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Introduction
It is well known that the solution of stochastic differential equations is either difficult in
general or we do not have explicit solutions. Numerical schemes provide an easy way to
integrate these equations, see [1-8]. Moreover, numerical simulations are considered the
only way to solve these mathematical models in general or to derive the desired infor-
mation. Therefore, the accuracy of these numerical solutions could be a major factor
in choosing the appropriate numerical method and solving mathematical models. The
usual numerical schemes even in the deterministic case such as Euler, Runge-Kutta, and
Euler-Maruyama in the stochastic case do not preserve dynamical properties without
conditions on the time step of the numerical integration; see [9] and references therein.
The non-standard finite difference (NSFD) schemes were firstly proposed by Mickens
[10], both for ordinary differential equations (ODEs) and partial differential equations
(PDEs) with more accuracy than standard finite difference method (SFDM).

Recently, many interesting studies were presented to the stochastic tuberculosis (TB)
model such as [11-14]. Also, several papers considered modeling tuberculosis (TB)
[15-20]; however, the proposed model introduces several factors in spreading TB, for
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instance, the fast infection, the exogenous reinfection, and secondary infection along with
the resistance factor [21].

The aim of this paper is to develop an accurate numerical algorithm for approximating
the numerical solutions of the stochastic multi-strain TB model. This scheme is based on
the rules introduced in the deterministic case by R.E. Mickens (see [10, 22-24, 28, 32]). A
new technique is called a nonstandard theta Milstein method (NTMM). It is constructed
to illustrate the behavior of the solutions of SDE with various value of 8. Mean-square
(MS) stability of nonstandard theta Milstein method is studied.

On the other hand, mathematical models are considered as important tools to
describe several problems in natural sciences such as biology, physics, and meteorology
([15, 25-32]).

To the best of our knowledge, the NTMM for solving the stochastic multi-strain TB
model has never been explored.

This paper is organized as follows. In the “A stochastic multi-strain TB model” section,
a stochastic multi-strain TB model is constructed. In the “Stability of the SDE model
for multi-strain tuberculosis model” section, the stability of the SDE model for multi-
strain TB model is proved. In the “Basic properties of the solution” section, NTMM is
constructed to solve a stochastic multi-strain TB model, and the mean-square stability
of NTMM is proved in the “Mean-square stability of NSTMM?” section. The numerical
implementation of the proposed technique is given in the “Simulations” section. In the
“Conclusions” section, the conclusions are given.

A stochastic multi-strain TB model

In this section, we introduce the multi-strain TB model which is given in [33]; this
model incorporates three strains: drug-sensitive, emerging multi-drug-resistant (MDR),
and extensively drug-resistant (XDR). The population of interest is divided into eight
compartments, see Table 1. Let us assume that (2, -, {f ¢}, IP) is a complete probability
space with a filtration {/ ;};>4. Let W (¢) be an eight-dimensional Wiener process defined
on this probability space. We assume that the eight coordinates W1 (£), Wa(¢), ..., Wg(¢) are
mutually independent and &i, &,, ..., s represent the intensities of the white noises. The
stochastic perturbation in our model is a white noise type that is directly proportional to
the all variables of the model. Therefore, the stochastic system can be described by the Ito

system as follows:

Table 1 All variables in system (1)—(8) and their definitions

Variable Definition
S(t) The susceptible population (individuals who have never encountered TB)
Ls(t) The individuals infected with the drug-sensitive TB strain but who are
in a latent stage, i.e, who are neither showing symptoms nor infecting others
Lm () Individuals latently infected with MDR-TB
Ly (1) Individuals latently infected with XDR-TB
Is(t) Individuals infected with the drug-sensitive TB strain who are infectious
to others (@and most likely showing symptoms as well)
Im(t) Individuals who are infectious with the MDR-TB strain
Iy (1) Individuals who are infectious with the XDR-TB strain
R(t) Individuals for whom treatment was successful
N(t) The total population,

N=S+Li+Llm+Lx+ls+In+k+R
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(5)

(6)

7)

8)

To investigate the dynamical behavior of the proposed model, the first thing is whether

we have a unique global solution (i.e., no explosion in a finite time) for any given initial

value. Consider the following d-dimensional stochastic system:

axX() = F(t, X(@®))dt + G, X(2)dW (¢),

)

where F(¢, X(¢)) is a function in R? defined in [ fo, oo[ xR and G(¢, X(¢)) is a d x m matrix,
F and G are locally Lipschitz functions in X, and W = W(¢),>( is a d-dimensional Wiener

process. We assume that X = 0 is a solution of system (1)—(8). The coefficients of Eq. (9)

are generally required to satisfy linear growth conditions and local Lipschitz conditions
[34-36]. If the coefficients F and G of (9) do not satisfy linear growth conditions, the
solution of system (9) may explode at a finite time. From [36], the coefficients are locally

Lipschitz. Consequently, the system has a unique local solution for any feasible initial

state.

In order to study stability of disease-free equilibrium point E, we assume that there are

global solutions which are almost surely non-negative.
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Stability of the SDE model for multi-strain tuberculosis model

In this section, the theorem below can be interpreted as follows; at least, the stochastic
perturbations do not destabilize the system. Let (Ros, Rom, Rox) the basic reproduction
number of drug-sensitive strain, MDR strain, and XDR strain. Let us define R, as follows:

Ry = max(Ros, Rom, Rox), where (10)
Bs(es + (1 — Xs)(d + t15))

R = et dt )t 1 0t )+ et )’
_ IBVVI(Sm +1- Am)d)

0= e + d) (b + S + d) + dym

Rox Bxlex + (1 — Ax)d)

- (ex +d)(tox +6x +d) + dyx‘

Theorem 1 If R, < 1, then disease-free equilibrium is a.s exponentially stable.

Proof Assume that [33]:

0 <oag < (1—A), (11)
0 < amm < (1 — Aw), (12)
0 <oy < (1—Ay). (13)

Using the fact that W < 1 and that I(¢) < IJ° at any ¢, it follows

[ < AsBs + Vs %

2 14
S T d4tste (14)

Using assumption (11), and for simplicity, let us define a; := (d + s + tos + ¥5), a2 ==
(d + € + ti5)). The fact thatw < 1 and that Lg(t) < L°, together with
Eq. (14), implies that

0 <[Ros — 1] ;If", (15)
ax(aa1 — €sYs)
since Ry, = max(Ros, Rom, Rox), R« < 1implies that Ros < 1. Similarly, using assumptions
(12) and (13), we can prove the following inequalities involving I,,, and I,. Define a C3-
function V : Ri — Ry by V(S(8), Ls(£), Liy(t), Ly(t), I(t), Ly (t), L:(2), R(¢)) which is a
non-negativity function. V(¢) = (S(¢) + L (¢) + Ly (£) + Ly (£) + L (8) + 1y, (£) + L (t) + R(2)).-
Thus, we can define Z = In V by the Ito formula; we compute,

1 1 1 1 1 1 1 1
LV = —dS+ —dL; + —dL —dLy + —dl; + —dI —dly + —dR
v +V s-l-v m+v x+vs+v m+Vx+V

11 ,, 1 ,, 1 o 1 . 1 , 1 , 1 , 1
-3 [VzdS L+ L+ dLit pdl s dl o dl + AR

SI; Sk, SLY .4
=(b—dS—B= — Bp—2 — B2 | v ldt
( 'BSN ﬁ’”N ﬂxN)
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Then,

dZ = LVdt+[ E.SdAW + &L dWo + &3L,,dW3 + E4L,dWa + E5l,dWs
+ &Ly dWe + &1L, dWy + EgRAW] VL.

Therefore,
Z:Zo+/ Lth+ZG(t) (16)
i=1
where each G;(¢) is a martingale defined as: G1(¢) = g%, Gy(t) = g% ,
Ga(t) = [y B2, Gur) = [y PN, Gs) = [y ST, Get) = [ Sl
Gr(t) = g 57%"”7, Gs(t) = [ SR Then,

Z Z 1 [t
lim Z = lim 22 + lim — LVdt
0

t—oo t t—oo t—oo

8
. 1
+ Jim — 21: Gi(b).
=
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Regarding the quadratic variations of the stochastic integral G;(£), we have f; ! (515) ds <

t Ls t (&3Ly t (Ealy 2 [s
%-1 e (52 )2 ds < %-2 fO (Eavz) ds < Eg fo (54‘/2) ds < ;§4 , ; (Es )2 dS < 55

f(f %ds < 56 , fot (S(/#ds < 572t, ft @f/R) ds < 5821,‘. By the strong law of large

numbers for martingales [36], we therefore have

8
. 1
tl_1>ngo sup n Z Gi(t) =0 (a.s).

i=1

It finally follows from (16) by dividing ¢ on both sides and then letting ¢ — oo that

InZ(t 1 [t
lim sup nZ() < lim sup;/ Lvdt (a.s).
0

t—00 t t— 00
We note that
1 1 1 1 1 1 1 1
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and in fact

1 t
lim sup n / Lvdt < 0,
0

t— 00
therefore,

. InZ(¢)
lim sup
t—00

<
This finally proves the (a.s.) exponential stability. O

Basic properties of the solution
In this section, we remind classical results about continuous and discrete stochastic
differential equation systems.

Stochastic boundedness

Stochastic boundedness is one of the most important topics because boundedness of a
system guarantees its validity in a population system. We first present the definition of
stochastically ultimate boundedness.

Definition 1 (see [37]) The solution
X(@) = (8(8), Ls(@), Lin(8), Ly (8), Is(8), L (£), L (£), R(2)),

of Egs. (1)—(8) is said to be stochastically ultimately bounded if for any € € (0, 1), there is
a positive constant § = §(€) such that for any initial value Xy € R, the solution X (t) to
(1)—(8) has the property that:

lim sup P{|X(¢)| > 8} < e.
t—00

Numerical method for solving stochastic model

A nonstandard theta Milstein method

One of the merits of NFDM which is given by Mickens in 1980 [10, 22—24, 28, 32] is
used to study numerically the behavior of the ordinary differential equations (ODE) and
PDE efficiently. The NFDM is able to maintain the properties of the exact solution of
the original ODE or PDE. The numerical scheme is called NFDM if at least one of the
following conditions are satisfied [10—15, 22—-28]:

1. The nonlocal approximation is used.
2. The discretization of the derivative is not traditional and uses a nonnegative

function.

In this paper, we consider numerical methods for the strong solution of Ito SDEs:
dz(t) = f(t,z()dt + g(£,2(£)dW (1), z(f) = zo, (17)

where z(¢) is a random variable with value in R, f : R" — R is called the drift
function, g : R”" — R is called the diffusion function, and dW (¢) is a one-dimensional
Wiener process, whose increment AW (t) = W (¢t + At) — W(¢) is a Gaussian random
variable N (0, At).
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Definition 2 A general one-step theta Milstein method (TMM) is given as follows:
Zn1 = 2n + Ohf (60, 20) + (1 — OVhf (bn41, 2n+1)
+8(tw 2n) AWy + %g(tn,zn)g—i(tn,zn)[ (AW)? —h]. (18)
Definition 3 A general one-step nonstandard theta Milstein method (NTMM) is given
as follows:
Znt1 = zn + OY (Wf (6, 20) + (1 — DY (W)f (15 Zn41)

1 a
8t 20 AW + S8t ) o Z) (BW)2 = ). (19)
where ¢(h) = h + O(h?) is a non-negative function and AW, = W (t,11) — W (t,).

Special cases from NTMM:

e If6 = 1, we obtain nonstandard explicit Milstein method (NEMM).

e IfH = 0, we obtain nonstandard drift implicit balanced Milstein method (NDIMM).
Remark 1 In (19) if o(h) = h, then the scheme will be called theta Milstein method and

its two special cases for 6 are as follows:

e [ff = 1, we obtain explicit Milstein method (EMM).
e [fO = 0, we obtain the drift implicit balanced Milstein method (DIMM).

Mean-square stability of NSTMM

The mean-square stability is a stochastic version of absolute stability, and it is a very
important concept in the numerical simulation of SDEs. A suitable way to find numerical
schemes for SDEs is analysis of MS stability.

Definition 4 [38] The equilibrium position, z(t) = 0, is said to be mean-square stable if
for every ¢ > O there exists 81 > 0 such that
lz@®) Il <& Vt=>0, |z |<d, (20)

where || 2(t) |= (E | z(t) |P)2.

If, in addition to (20), there exists a 8o > 0 such that
lim [ z(®) =0, V |z |< 52,
t—>00
then the equilibrium position is said to be asymptotically mean-square stable.
Definition 5 [38] Suppose that the equilibrium position of Ito’s SDE as (17). The Gaus-
sian random variable N(0, At) is asymptotically mean-square stable. Then, a numerical

scheme that produces the iterations z, to approximate the solution z(t) of (21) is said to be
asymptotically mean-square stable if

lim ||z, |=0.
n—- oo
We apply one-step scheme to the scalar linear test equation

dz(t) = az(t)dt + bz(t)dW (t), z(ty) = zo, (21)
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Table 2 All parameters and the references of system (1)-(8)

Parameter Value Reference
N 20,000, 30,000 Assumed
b dN [21]

d 1/73.45 (http://www.indexmundi.com/EGYPT/life_expectancy_at_birth.html)
Bs = Bm = B« 14 [40]

Ay = Am = Ay 05 [21]

€ = €m = € 0.0002 [21]

o1 0.05 [21]

Vs = ¥Ym = Wx 0.00002 [21]

s 2 [21]

tor 11 € (5,m,x) s = 2itom =ty =1 [21]

or 0.25 [21]

Py 0.88 [21]

8, 0 [21]

T 4 years Assumed

a—b?
with known solution z(t) = zoe' "2 ), which is represented by

Z}’l+l = R(ﬂ, b; h)])zrh

where ] is the standard Gaussian random variable ] =

" ~ N(0,1). Saito and Mitsui

[39] introduced the following definition of mean-square (MS) stability.

Definition 6 [39] The numerical method is said to be MS stable for a, b, h if

R(a, b, h)

= E(R*(a,b,h,))) < 1.

where R(a, b, h) is called MS stability function of the numerical method.

25

S(t)

— L

Fig. 1 Simulations of multi-strain TB model showing the various classes with = 0,& =1

2 2.5

t



http://www.indexmundi.com/EGYPT/life_expectancy_at_birth.html

Sweilam and AL-Mekhlafi Journal of the Egyptian Mathematical Society (2020) 28:12 Page 10 of 16

Fig. 2 Simulations of multi-strain TB model showing the various classes with & = 0, & = 0.5

For 0 = 1 of (18), EMM is given as follows,
s =+ £t 2+ 8 2D AV + 05800020 2 (1, 2) (AW, — ). (22
for 6 = 0 of (18) by introducing implicitness in f(¢,, z,)/, we arrive at IDMM.
Zn+1 =2Zn + [ n1s Znr DB + g(bns 2) AW,
+0.5¢(n, z,q)g—i(tn, 2 [(AW,)* — h]. (23)

Fig. 3 Simulations of multi-strain TB model showing the various classes with = 0, & = 0.08
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x10°
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]
1.8 H
— L0
1.6 — L, H
1.4 — L ]
—
N 12 1 H
1 —_— Ix(t) H
08 s
06
0.4 /
02 - -
0 f e ——
0 0.5 1 1.5 t 2 25 3 35 4
Fig. 4 Simulations of multi-strain TB model showing the various classes with = 0,& = 0

If in (23) we replace /1 by ¥ (h), we have a new method called NSIDMM,; this special
case from (19) when theta = 0 and the function v (%) satisfies the following conditions:

o) =h+ 00>, 0<eh) <1, h—> 0.

For more details about nonstandard method, see [10, 22—24, 28, 32] and the references
cited therein. Applying the NSIDMM which given as:

Zuy1 = Zn + f (g1 20DV ) + g(tn, 20) AW,

g 2
+ 0~5g(tn,zn)afz(tmzn)[ (AW =y (m]. (24)
x10*
3 . . 000 . . .
— TMM i ——TMM
NTMM J 4000 .. :. .. NTMM |
Deterministic b Deterministic
.......................................... ISZUDD Vk\x.
0 ;
2 3 4 0 1 t 2 3 4
8000 . ™M h 3000
6000 § i 8
s = Deternlﬂnmstlc 2000
Im4UUU----------§ .......... IR ERTTPIE Iz
" = : 1000 /3
2000 oA - .......... FRRRE P ' R
0 i 0 L
0 1¢ 2 3 4 0 1, 2 3 4

Fig. 5 The approximate solutions with & = 0.5,0 = 1, h = 0.0067
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x10*
T 4000
- NTMM
3000 /v\ ‘| — Deterministiq
L opogfns :
: 1000 :
DU - 1 2 3 4 DU 1 2 3 4
t t
4000 T T T 2000 T T T
: : : NTMM
i d ;| —Deterministic|
3000 F- e g 1800 ksvnmsmng iy
In PR :
Iz 7 DN
2000 1000 f+ofeeeeeees I e e
/ : : :
/ : ; : / : : :
1000 & L i 500t - .
0 1 t 2 3 4 0 1 t 2 3 4

Fig. 6 Trajectories of the mean solutions of stochastic and deterministic systems with when 6 = 1,& = 0.09,
h = 0.0133 by using NTMM

to the linear test Eq. (21), we obtain
Zn+1 = Ri(p, 4, ))zn,

where p = ayr(h), g = b\/ ¥ (h), and
1+ gqJ 4 0.5¢%]% — 0.54°
1—p '
The MS stability function of the NSDIM method is given by

RI(P: q’]) =

1+ ¢*> +0.5¢*

Ri(p,q) = =

The NSIDM will be MS stable if Ri(p,q) < 1. The MS stability property of the
NSIDMM is better than that of IDMM.

Simulations

In this section, we simulate the SDE model in (1)—(8) numerically for the same parame-
ters in Table (2) and different values of £ and 6. In all simulations, we use a single value
for all the &;, ie.,, & = & = .. = & = & with initial conditions (S(0), Ls(0), L,,(0),
L(0), 5(0), Ln(0), L (0), R(©O)) = (Z5N, 22N, 5N, 2N, 155N, 1N, 25N, 25N) and
@o(h) = Q(1 — e ") where Q is less than 0.001. As we know, the population dynamics

10000

2000

Ix 1000 -

5008 -

Fig. 7 The approximate solutions with & = 0.9,& = 1, h = 0.1, by using NTMM
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Ix
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Fig. 8 The approximate solutions with & = 035, = 0.5,h = %

is inevitably subjected to environmental noise. So, it is important to examine the inclu-
sion of stochastic effects into deterministic models. The simulations were run for 100,000
iterations. We use NTMM to approximate Egs. (1)—(8); then, we have (8m + 8) of nonlin-
ear algebraic equations which can be solved using Newton’s iteration method. Figures 1,
2, 3, and 4 show the variation of (S(2), Ls(£), L(£), Le(£), I(), Iu(t), L(£), R(£)) with
time at different value of £ and 6 = 0; by using the suggested technique, we note that
the noise level increased when the value of & is big. Also, in the absence of noise, we
simulate the global stability of the endemic equilibrium of deterministic system (1)—(8)

3000 - 1

‘ : : %*
2000 R CREEEERTE ........... .......... . SUD R R EE TR ........... ..........

Im - E S
- : : : : :

1000 ........... , .......... ........... EDD .......... .......... \;’i-' .......... .......... L
T : 3 * : :
. . : : - A : .

0 1 t 2 3 4 0 1 t 2 3 4

Fig. 9 The approximate solutions with & = 0.5,& = 0.5, h = 1, by using NTMM
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Fig. 10 The approximate solutions with & = 0.5,& = 0.5, h = 1 by using TMM

in Fig. 4. Figure 5, shows the behavior of the approximate solutions for SDE model by
using the proposed method and TMM in comparison with the result with deterministic
model when & = 0. We observe that there is excellent agreement with the solutions to the
corresponding deterministic case and the solution of suggested technique in Fig. 6. Our
method converges for large 4 and preserves the positivity of the model state variables,
as we can see in Figs. 7, 8, and 9. Figure 10 shows TMM is unstable for larger /4 and the
NTMM better than TMM where NTMM has large stability regions.

Conclusions

In this paper, we constructed NTMM to introduce numerically the approximate solu-
tion of a stochastic multi-strain TB model. The proposed method is based on choosing
the weight factor 8. The main advantage of this method is that it can be explicit or
implicit with large stability regions as we see in our results. Special attention is given to
study mean-square stability. Some numerical results are used to show the accuracy of
the NTMM, and some figures are used to demonstrate how the solutions change when
0 take different values. All computations in this paper are performed using MATLAB
programming.
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