,c) =0= a=c;

(b2) wp(a, ¢) = wp(c, a);

(b3) wp(a, ¢) < slwp(a,e) + wp(e; 0)].

The pair (Y, wp) is called a b-metric-like space (with a coefficient s > 1).

Example 1 Let Y =[0, 00). Define the function wy, : T2 — [0, 00) by wy(a, c) = (a + c)>.
Then, (Y, wyp) is a b-metric-like space with constant s = 2, but it neither be a b-metric nor

a metric-like space (see, [8]).

For more new examples related with metric-like and b-metric-like spaces, see [14, 15].
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Definition 5 [10] Let (Y, wp) be a b-metric-like space and {a,} be a sequence of points
on Y. A pointa € Y is called the limit of the sequence {a,} iflim,_,  wp(a, a,) = wy(a, a),
and we say that the sequence {a,} is convergent to a and denote it by a,, — a asn — oo.

Definition 6 [10] Let (Y, wp) be a b-metric-like space.
(i) A sequence {a,} is called Cauchy if and only if lim, y— oo @p(am, an) exists and is finite.
(ii) A b-metric-like space (X,wp) is said to be complete if and only if every Cauchy
sequence {a,} in T converges to a € Y such that lim,, ;. wp(am,ay) = wp(a,a) =

limy,— o0 wp(ay, a).

Lemma 1 [10] Let {c,} be a sequence in a b-metric-like space (Y, wp) such that

wp(Cpy Cny1) < Awp(Cu—1,Cp),

for some X\ € (0, %), and for all n € N. Then, limy,—, oo @p (¢, i) = 0.

Let T # @. Then, (T, wp, <) is called a partially ordered b-metric-like space if wy, is a b-
metric-like space on a partially ordered set (Y, <). Further, (Y, wp, X) is called a regular
partially ordered b-metric-like space if it has the following property:

(i) if a non — decreasing sequence {a,} — a, then a, < a,for all n,

(i@D) if a non — increasing sequence {c,} — ¢, then ¢ < ¢, for all n.

In 1987, Guo and Lakshmikantham [16] first studied the concept of coupled fixed
points. Later on, Bhaskar and Lakshmikantham [17] studied monotone property and
supported this by providing an application to the existence of periodic boundary value
problems. The obtained results were further extended by Lakshmikantham and Ciri¢
[18] to introducing the notion of a coupled coincidence point and coupled fixed point of
mappings in partially ordered metric spaces.

Definition 7 [17] An element (a,c) € Y x Y is called a coupled fixed point for the
mapping E : Y x YT — Y if E(a,c) = aand E(c,a) =c.

Definition 8 [17] An element (a,c) € Y x Y is called a coupled coincidence point of the
mappings Z: T X T — Y and ®: Y — Y if E(a,c) = Oa and E(c,a) = Oc.

Definition 9 [19] An element (a,c) € Y X Y is called a coupled coincidence point of
mappings 2,0 : T x T — Y if E(a,c) = O(a,c) and E(c,a) = O(c, a).

Example 2 Let E,0 : R x R — R be defined by E(a,c) = ac and ©(a,c) = %(a +¢)
forall (a,c) € Y x Y. Itis clear that (0,0), (1,2), and (2, 1) are coupled coincidence points
of non-self mappings € and ©.

Definition 10 [19] Suppose that 2,0 : Y x Y — Y are two mappings. B is said to
be ®—increasing with respect to < if for all a,c,l,m € Y, with ©(a,c) < O(l, m) we have
E(a,c) < E(,m).
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Example 3 Let Y = (0,00) be endowed with the natural ordering of real numbers <.
Define mappings 2,0 : ¥ x YT — Y by E(a,c) = In(a + ¢) and O(a,c) = a + c for all
(a,c) € Y x Y. Then, E is ©®—increasing with respect to <.

Throughout this paper, we assume that ¥ = {y¥ : ¢ :[0,00) —[0,00) is non-
decreasing and lower semi-continuous function, ¥ (£) = 0 < ¢ = 0}.

In 2014, Ansari [20] introduced the concept of C-class functions which cover a large
class of contractive conditions.

Definition 11 /20] A mapping f :[0,00)> — R is called C-class function if it is continu-
ous and satisfies the following conditions:
(DfGx) <6,
(2) f(8,x) = 8 implies that either § = 0 or k = 0 for all §,k €[0, c0).
We denote C-class functions as C.

—

Example 4 The following functions E :[0,00)> — R are elements of C, for all 8,k €
[0,00) :

1) fGw)=8—k;
(2)  f(,k)=18,0 <A <1;
B) fG) = giarir € (0,00);

I 8
@) fx) =" 4> 1

(5) f8,1) =10 p o g

(6) f(8,k) = ¢(s), where ¢ :[0,00) —[0, 00) is a upper semi-continuous function such
that ¢ (0) = 0, and ¢ (k) < k fork > 0;

(7)  f(S,x) =68B(),B:[0,1) —[0,1);

(8) f(8,k) =68 — ¢(8), where ¢ :[0,00) —[0, 00) is a upper semi-continuous function
such that ¢ (0) = 0;

(9 f6,Kk)=8— 15

(10)  f(8,k) = §h(8, k), where h :[0,1)x[0,1) —[0, 1) is a continuous function such that

h(k,8) < 1forallk,8 > 0.

In this paper, we prove some new coincidence coupled point results for the mappings
8,0:T x T — T by using the notion of C-class of functions in RPOCbML spaces. We
present some examples and an application to find the existence of solution of nonlinear
integral equation to support our work. Our contributions in this direction improve and
extend several comparable results in the literature for b-metric-like spaces.

Main results

Theorem 1 Let (T, <X, wp) be a RPOCBML space (with a coefficient s > 1). Assume that
8,0:Y x Y — Y are two mappings such that the following conditions are satisfied:
(DE(T xY)CO(Y x ).
(2) (Y x Y) is closed.
(3) E is O-increasing with respect to <.
(4) There exist two elements ag,co € Y, with ©(ag,c9) < E(ag,co) and O(co,ag) >
E (co, ao). Suppose that there exist y € W,0 < L < 1 and f € C such that:
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¥ (s*wp(E(a, 0), B(L,m))) < f(¥ (max{wy(O(a, c), O m)), wp(O(c,a), ®(m, 1)},
L max{wy(0(a,c), O, m)), wy(O(c,a), O(m,1))}), (1)

forall a,c,[,m € T,a > 0 with O(a,c) < O, m) and O(c,a) = O(m,l) or B(c,a) <
O(m,l) and O(a,c) = O(l,m). Then, E and © have a coupled coincidence point in Y.

Proof Let ag,co € Y be an arbitrary with ®(ag,co) <X E(ap,co) and E(co,ag) =<
®(co,ap). Since E(Y x ¥) € O(Y x Y), there exists (a1,¢1) € Y x Y such that
E(ap,c0) = ©Of(a1,c1) and E(cp,a0) = ©(c1,a1). Continuing this process, we can
construct two sequences {a,} and {c,} in T such that

E(ancn) = Oan+1,cnt+1), E(ew,an) = O(cut1,ant1), Yn e N.

Now, we shall prove by induction that for all # € N, we have

O(an, cn) = O(au11,cnr1) and O(cpy1, ans1) < Olcy, an). (2)

Since © (ag, cy) < E(ag,co) and E(co,a9) < O(co,ap) and since E(ag,co) = O(ai,c1)
and E(cg, a9) = O(c1,a1), we have O (ag, cp) < O(ai,c1) and O(c1,a1) < O(cg, ap). Thus,
(2) holds for n = 0. Suppose that (2) holds for some fixed n € N. Since E is ®—increasing
with respect to <, we have

O(@nt1,cn+1) = E(@ns cn) X E(@nt1, Cnt1) = O@pn+2, Cut2),

and

O(cni2,ant2) = E(Cni1anr1) X E(Cn an) = O(Cui1s Gni1)-

Thus, (2) holds for all # € N. Denote

Np = Max { wp(O(ay, cn), O (@nt1,Cnt1)), Wp(O(Cny an), O(Cpyt1, Any1)) } .

If ®(ay,c) = O(ay+1,cnt1), then (ay c,) is a coincidence point and the proof is
finished. So, we consider ® (ay, ¢;,) # O (ay+1,cn+1) for all m € N, and we claim that

Y Nnt1) < Y ().
Since O(an, ¢4) = O(ant1,cnt1) and O(cy, an) = O(Cut1,dn+1), Using a = ay, ¢ =
¢yl = apq1, and m = ¢4 in (1), we get
V(8% 0p(O(@n+1, Cut1), O(@nt2, Cut2))) = Y (s* wp(E(an, cn), E(@n+1, cnt1)))
< f (@ (max{wp(O(ay, cn), O (@n+1, Cn41)), @p(O(Cny an), O (Cut1, dn+1))}) 5
L max{wp(O(an, ¢n), O(ant1, ¢nt1)), 0p(O(cn, an), O(cnt1, any1))).  (3)

Similarly, we can write

w(sawb(®(cn+2:ﬂn+2)’ ®(C}’l+1) ﬂn+1))) = w(Sawb(@) (Cn-‘rl! ﬂn+1); ®(Cn) ﬂn)))
Sf(l// (max{a)b(®(cn+1) d}’l+l)’ ®(Cn) ﬂVl))) a)b(@(an+lr Cn+l)’ @(ﬂn, Cn))}) )
L max{wp(O(cp+1, an+1), O (Cns an)), wp(O (@n+1, Cnt1), O(an, cn))}). (4)

From (3) and (4), since ¥ is non-decreasing, we obtain that
¥ (max{s* ©p(O (@nt1, Cnt1), O (@nt2, nt2))s 8 0p(O (Cpt2, Ant2)s O (Cnt1, Ant1))}) 5
= max{y (Sawb(® (@n+1, Cnt1), O(anq2, Cn+2))) W (Saa)b(® (Cn+2, An+2), O(Cnt1, ﬂn+1))) b
=< f (¥ (max{wp (O (an, ¢n), O(an+1, cnt1)), 05 (O (Cpy @n), O (Cpt1, Ant1))}) 5

L max{wy (O (ay, ¢n), O@nt1,cnt1)), wp(O (i an), O (Ct1, dnt1))}).
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This means

V(" Nug1) < fW M), Lny) < ¥ (1n). (5)

Since the function v is non-decreasing, so the inequality (5) implies that
1
NMnt1 = s;m«

Therefore, by Lemma (1), we have {1} is a Cauchy sequence. Since

= max | 05O @, €1), O @11, 611), (O, @), OCnsr, ansn) |

then both sequences {®(a,,c,)} and {®(cy,a,)} are Cauchy in the complete space
(YT, wp), and since E(T x T) € O(Y x T) and O(Y x Y) is closed, there exist a,c € T
such that

lim ®(ay,,c,) = O(a,c) and lim O(c,,a,) = O(c, a).

n— 00 n—o0

Correspondingly, we have

wp(O(a,c),0(a,c)) = nILn;O wp(O(ay, cy), B(a,c)) =0, (6)
and
wh(®(cx 61), ®(C’ d)) = nli{rt‘)lo CL)b(@(Cn, ﬂn), @(C, 61)) =0. (7)

By the regularity of the space (T, wp, <), we get
O(an, cn) = O(a,¢) and ©(cy, an) = O(c, a).
It follows from (1) that

Y (s* wp(E(an cn), E(a,¢))) < f(¥ (max{wy(O(ay, cn), Oa, c)), wp(O(cn, an), O(c,a))}),
L max{wp(O(ay, cn), O(a,c)), wp(O(cy, an), ©(c, a))}).

Passing the limit as n — 400, using (6) and (7), we have
nll)n;o wp(B(ay, cy), E(a,c))) = 0 implies E(ay, c,) = E(a,c). (8)
Similarly, using (6) and (7), we obtain
E(en an) = E(c,a). )
By triangle inequality in b-metric-like space, one can write
wp(©(a,c), E(a,c)) < slwp(O(a,c), O(@ni1,cnt1)) + 0p(O(ani1;cuy1), B(a, )]
= slwp(O(@, ), O(@nt1, cnr1)) + wp(E(an cn), Ea, 0))].
Taking the limit as # — 00 and using (6) and (8), we have
wp(®(a, ), E(a,c)) = 0 implies O(a,c) = E(a,c).
Similarly, by (7) and (9), we can show that
wp(O(c,a), E(c,a)) = 0 implies O(c,a) = E(c, a).
Thus, E and © have a coupled coincidence point. O
To prove the uniqueness of a coupled coincidence point, define the partial ordered in

(T x Y, =x)byforall (a,c),(,m) € Y x Y, (a,c) < (,m)ifand only if ®(a,c) < O, m)
and ©(c,a) > ©(m,]) where ® : Y x T — T is one-one.

Page 6 of 17
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Theorem 2 In addition to the hypotheses of Theorem 1, suppose that for every
(a,¢), (@*, c*)in Y x Y, there exists another (I, m) in Y x Y which is comparable to (a, c)
and (a*, c*), then E and © have a unique coupled coincidence point.

Proof From Theorem 1, we know that the set of coupled coincidence points of E and ®
is nonempty. Suppose (4, ¢) and (a*, ¢*) are coupled coincidence points of E and © that is

E(a,c) = 0O(a,c), E(ca) =0(a),
and
E(a*, c*) = 0@ "), E(* a") =0(c"a").

Now we prove that ®(a,c) = ©(a*,c¢*) and O(c,a) = O(c*,a*). By assumption, there
exists (/,m) in T x Y that is comparable to (a,¢) and (a*,c*). We define sequences
{®(,, m,)} and {® (m,, ,)} as follows:

lO = l: mo = m, E(ln: mn) - ®(ln+lrmn+l)¢ E(mn)ln) - @)(m,,.,.l,l,,_,_l),\?’n eN.
Since ([, m) is comparable to (a, c), we assume that (a,¢) < ([,m) = (lp, mp) . This
implies ©(a,c) < Oy, mo) and O(c,a) = O(my, ly). Suppose that (a,c) < (I,, m,) for

some n. We claim that

(@,¢) < (bugy1, Mug1).

—
™)

Since E is ® increasing, then ©(a,¢) < ©(l,, m,) implies E(a,¢) < E(l,, m,) and
O(c,a) = O(my,l,) implies E(c,a) = E(my,l,).

Thus,
O(a,c) = E(a,¢) 2 E(ly, my) = O(lpt1, Mpt1),
and
O(c,a) = E(c,a) = E(my, ly) = O(mpy1, lnt1).
It follows that

(a,¢) <X (Iy,my),Vn. (10)
Using (1) and (10), we have
¥ (s%0p(©(a, ¢), OUny1, mu11))) = ¥ (5% 0p(E (@, ¢), Bl mn)))
< f (¥ (max{w,(O(a, ¢), O (ln, mn)), wp(O(c, @), O (M, 1)} ,
L max{wy(0(a, ¢), O(ly, my)), wp(O(c, a), © (my, [y))}). (11)
Similarly,
¥ (s*0p (O i1, ln1), ©(c, @) = ¥ (5% wp(E (my, 1), B(c, a)))
=S (max{wp(® (my, ly), O(c, a)), wp(O Iy, my), O(a, c)}),
L max{wy,(© (my, In), ©(c, a)), wp(O (I, my), O (a, 0)}). (12)
Using (11), (12) with the property of f and since v is nondecreasing, we have

¥ (max{s”wy(O(a, ¢), O (lns1, My 11)), 8% 0p(O (Mug1, lnt1), O(c,@))})
< f (max{w(©(a, ¢), © ([, my)), wp(O(c, a), ® (my, In))})
Lmax{wp(O(a, c), Oy, my)), wp(O(c,a), © (my, 1y))})

< ¢ (max{wy(O(a, ), Oy, my)), wp(O(c, a), © (my, 1y))}) . (13)

Page 7 of 17
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Using the property of ¢ in (13), we get
max{a)b(@(a, C)) ®(ln+1) mn+l))7 a)b(®(mn+l; l}’l-‘rl)r ®(C1 ﬂ))}
1
S STX max{a)h(@ (ﬂ, C): ®(lr1’ mn))’ Cl)b(@(c, 61), ®(mny ln))}

It follows that max{w,(®(a,c), ©(l,, my)), wp(O(c,a), ®(my, 1,))} is nonnegative
decreasing sequence and

hm maX{a)b(@(d, C), @(ln; mn))’ CL)b(@(C, ﬂ): ®(mn: ln))} = 0’
n— 00
which implies that
lim w,(O(a,c), Oy, my)) = lim wp(O(c,a), © (my, 1)) = 0. (14)
n— o n— o0
Repeating the same process, we can prove that
lim w,(®(@*, c*), 0, my)) = lim w,(O(*,a*),®(my, 1)) =0. (15)
n— 00 n— o
By triangle inequality in b-metric-like space, we have
wp(O(a, ), O(a*,c*)) < slop(O(a, c), Oy, my)) + wp(O(a”, c*), Oy, my))],
and
wp(O(c,a), O(c",a")) < slwp(O(c,a), Oy, 1y)) + wp(O(c™, a™), O (my, I))] .
Passing the limit as » — oo into the above inequalities, using (14) and (15), we get
®(a,c) = O(a*, c*) and O(c,a) = O(c*, a*). O

The following examples justify all requirements of the hypotheses of Theorem 1.

Example 5 Let f(8,k) = 18, T =[0,00) endowed with the natural ordering of real
numbers. We endow Y with

wp(a,¢) = (max{a, c})?

foralla,c € Y. Then, (Y, wp) is a complete b- metric-like space with a coefficient s = 2.
Let the sequence {a,} of monotone non-decreasing in Y such that lim,_.cca, = a € T,
then the sequences (sequences of real numbers)

a1(t) <ax(®) <..<ay®) <.

converge also to a(t) for all t €[0,00). So ay(t) < a(t) forallt € Y, n € N. Therefore,
ay =X a for all n. By the same manner, one can show that the monotone non-increasing
sequence {c,} in Y such that lim,_, o ¢, = ¢ € Y is a lower bound for all the elements in
the sequence, i.e., ¢ < ¢y, for all n. Therefore, the regularity condition hold.

Also, if we define an order relation on Y as a < cforall a,c € Y, we conclude that Y is
a partially ordered set, so we deduce that (Y, wp, <) is a RPOCbML space.

Define mappings 8,0 : T x T — Y as follows:
Shaxc a—c a>c

~ and O(a,c) =

E(a,c) =
’ 0, a<c 0, a<c’

foralla,c € Y.1Itis clear that E(Y,Y) C O(Y,Y) and O(Y,Y) is closed.
Now, we are going to prove that E is ®—increasing. Suppose that (a,c), [,m) € T x T

with ©(a, c) < O(l, m), we state the following cases:
Case 1. Ifa < ¢, then E(a,c) =0 < O(a,c).
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Case 2. Ifa > cand | > m, then ©(a,c) < O, m) leadstoa —c < —m, so
a—c |-

<

2 =
Case 3. If | < m, then ©(a,c) < O, m) implies that 0 < a — ¢ < 0, hence a = ¢, so

E(a,c) =0 < O(a,c). From the above cases, we deduce that & is ©®—increasing.

m
implies B(a,c) < E(I, m).

Neuxt, we prove that there exist two elements a,,c, € Y with ©(a.,c,) <X E(a.,c,) and
B(co, a0) = E(Co, do).
Since we get
e 1) 0=E( 1) d®(1 0) ! E(3,0)
9(0,-)=0= E(0,~) an -0 =->—=E&(-0).
3 3 3 37 12 3
So the two elements are 0, % € Y. Now, define the function vy :[0,00) —[0,00) as ¥ (k) =
%K for all k €[0,00); it is obvious that W € V. Finally, we justify the contraction (1) for
alla,b,l,m € Y, with ©(a,c) < O, m) and O(c,a) > O(m,l) or O(a,c) > O, m) and
B(c,a) < O(m,l), we get

1 2
52 wp (E(a,c), B, m))

2 (max {E(a, c), E(1,m)})*

¥ (% (E@0), E(,m)))

_ 136 (max {8(a, ¢), O, m)})?

iwb (®(a,c), O, m))

IA

3 max (0 O 0), 0, m), 0y (O(c, @), O, )

IA

1

Ew (max {(,()b (@(61, C)! G)(lr m)) » Wp (®(C! ﬂ), @(I’I’l, l))})

myy (max (o} (©(a,0), O (,m)) , 0} (O(c,@), © (m, 1))
_; ( ¥ (max (o} (0(a,0), O, m) , w3 (O(c,@), O (m, )}) )

L max{wy (©(a,c), O, m)),wp (O(c,a), ©(m, 1))}

where L € (0,1),a =2 > 0, and 1 = % Hence, the hypothesis (1) is satisfied. Thus, all
requirements of the hypotheses of Theorem 1 hold and (0, 0) is a coupled coincidence point
of B and © and in the same time is a coupled fixed point.

Example 6 Let f(8,k) = § — k, T =[0, 00) endowed with the natural ordering of real

numbers. We endow Y with
wp(a,c) = a’+ 3+ la — c|2,

forall a,c € Y. Then, (Y, <X, wp) is a RPOCbML space with a coefficient s = 2 (as in the
above example).

Define mappings 2,0 : ¥ x T — Y as follows:
sIn(1+ %9, a>c S a>c

~  and O(a,c) =

B(a,c) =
’ 0, a<c 0, a<c’

foralla,b,l,m € Y. It is clear that E(Y,Y) C O(Y,Y) and O(Y, Y) is closed.

Now, we should show that E is ®—increasing. Let (a,c), (I, m) € T x Y with ©(a,c) <
O (l, m), we state the following cases:

Case 1. Ifa < c, then E(a,c) =0 < O(a,c).
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Case2.Ifa > cand | > m, then ©(a,c) < O(l,m), leads to *5* < Z_T’”, S0

In(1+%¢)  In(1 + 57)
<
16 - 16
Case 3. If | < m, then ©(a, c) < O(l, m) implies that

implies E(a,c) < E(I, m).

a—2>b
05T§Oimpliesa—b:0impliesa:b,

50 E(a,¢) =0 < O(a, ). From the three cases above, we deduce that E is ®—increasing.
Next, as in Example 5, we prove that there exist two elements a,, ¢, € Y with ©(a,, ¢,) <

E(ao, ¢o) and O (a,, ¢o) = O(co, ao). So, we get
1 1 3
®0,1) =0= E(0,1) and ©(1,0) = 3 > gln(i) = E(1,0).

So the two elements are 0,1 € Y. Now, define the function ¥ :[0,00) —[0,00) as ¥ (k) =
%K for all k €[0,00); it is obvious that € V. Finally, we verify the contraction (1) for all
a,c,l,m € Y, with ©(a,c) < O(,m) and O(c,a) > O(m,l) or O(a,c) > O, m) and
O(c,a) < O(m, ). SinceIn(1 + k) < « for all k €[0, 00), then we have

¥ (s* (E(a,¢), E(,m))) =

1
= §22wb (E(ai C)7 E(l; m))

1 a—c\* I—m\2 g .

|

- 1 a—c\? [ —m\? a—c_l—m2

~ 128 < 2 ) +( 2 ) T 2

< 0, (0@,0,0(m)

< % max {wp, (O (a,c), O, m)),wp (O(c,a),®(m,l))}

— 15 ® O ® ®(m,l
= (g—@)max{wb( ((l,C), (1m)))a)b( (C,d), (m’ ))}

= ¢ (max{wy (O(a,c), O, m)), wp (O(c,a), ©(m,1))})
—L max{wy (©(a,c), O, m)),wp (O(c,a),®(m,l))}
_f ¥ (max {wp (B(a, c), O, m)) ,wp (B(c,a), ®(m,1)}),
L max{wp, (0(a,c), O, m)),w, (0(c,a), O(m, 1))}

where L = % < land o =2 > 0. Hence, the condition (1) is satisfied. Thus, all require-

ments of the hypotheses of Theorem 1 are verified and (0, 0) is a coupled coincidence point
of B and ©, and in the same time is a coupled fixed point.

Consequences of the main results
If we put f(8,k) = § — k in Theorem 1, we get the following corollary:

Corollary 1 Let (Y, X, wp) be a RPOCBML space (with parameter s > 1). Assume that
E,0:Y XY — T are two mappings such that the following conditions are satisfied:
(DE(T xT)CO(T x ).

(2) ©(T x Y) is closed.

(3) E is ®—increasing with respect to <.

(4) There exist two elements ag,co € Y, with ©O(ag,cg) <X E(ao,co) and O(cy,ag) >
E (co, ag). Suppose that there exist € V,0 < L < 1 such that:
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¥ (s"0(B(a,0), E(,m)) < ¥ (max{wp(O(a, ), O, m)), wp(O(c, ), ©(m,1)})
—L max{wy,(©(a, ), O, m)), wp(O (¢, ), ©(m, 1))},

forall a,c,[,m € Y, a > 0 with ®(a,c) < O(,m) and O(c,a) = O(m,l) or O(c,a) <
O(m,l) and O(a,c) = O, m). Then, E and © have a coupled coincidence point in Y.

If we choose f(8, k) = k8,0 < k < 1 in Theorem 1, we get the following result:

Corollary 2 Let (X, <, wp) be a RPOCDML space (with coefficient s > 1). Assume that
F,G: X x X — X are two mappings such that the following conditions are realized:
(DE(T xY)CO(T x ).

(2) O(Y x ) is closed.

(3) B is ©®—increasing with respect to <.

(4) There exist two elements ag,cy € Y, with ®(ag,cg) < E(ag,co) and O(cy, ag)
E (co, ap). Suppose that there exist € V such that:

Y

¥ (s*w(B(a, ), E(,m))) < kyr (max{wy (O (a, c), O, m)), wy(O(c,a), ©(m,1))}),

forall a,c,[,m € Y, @ > 0 with ®(a,c) < O(,m) and O(c,a) > O(m,l) or O(c,a)
O(m,l) and O(a,c) = O(,m). Then, E and © have a coupled coincidence point in Y.

IA

If we take v (t) = ¢ in Theorem 1, we get the following consequence:

Corollary 3 Let (X, X, wp) be a RPOCbML space (with coefficient s > 1). Assume that
F,G: X x X — X are two mappings such that the following conditions hold:
(1) E(Y x T) C O(Y x Y).
(2) ©(Y x Y) is closed.
(3) E is ©—increasing with respect to <.
(4) There exist two elements ag,cy € Y, with O (ag,cg) =< E(ag,co) and O(cy, ag)
E (co, ap). Suppose that 0 < L < 1 such that:

Y

s"w(E(a,c¢), E(l,m)) < f(max{wy(O(a,c), O, m)), wp(O(c,a), ®(m,1))},
L max{wb(®(a, C)r ®(Zr I’I’l)), CL)b(@(C, a)r @(l’l’l, l))});

foralla,c,l,m € Y, o > 0with ®(a,c) < O, m) and O(c,a) > O(m,l) or O(c,a)
O(m,l) and O(a,c) = O(l,m). Then, E and © have a coupled coincidence point in Y.

IA

Definition 12 [21] Let (Y, <) be a partially orderedset, 2 : YT x YT — Y and ® : T —
Y. We say that B is ©—increasing with respect to < if for any a,c € T

®a; < Oay implies B(aj,c) <X E(ay,c) and Ocy < Ocy implies B(a,c1) < E(a, ).
Taking in to account the above definition, we obtain the following result:

Corollary 4 Let (Y, <, wp) be a RPOCBML space (with parameter s > 1). Assume that
E:TXY —> Yand ®: Y — Y are two mappings such that the following conditions are
verified:

(1) E(T x Y) CO(Y).
(2) ©(Y) is closed.

(3) E is ®—increasing with respect to <.
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(4) There exist two elements ag,cy € Y such that Oay < E(ag, co) and 0cy > E(co, ao).
Suppose that there exist y € V,0 < L < 1and f € C such that:

W (s"‘a)h(E (a,c), (L, m))) < f(¢ (max{wy,(Oa, Ol), wy(BOc, ®m)}),
L max{w,(Oa, Ol), w,(Oc, ®m)}),

foralla,c,l,me Y, a > 0with®a < Ol and Oc > Om or Oc < Om and Oa > Ol.
Then, & and © have a coupled coincidence point in Y.

Definition 13 [17] Let (Y, <) be a partially ordered set, E : T x Y — Y. We say that

8 is increasing with respect to < if for any a,c € T
ay < ay implies E(ay,c) < E(ay, ¢) and c1 < ¢y implies E(a,c1) < E(a, c).
According to the above definition, we have the following corollary:

Corollary 5 Let (Y, X, wp) be a RPOCBML space (with parameter s > 1). Assume that
E:Y x Y — Y is mapping such that the following conditions are justified:
(1) E is increasing with respect to <.
(2) There exist two elements ag,co € X such that ag < E(ag,co) and co > E(co,ao).
Suppose that there exist y € V,0 < L < 1 and f € C such that:

¥ (s“wp(E(a, ), E(, m))) < f( (max{wy(a, ), wp(c, m)}),
L max{wy(a,l), wp(c, m)}),

foralla,c,i,me Y, a > 0witha <landc > morc < manda > l. Then, B has a

coupled fixed point in Y.

Supportive application
Recently fixed point theory has expanded to its importance in many applications includ-
ing finding analytical solutions for differential and integral equations (see [22—24] and
references therein). In fact, this section is the most important part of the paper, where we
shall study the existence of a unique solution to a non-linear integral equation using the
theoretical results presented in the previous section.

Let IT denote the class functions 7 :[0, 00) — [0, 00) such that 7 is increasing and there
exists € U,0 < L < 1,and f € C such that w(x) = %f(l//(K),LK) for all ¥ €[ 0, 00).
Suppose the following problem:

q
a(t) = /(K1(t, p) + Ka(z, p)) ( (16)

p

g(p,a(p)) + h(p,a(p)) )
14+ g(p,a(p)) + h(p,alp)) "’

for all £ €[ p, q] . Suppose that K3, Ky, g, h, satisfies the following hypotheses:
(i) For allt, p €[p,q], Ki(t, p) = 0and Ky (£, p) > O;
(ii) For all a4, ¢ € R such that a > ¢, there exist o, ¢ such that

0 < g(p,a) +g(p,¢c) <om(a+o),
0 < h(p,a) +h(p,c) < gm(a+c);

Page 12 0of 17
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(iii) We get
2

q
max{o?, ¢} { sup / (Ki(t, p) + Ka(t, p))dp ¢ < 1;
te[a,h]p

(iv) For all ¢ €[ p, q], there exist continuous functions @, & :[ p, g] = R such that

q
g(p, @ (p)) + h(p,E(p))
@) = /Kl(t’ 2 (1 e E) + h(p,ww») 4

p
q

2(0,&(p)) + h(p, @ (p)) )
Ky (t, dp,
+/ 2(6. ) (1 Y ap (o) +hip ey ) “°

p

and

q
2(0,&(p) + h(p, @ (p)) )
t Ki (¢, d
=) 2/ i p)<1+g(p,w<p)>+h<p,s<p»

p
q
g(p, @ (p)) + h(p,&(p)) )
Ky (t, d
+p/ 2(8:0) (1 2 E(P) + hip, 7 (0)

Now, we formulate the theorem concerning the existence of a unique solution of a

nonlinear integral equation (16) as follows:

Theorem 3 Suppose that the problem (16) with Ki,Ky € C([p,q] x[p,q],R) and
g h € C([p,q] xR x R), then the problem (16) has a solution in C([p,q],R), provided

that hypotheses (i)—(iv) are verified.

Proof Assume that T = C([a, b],R) is the set of real continuous functions on [ p, g]

equipped with

wp(a,c) = sup (Ja(t) + c@))? foralla,ce Y.
t€(p.ql

Thus, the pair (Y, wp) is a complete b-metric-like space with a coefficient s = 2, and
(Y, wp, ) is a RPOCbML space if a < ¢ whenever a(t) < c(¢) for all £ €[p,q] . Let the
sequence of monotone non-decreasing {a,} in Y such that lim,_, o a, = a € Y, then the

sequences (sequences of real numbers)

a(t) <ax(t) < .. <au() < ..

converge also to a(t) for all ¢ €[p,q]. So a,(t) < a(t) forall ¢t €[p,q], n € N. Therefore,
ay < a for all n. By the same manner, one can show that the monotone non-increasing
sequence {c,} in Y such that lim,_, o ¢, = ¢ € T is a lower bound for all the elements in

the sequence, i.e., ¢ < ¢, for all n. Therefore, the regularity condition hold.

Also, if we define an order relationon ¥ x Y asa < /[,c¢ > mforalla,c,l,m € Y, we

conclude that T x T is a partially ordered set.

Page 13 of 17
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Define the mapping E: T x T — Y by

g(p,a(p)) + h(p,c(p)) )

q
E , = 1( 1]
(a,0)(2) / 1t ) (1 + g(p,c(p)) + h(p,a(p))

p

q
—l—/Kg(t,,o)( g(p,c(p)) + h(p,a(p)) >d,0,
P

1+g(p,a(p)) + h(p,c(p))

for all ¢ €[p,q]. It is clear that if the mapping E has a coupled fixed point in T =
C([p, gl ,R), then it is a solution of the problem (16).
Now, we shall prove that the mapping E is increasing with a1 < ay, so, a1(¢) < ax(t)

for all £ €[p, q] ; we can write
E(a1,0)(t) — E(az,0)(2)

q q
_ /1(1(t,p)( g(p,a1(p)) + h(p,c(p)) )dp+/1<2(t,p)< g(p,c(p)) + h(p,a1(p)) >dp
p

) 1+g(@p,c(p)) + h(p,a1(p)) 1+ g(p,a(p)) + h(p,c(p))

q q
g(p,az(p)) + h(p,c(p)) ) [ ( g(p,c(p)) + h(p,az(p)) )
— [ Ki(¢, dop — | Kr(¢, d
/ 1o )(1+g<p,c<p>>+h<p,az<p>> p J 2P\ T (o ar(o) + o con) ) ¥

p
q q

< / Ki(t,p) (g(pra1(0)) + h(pr c(p))) dp + / Ka(t, ) (0> c(p)) + hlp, a1 (0))) dp

p pr
q q

f/Kl(t,p) (g(p, a2(p)) + h(p, c(p))) dp — /Kz(t,p) (g(p,c(p)) + h(p,az(p))) dp

p p
q q

= / Ki(t, p) (g0 a1(p)) — g(prax(p))) dp + / Ka(t, p) (h(p, a1(p)) — h(p,az(p))) dp < 0.
p p

Therefore, E(ay,c)(t) < E(ap,c)(t) for all ¢ €[p,q]. Hence, E(a1,¢) <X El(ay,c).
Similarly, if ¢ < ¢, 50 c1(t) < ca(t) for all £ €[ p, q], we have

E(a,c1)(t) — E(a, c2)(t)

q q
_ /Kl(t,p)< g(p,a(p)) + h(p,c1(p)) )dp—l—/[(g(t,p)( 2(p;c1(p) + h(p,a(p)) )dp
P p
q

1+g(p,c1(p)) + h(p,alp)) 1+g(p,a(p)) + h(p,c1(p))

q
(0, a(p)) + h(p,c2(0)) ) / ( g(p,2(p) + h(p,a(p)) )
| ki, dp — | Ka(t, 4
p/l( p)(1+g(p,C2(p))+h(p,a(p)) P J 2(t0) 1+g(p,a(p)) + h(p, c2(p)) L

q q
< [ K1t gto.at00) + hprcr(o) dp + [ Katt ) (e(prca (o)) + hipra(o) dp
p p

q q
—/Kl(t,p) (g(p,a(p)) + h(p, c2(p))) dp — /Kz(t,p) (¢(p,c2(p)) + h(p,alp))) dp
b b

q q
= le(t, p) (h(p, c1(p)) — h(p,c2(p))) dp + sz(t,p) (g(p,c1(p)) = g(p,ca(p))) dp < 0.
p p

Therefore, E(a,c1)(t) < E(a,c)(t) for all £ €[p,q]. Hence, E(a,c1) < E(a,cy). From
the above results, we deduce that the mapping E is increasing with respect to the variables

a, C.

Page 14 of 17
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Finally, we illustrate that the contraction condition of Corollary 5 hold, for alla, ¢, /,m €
Y suchthata <, m < ¢,

IA

wp (B(a, ), E(L,m))

sup (I12(a, ) (t) + W, m)(@)])?

te

120

2

1+g(p.c(p))+h(p,a(p)) 1+g(p.a(p))+h(p,c(p))

q q
SUPsc ] [Ki(t, p) ( g(p,a(p)+h(p,c(p)) )d,o + [ Ka(t, p) ( 2(p,c(p)+h(p,a(p) )dp
p p

SUP¢e[pq]

sup
telp.ql

q
+ [ Ky, p)( g(pl(p))+h(p.m(p)) ) dp + [ Kat, p)( g(p:m(p)+h(p,l(p)) ) dp
p

1+g(p,m(0))+h(p,l(p)) 1+g(p,l(p)+h(p,m(p))

2

q
[ K1t p) (g(p,a(p)) + h(p,c(p))) dp
p

q
+ [ Ka(t, p) (g(p, c(p)) + h(p,a(p))) dp
b

q
JKi(t, p) (g(p, 1(p)) + h(p, m(p))) dp
p

q
+ [ Ka(t, p) (g(p, m(p)) + h(p,1(p))) dp
p

q
J K1t p) [(g(oa(p)) + g(p, 1)) + (h(p,c(p)) + h(p, m(p)))] dp
p

q
+ [ Ka(t, p) [(g(ps c(p)) + g(p, m(p))) + (h(p, a(p)) + h(p,l(p)))] dp
p

Applying condition (ii), we have

IA

IA

wp (E (ﬂr C)’ E(l’ Wl))

sup

2
q
‘le (&, p) [om(a(p) + U(p)) + s (c(p) + m(p))] dp
P

q
€Al [ Kot p) o (e(p) + m(p)) + sr(alp) + L) dp

max{c?, ¢?} sup
telpgl

p

q 2
/[Kl(t,p)Jer(t,p)] [ﬂ(la(p)+l(p)|)+ﬂ(|6(p)+m(p))]dp)] . (17)
p

By the definition of = and the distance wj,, we can write

7 a(p) + L) < mep(a, 1) and 7 |e(p) + m(p)|> < wwy(c,m) forall p €[p,q]. (18)

It follows from (17), (18), and condition (iii) that

IA

A

IA

IA

wp (E(a,c), B(I, m))

q 2

max{o?, 2} x[72wp(a, 1) + 72wy (c, m)] x sup / (K1(t, p) + Ky (¢, p)) dp

t€lp.q)
P

72wp(a, 1) + 72wy (c, m)

7% (wp(a, 1) + wp(c, m))

272 (max {wy(a, [), wp(c, m)}) since i +j < 2max{i,j} forall i,j € R

1
2 X TGf (I/f (max {a)b(ﬂ: l): a)b(C, m)}) 1L max {wh (d, l)» Wp (C: m)})

1
§f (¢ (max {wp(a,l), wp(c, m)}), L max{wp(a, ), wp(c, m)}) .
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Thus, for a < [, m < ¢, we obtain that

2wy (E(a,¢), EU,m)) < f (¥ (max {wy(a, ), wp(c,m)}) , L max {wp(a, 1), wp(c, m)}) ,
taking ¥ € W such that ¢ («) = «, for all « €[0, co] with s = 2 and « = 3, we have

¥ (s*wp (E(a,0), EX(Lm)) < f (Y (max{wy(a, 1), wp(c, m)}) , L max{wy(a, 1), wp(c,m)}) .

Also, condition (iv) leads to @ (£) < E(w,&)(¢) and £(t) > E(&,w)(¢) forall £ €[p,q],
that is @ < E(w,§) and § > E(&,@). Therefore, all the hypothesis requirements
of Corollary 5 are satisfied. Then, the mapping E has a coupled fixed point which is a
solution of the problem (16) in T = C([p,q],R). O

Conclusion

Recently, the technique of coincidence point has become one of the important issues that
contribute to finding the analytical solution of integral equations, which in turn facilitates
the numerical solution. Therefore, many researchers are interested in this trend so that
the differential equation can be converted to their integral counterparts and then easily
solved. This paper is the same line, where we discussed some common coincidence points
for nonlinear mappings under the class of a RPOCbML space; also, we proceed with two
examples to support theoretical results and analytical solution for the nonlinear integral
equation illustrated.
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