Sow Journal of the Egyptian Mathematical Society (2020) 28:20 i
https://doi.org/10.1186/s42787-020-00080-w J ourna l Of th e Egyptla n
Mathematical Society

General-type proximal point algorithm ®

Check for

for solving inclusion and fixed point
problems with composite operators

T. M. M. Sow!

conemoESegmicom Abstract

'Gaston Berger University, Saint The main purpose of this paper is to introduce a new general-type proximal point

Louis, Senegal algorithm for finding a common element of the set of solutions of monotone inclusion

problem, the set of minimizers of a convex function, and the set of solutions of fixed
point problem with composite operators: the composition of quasi-nonexpansive and
firmly nonexpansive mappings in real Hilbert spaces. We prove that the sequence x,
which is generated by the proposed iterative algorithm converges strongly to a
common element of the three sets above without commuting assumption on the
mappings. Finally, applications of our theorems to find a common solution of some
nonlinear problems, namely, composite minimization problems, convex optimization
problems, and fixed point problems, are given to validate our new findings.

Keywords: General-type proximal algorithm, Convex minimization problem,
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Introduction

Throughout this paper, we assume that H be a real Hilbert space with the inner product
(-,-) and norm ||.|| and K be a nonempty closed convex subset of H. Let A : H — 2/, the
domain of A, D(A), the image of a subset S of H, A(S) the range of A, R(A) and the graph
of A, G(A) are defined as follows:

D) ={xe H: Ax # 0}, AS) :=U{Ax : x € §},
R(A) :=AH), GA) :={(x,u): x € D(A), u e Ax}.
An operator A : K — H is called monotone if
(Ax — Ay, x—y) >0, Vx,y e K.

An operator A : K — H is said to be strongly monotone if there exists a positive constant
k € (0,1) such that

(Ax — Ay,x — y) > k|lx — y||I>, Va,y € K.
It is said to be a-inverse strongly monotone if there exists a constant & > 0 such that
(Ax — Ay, x —y) > a|Ax — Ay|%, Vx,y€K.
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It is immediate that if A is a-inverse strongly monotone, then A is monotone and Lipschitz
continuous.

Let A : H — H be a single-valued nonlinear mapping and B : H — 2/ be a set-valued
mapping. The variational inclusion problem is as follows: find x € H such that

0 € B(x) + A(x). (1)

We denote the set of solutions of this problem by (A 4+ B)~1(0). If A = 0, then problem
(1) becomes the inclusion problem introduced by Rockafellar [1]. Inclusions of the form
specified by (1) arise in numerous problems of fundamental importance in mathematical
optimization, either directly or through an appropriate reformulation. In what follows, we

provide some motivating examples.

General monotone inclusions
Consider the inclusion problem

find x € Hy, suchthat 0 € (A + K*BK)(x), (2)

where A : H] — 21 and B : Hy — 212 are maximally monotone operators and K : H; —
Hj is a linear, bounded operator with adjoint K*. As was observed in [2], solving (2) can
be equivalently cast as the following monotone inclusion posed in the product space:

x 0 0 A x 0 K* x
find € Hy x Hy suchthat € + (3)
y

y 0 0 B! y -K 0
Notice that the first operator in (3) is maximally monotone whereas the second is
bounded and linear (in particular, it is Lipschitz continuous with full domain). Conse-
quently, (3) is also of the form specified by (1).

Saddle point problems
Many convex optimization problems can be formulated as the saddle point problem:

min max (¢(x) + ®(x,7) —f()). (4)

where f,g : H — (—o00, +00] are proper, Isc, convex functionsand ® : H x H — Risa
smooth convex-concave function. Problems of this form naturally arise in machine learn-
ing, statistics, etc., where the dual (maximization) problem comes either from dualizing
the constraints in the primal problem or from using the Fenchel-Legendre transform to
leverage a nonsmooth composite part. Through its first-order optimality condition, the
saddle point problem (22) can be expressed as the monotone inclusion

x 0 ag(x) Vi@ (x,y)

find € H x H suchthat € + , (5)
y 0 f () Vy®(x,)

which is of the form specified by (1).In general, equations of inclusion monotone type
(1) are nonlinear and there is no known method to find closed form solutions for them.
Consequently, methods of approximating solutions of such equations are of interest.

The best-known splitting method for solving the inclusion (1) when B is single-valued

is the forward-backward method, called so because each iteration combines one forward
evaluation of B with one backward evaluation of A, introduced by Passty [3] and Lions
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and Mercier [4]. More precisely, the method generates a sequence according to
X1 = (I — A, B) XU — 1, A)%0, Ay > 0, (6)

under the condition that D(B) C D(A). It was shown, see for example [5], that weak con-
vergence of (6) requires quite restrictive assumptions on A and B, such that the inverse of
A is strongly monotone or B is Lipschitz continuous and monotone and the operator A+B
is strongly monotone on D(B). Hence, the modification is necessary in order to guarantee
the strong convergence of forward-backward splitting method (see, for example, [5-12]
and the references contained in them).

A map T : K — K is said to be Lipschitz if there exists an L > 0 such that

1Tx — Tyl < Lllx—yl, VYxyeKk, (7)

if L < 1, T is called contraction and if L = 1, T is called nonexpansive. We denote by
Fix(T) the set of fixed points of the mapping T, that is Fix(T) := {x € D(T) : x = Tx}.
We assume that Fix(T) is nonempty. A map T is called quasi-nonexpansive if || Tx — p|| <
lx — pll holds for all x in K and p € Fix(T). The mapping T : K — K is said to be firmly
nonexpansive, if

ITx — Tyl < llx — ylI* — | (x —9) — (Tx — TY)||*, Vx,y € K.

We remark here that a nonexpansive mapping with a nonempty fixed point set is quasi-
nonexpansive; however, the inverse may be not true. See the following example [13].

Example 1 [13] Let H = R and define a mappingby T : H — H by

x .
Esm(%), x#0

Tx = (8)
0, x=0.

Then, T is quasi-nonexpansive but not nonexpansive.

Fixed point theory has been revealed as a very powerful and effective method for solv-
ing a large number of problems which emerge from real-world applications and can be
translated into equivalent fixed point problems. In order to obtain approximate solution
of the fixed point problems, various iterative methods have been proposed (see, e.g., [14—
19] and the reference therein).

In 2013, Yuan [20], motivated by the fact that forward-backward method is remarkably
useful for finding fixed points of nonlinear mapping, proved the following theorem.

Theorem 1 Let H be a real Hilbert space and C be a nonempty closed convex subset of
H.LetA: C — H be a a-inverse strongly monotone operator and S : C — C be a quasi-
nonexpansive mapping. Let B be a maximal monotone operator on H into 27 such that
the domain of B is included in C such that F := Fix(S) N (A + B)~L(0) is nonempty and
I — S is demiclosed. Let {,} be a real number sequence in [ 0, 1] and {L,} be a positive real



Sow Journal of the Egyptian Mathematical Society (2020) 28:20 Page 4 of 17

number sequence. Let {x,} be a sequence in C generated in the following iterative process:

X1 € C,
Ci=0C
Yn = QpXy + 1- Oln)S]A,, X — ApAxy), 9)

Cot1={z2€Cy: llyn —zll < llxn — 2|},
Xp+1 = Pc, %1, n>=1,

where J,, = (I + A,B). Suppose that the sequences {o,} and {A,} satisfy the following

restrictions:

(i) O0=<ay<a<l

(i) 0<b<i,<c<2a.

Then, the sequence {x,} converges strongly to Prx;.

However, we observe that in Theorem 1 recursion formula studied is not simpler.

Recently, iterative methods for nonexpansive mappings have been applied to solve
convex minimization problems; see, e.g., [14, 16] and the references therein. A typi-
cal problem is to minimize a quadratic function over the set of the fixed points of a
nonexpansive mapping on a real Hilbert space H:

min (E(Ax,x) — (b,x)). (10)
x€Fix(T) \2

In [14], Xu proved that the sequence {x,} defined by iterative method below with initial
guess xo € H chosen arbitrary:

Xp+1 = b+ I — a,A)Tx,, n>0, (11)

converges strongly to the unique solution of the minimization problem (10), where T is a
nonexpansive mappings in H and A a strongly positive bounded linear operator. In 2006,
Marino and Xu [16] extended Moudafi’s results [15] and Xu'’s results [14] via the following
general iteration xg € H and

Xp+1 = apyf(x,) + { — a,A)Ixy,, n >0, (12)

where {a,},en C (0,1), A is a bounded linear operator on H, and T is a nonexpan-
sive. Under suitable conditions, they proved the sequence {x,} defined by (12) converges
strongly to the fixed point of T, which is a unique solution of the following variational
inequality

(Ax™ — yf(x™),x* — p) <0, Vp € Fix(T).

If 77 and T, are self-mappings on K, a point x € K is called a common fixed point
of T;(i = 1,2) if x € Fix(T1) N Fix(T3). To find a solution of the common fixed point
problems, several iterative approximation methods were introduced and studied. This
problem can be applied in solving solutions of various problems in science and applied
science, see [21, 22] for instance. We note that Fix(T7) N Fix(Tp) C Fix(T7 o T5) and
almost all the results on common fixed point of nonlinear mappings in Hilbert spaces,
commuting assumptions are needed on T;(i = 1, 2).

One of the major problems in optimization is to find:

x* € H suchthat g(x*) = ming(y). (13)
yeH
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The set of all minimizers of ¢ on H is denoted by argmin,;; g(y). A successful and pow-
erful tool for solving this problem is the well-known proximal point algorithm (shortly,
the PPA) which was initiated by Martinet [23] in 1970 and later studied by Rockafellar
[1] in 1976. Let H be a real Hilbert space and g : H — (—o00, +00] be a proper lower
semi-continuous and convex function. The PPA is defined as follows:

X1 € H;
. 1 2 (14)
Xp1 = argmingcy gy + b I — y1I7 |,
n

where A, > 0 for all » > 1. In [1], Rockafellar proved that the sequence {x,} given by (14)
converges weakly to a minimizer of g. He then posed the following question:

Q1 Does the sequence {x,} converges strongly? This question was resolved in the neg-
ative by Giler [24]. He produced a proper lower semi-continuous and convex function
g in I for which the PPA converges weakly but not strongly. This leads naturally to the
following question:

Q2 Can the PPA be modified to guarantee strong convergence? In response to Q2, sev-
eral works have been done (see, e.g., Giiler [24], Solodov and Svaiter [25], Kamimura and
Takahashi [26], Lehdili and Moudafi [27], Reich [28] and the references therein).

Motivated by fixed point techniques of Yuan [20], the fact class of quasi-nonexpansive
mappings properly includes that of nonexpansive map and an improvement of proximal
point algorithm, we propose a new iterative scheme for finding a common element of the
set of solutions of inclusion problem with set-valued maximal monotone mapping and
inverse strongly monotone mapping, the set of minimizers of a convex function and the
set of solutions of fixed point problem with composite operators in a real Hilbert space.
We show that the iterative scheme proposed converges strongly to a common element
of the three sets. Then, new strong convergence theorems are deduced. Our proposed
algorithm does not involve commuting assumptions on 7;(i = 1,2). Our technique of
proof is of independent interest.

Preliminairies
The demiclosedness of a nonlinear operator T" usually plays an important role in dealing
with the convergence of fixed point iterative algorithms.

Definition 1 Let H be a real Hilbert space and T : D(T) C H — H be a mapping.
I —T is said to be demiclosed at 0 if for any sequence {x,} C D(T) such that {x,} converges
weakly to p and ||x,, — Txy|| converges to zero, then p € Fix(T).

Lemma 1 (Demiclosedness Principle, [29]) Let H be a real Hilbert space and K be a
nonempty closed and convex subset of H. Let T : K — K be a nonexpansive mapping.
Then, I — T is demiclosed at zero.

Lemma 2 ([30]) Let H be a real Hilbert space. Then, for any x,y € H, the following
inequalities hold:

o + ylI> < [l + 20y, % + ).

A% + (1 — My = Allxl* + (L= )lIyl* — 1 — DAlle = ylI%, & € (0,1).
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Let a set-valued mapping B : H — 2/ be a maximal monotone. We define a resolvent
operator ]f generated by B and A as follows:

JB = +1B)1(x) Vx € H,

where X is a positive number. It is easy to see that the resolvent operator ]f is single-
valued, nonexpansive, and 1-inverse strongly monotone and moreover, a solution of the
problem 1 is a fixed point of the operator ]f (I—AA)forallx > 0.

Lemma 3 [4] Let B : H — 2 be a maximal monotone mapping and A : H — H be
a Lipschitz and continuous monotone mapping. Then, the mapping B+ A : H — 2 is
maximal monotone.

Lemma 4 ( [31]) Assume that {a,} is a sequence of nonnegative real numbers such that
apt1 < (1 — ay)ay, + ayoy for all n > 0, where {«,} is a sequence in (0,1) and {0,} is a
sequence in R such that

(@) Y oloon = 0o, (b) limsup, ., o, < 0 or Y o2 lonayl < oo. Then,

lim;, o0 a, = 0.

Lemma 5 [32] Let K be a nonempty closed convex subset of a real Hilbert space H and

A : K — H be a k-strongly monotone and L-Lipschitzian operator with k > 0, L > 0.
2

Assume that 0 < n < %’2( and t = n(k - LT”) Then, for each t € (O, min{1, % ), we have

(I = tnA)x — (I —tnA)y|| = (A —to)llx —yll, Y,y € K.

Lemma 6 [33] Let {t,,} be a sequence of real numbers that does not decrease at infinity
in a sense that there exists a subsequence {t,,} of {t,} such that t,; < t,, foralli > 0. For
sufficiently large numbers n € N, an integer sequence {t(n)} is defined as follows:

t(n) = max{k < nm: tx <tygs1}
Then, t(n) — oo asn — o0 and
max{lr(m), tn} < tr@my+1-

Lemma 7 Let H be a real Hilbert space and A : H — H be an a-inverse strongly
monotone mapping. Then, I — 0A is a nonexpansive mapping for all x,y € H and
0 €[0,2a].

Proof For all x,y € H, we have

I — 0A)x — (I — OA)YI* = |l(x — y) — 6(Ax — Ay)||*
= |lx — y|1® — 20(Ax — Ay,x — y) + 02 ||Ax — Ay
llx — ylI> + 66 — 2a) | Ax — Ay||*.

IA

We obtain the desired result. O

Let H be a real Hilbert space and F : H — (—o00, +00] be a proper, lower semi-
continuous, and convex function. For every A > 0, the Moreau-Yosida resolvent of F, ]f
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is defined by:
F . 1 2
J; % = argmin,, .y |:F(u) + ﬁllx — ul| :| ,

for all x € H. It was shown in [24] that the set of fixed points of the resolvent associated
to F coincides with the set of minimizers of F. Also, the resolvent ]f of F is nonexpansive
forall A > 0.

Lemma 8 (Miyadera [34]) Let H be a real Hilbert space and F : K — (—00, +00) be
a proper, lower semi-continuous, and convex function. For every r > 0 and . > 0, the
following holds:

=t (e (1))

Lemma 9 (Sub-differential inequality, Ambrosio, [35]) Let H be a real Hilbert space and
F: H — (—o00, +00] be a proper, lower semi-continuous, and convex function. Then, for
every x,y € H and A > 0, the following sub-differential inequality holds:

1 1 1
CWEx =y = Sl =yl 4 Sl =l 4+ F (7fx) < FO). (15)

Main results
We start by the following result.

Lemma 10 Let H be a real Hilbert space and let K be a nonempty closed convex subset
of H. Let T1 : K — K be a quasi-nonexpansive mapping and Ty : K — K be a firmly
nonexpansive mapping. Then, Fix(T1) N Fix(Ty) = Fix(T1 o Ty) and Ty o Ty is a quasi-
nonexpansive mapping on K.

Proof We split the proof into two steps.

Step 1: First, we show that Fix(T1) N Fix(Ty) = Fix(T1 o T3). We note that Fix(T7) N
Fix(T2) C Fix(T10T2). Thus, we only need to show that Fix(T1 0 T2) C Fix(T1) NFix(T3).
Let p € Fix(T1) N Fix(T>) and q € Fix(T o T2). By using properties of T and T3, we have
IT1 0 Tag — Thpll*
1T2g — pl>. (16)

Using the fact that T is firmly nonexpansive, we have

lg — plI*

IA

| Tag — plI* < (T2q — p,q — p)
(1 T2g — pI* + g — pI* — I T2q — ql®,

N =

which yields
IT2q — pI* < llg — plI> — | Toq — qll* (17)

Using (16) implies that (28) becomes

A

IT2q — plI* < llg—plI* — 1 Tog — qII>
IT2g — plI* = 1 T2q — qI*.

IA

Clearly, || Tog — q|| = 0 which implies that

q =Ty
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Keeping in mind that 77 o Toq = g, we have
q = Tl o Tzq = qu.

Thus, g € Fix(T1) N Fix(T2). Hence, Fix(T1) N Fix(T2) = Fix(T1 o T3).
Step 2: We show T7 o T3 is a quasi-nonexpansive mapping on K. Letx € K and p €
Fix(T) o To). Then, p € Fix(T1) N Fix(T,) by step 1. We observe that,

[Ty 0 Tox — pll = [[T1 0 Tox — Thpll
< Tox —pll
< llx—pl.
This completes the proof. O

We now prove the following theorem.

Theorem 2 Let H be a real Hilbert space and K be a nonempty closed convex subset of
H.Let A : K — H be a a-inverse strongly monotone operator and g : K — (—00, +0o<]
be a proper, lower semi-continuous, and convex function. Let Ty : K — K be a quasi-
nonexpansive mapping and To : K — K be a firmly nonexpansive mapping. Let B be a
maximal monotone operator on H into 21 such that the domain of B is included in K, let
f + K — K be an b-Lipschitzian mapping and M : K — H be an p-strongly monotone and
L-Lipschitzian operator such that T := Fix(Ty) N Fix(T>) N (A+B)~1(0) Nargmin,, g g(u)
is nonempty. Let {x,} be a sequence defined as follows:

on](,

1
Uy = argminud([g(u) + —u— x,,llz],
20y
(18)
Vi = Optty + (1 — 0,)T1 0 Touy,

$nt = Pic(nrf () + (L = M) (v = 3nAv,) ),

where {A,}, {6,), and {o,} are sequences in (0, 1) satisfying the following conditions:

(D) limy o0 0ty = 0, Y 52ty = 00, and ry, € (A, d) C (0, min{1, 2a}),
(@) limy— oo inf(1 — 6,)0,, > 0, I — T1 o Ty is demiclosed at the origin and 0 < n <
2 L?
L—IZL, 0 < yb < 1, wheret = n(u - Tn) Then, the sequence {x,} generated by (18)
converges strongly to x* € ', which solves the following variational inequality:

(nMx* — yf(x*),x* —p) <0, VpeT. (19)

Proof From the choice of n and y, (nM — yf) is strongly monotone, then the variational
inequality (19) has a unique solution in I'. In what follows, we denote x* to be the unique

1
solution of (19). Without loss of generality, we can assume o, € (0, min{l , f}). Now,
T
we prove that the sequence {x,} is bounded. Let p € T". Then, g(p) < g(u) for all u € K.
This implies that

1
2\ p

1
o)+ —Ilp—pl* <gw + T —pl?
n
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and hence ];\gﬂp = pforall m > 1, where ]fﬂ is the Moreau-Yosida resolvent of g in K.

Hence,
ln = pll < |l = pll, Vn = 0.

By using (18) and Lemma 10, we have

v =21 = [utats — p) + (= 6Ty 0 Totey — )|
= Oullun — plI*> + (L = ) T1 © Toun — pl* = (1 — 0,)0,[ T1 © Totty, — >
< Oullun — pI* + (1 — 0 lun — pII* — (1 = 0)0ul| Ty 0 Totty — |,
Hence,
v = pI* < Nty — pII> = (1 = 0,00, T1 0 Torty — un|>. (20)

Since 6, €] 0, 1[, we obtain,

lve — pll < llugn — pll. (21)
For each n > 0, we put z,, := ]fn (I — X, A)vy,. Then, from Lemma 7, we have

lzw — pll = Z A = 2pA)vi — pll < Ve — pll, ¥n > 0.
Therefore,

lzn — pll < llva — pIl < llun — pIl < lI%0 — pII. (22)
Hence, by using Lemma 5 and inequalities (22) and (18), we have

1Pic (et f Gea) + (U = M)z, ) = p

[¥n+1 —pIl =
< any lf &n) —=f @I+ (1 = tan)llzn — pll + anllyf () — nMpl|
= A =au(® = by)llxn — pll + aulyf (o) — nMpl|
lvf () — nMpl|
< max (I, —pl, /DML
— by
By induction, we can conclude that
lvf () — nMpl|
lo6n = pll < max {Jlx0 — pll, Vf(f_—by”}, nz

Hence, {x,} is bounded. By using Lemma 5 and inequality (20), we obtain

A

%01 =PI < llan(yf (en) — nMp) + (I — naeM) (z, — p)II*

@2llyf @n) — 1Mpl? + (1 — tan)*Izn — pl?

IA

+2a,(1 — T |y f (xn) — nMpllliz — pl|
azllyf ) — nMpl* + (1 — o) llve — plI* + 20, (1 — Tt l7f (¥n) — nMplllizn — plI

IA

azllyfn) — nMpl* + (1 — o) llxn — plI* — A — 1a)* (1 — 0)0u I T1 © Tty — |

IA

+20, (1 — o) lyf (xn) — nMpllllxn — pll.

Hence,
(1 = 1en)*(1 = 0,)0ulI T1 0 Totty — unl® < Iy — plI* = In1 = pII> + e llyf () — nMp]?
+20,(1 — T lyf () — nMpllllxn — pl.
Since {x,} is bounded, then there exists a constant C > 0, such that

(1 — 10,)*(A — 0,0,/ T1 0 Totty — un|l* < 1%y — plI* — I¥nt1 —plI* + @, C.  (23)
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Next, we prove that x, — x*. To see this, let us consider two possible cases.

Case 1. Assume that the sequence {||x, —x*||} is monotonically decreasing. Then, {||x, —

x*||} must be convergent. Clearly, we have

: 2 2
tim_ [l =21 = Jner = 12| = 0.
n— o0

It then implies from (23) that

lim (1 — 6,)0,||T1 o Touy, — un]|> = 0.
n—0o0

Since lim,,_, o, inf(1 — 6,,)6,, > 0, we have

lim ||T7 o Tou, — uy,|| = 0.
n—o0

Observing that,

lvi — unll = 10nun + (1 — 6,)T1 0 Touy — uyl|

= Onuy + (1 — 6,)T1 0 Touy — Oputy, — (1 — Oy)uy||

= (1 =0Ty 0 Toup — uyl|

< IT1 o Touy — uyll.

Therefore, from (26), we get that

lim ||v, — u,| = 0.
n—-oo

By using Lemma 9 and since g(x*) < g(u,), we get

2 2 2
%0 = unll® < %0 — pI° = llttw — ™[I,

From (18) and Lemma 5, we obtain

2
o1 — *l

Since {x,} is bounded, then there exists a constant C; > 0, such that

2 2
I = zap)llxn — unll” < llxy — %

IA

IA

IA

IA

+

1Pk (e Gon) + (T = aun)z,) = &2

lln (v f () — nMx®) + (I — nauM) (24 — %) |12

(24)

(25)

(26)

(27)

(28)

aZllyfn) — nMpl* + (1 — tan)?llzn — 517 + 200, (1 — T lyf (n) — nMx*|[l1zn — ¥

@2y f Gon) = M I + (1= 7o)l = 517 = s — ]

20, (1 — o) |yf (xn) — nMpllllzn — 2" ||

@2y f ) — M1 + (1 — Taun)lxn — 217 + (1 — toun) 1% — ull®

20, (1 — Tan) |lvf xn) — nMx™ |||l zn — x*|.

2 2
1T = X1 — &7 + 0 Cre

It then implies from (24) and «;, — 0 that

lim ||x, — u,|| = 0.
n—o0

On the other hand, using Lemma 7, we have

2
%1 — 2"

A

A

IA

1Pic (e Gen) + U = aan)z,) — |12

lltn (vf () — nMp) + (I — notuM) (zs — *) |12

@2y f @) — nMx 1> + (1 — o) llzn — 2* 1 + 200 (1 — T |yf (n) — nMx* ||z — 2|

Q2 vf () = M + (1= 7 [ s = 21 + 3 = 20) v, — A" ]

20, (1 — ) lvf Kn) — nMx™ |||l 2n — 7.

Page 10 of 17



Sow Journal of the Egyptian Mathematical Society (2020) 28:20 Page 11 of 17

Therefore, we have
(1 — a)ra — d)|Avy — Ax*|* < llxn — 2*11* = 161 — 25 1* + 0 Co,

where C, is a positive constant. Since o, — 0 as n — 00, inequality (24) and {x,} is

bounded, we obtain
lim ||Av, — Ax*|| = 0. (31)
n— 00
Since ]fn is 1-inverse strongly monotone and (18), we have

lzw = &> = WL U = 2pA)vn — J7 (I = pA)x*||

(2w — &, (I = AA)y — (I — AyA)a™)

IA

1
= 5[0 = 2ndyrs = = 22 P + 2y = 712

1 = hnd) = (= 3y AN = (zn = )|

IA

1
5 [ = 12+ e =512 = v = 2 + Dl — 7, Av = Ax) = s v, — 45"

So, we obtain
2 — 211 < vy — ¥ = [V — 20 |* + 200 (20 — &*, Avyy — Ax™) — A2 || Avy — Ax*||?,
and thus

i1 — 212 < Nlen(f () — nMx™) + (I — notyMx™) (2, — x|
< @2llyf () — nMx I + (1 = Ton) iz — &1 + 2000 (1 — Teun) 1 7f () — nMx*|ll|zn — "]

a2y f @n) — nME* 12 + Ve — 212 = (1 = 7o) * [V — zall* — (1 = Tn)* 0> | AV, — Ax*||?

IA

+ 20 (1 = o) {2y — &%, Avy — Ax*) + 20, (1 — o) 1 7f () — nMx* ||z — "]

aZllyf(xn) — nMa*||* + [l — 2|12

IA

—(1 = ta)?[Vn — zull* — A — Ty)? A2 | AV, — Ax*|?

+ 20,(1 — fo{n)2<zn — &%, Avy — Ax") + 20, (1 — ta) |y f () — nMx*|| ||z — %7
Since o, — 0 as n — o0, inequalities (24) and (31), we obtain
lim v, —z,*> = 0. (32)
n— 00

Next, we prove that limsup,,_, | o (nMx* — yf (x*),x* — x,) < 0. Since H is reflexive and
{x4} is bounded, there exists a subsequence {x,, } of {x,} such that x,, converges weakly

to x** in K and

lim sup(nMx* — yf (x*),x* — x,) = kliTw(nMx* —yf(x"), %" —xp).

n——+00
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From (26) and I — T o T is demiclosed, we obtain x** € Fix(T; o T3). Using Lemma 10,
we have x** € Fix(T,) N Fix(T1). Using (18) and Lemma 8, we arrive at

B _]fxn” < lun _]fxn” + llun — xull
< ||]fnxn — J5anll + Nt — x4
Ay — A A
< Nt — xall + ||J§( T3 xn —x,,) — Pl
Ag An
P A
< Mun —xull + | ——J5 %0+ —%xn — x4l
An An
=<

A
ot = 5l + (1= = Yt =
o

A
N

Hence,
lim [lx, — J{x]l = 0. (33)
n— o

Since ]f is single-valued and nonexpansive, using (33) and Lemma 1, then x** € Fix(]f ) =
argmin, ., g(u). Let us show x** € (4 +B)~1(0). Since A be an ay-inverse strongly mono-
tone, A is Lipschitz continuous monotone mapping. It follows from Lemma 3 that B+ A
is maximal monotone. Let (v,u) € G(B + A), i.e, u — Av € B(v). Since z,,, = ]f (Vi —
03
. 1
A Avy, ), we have vy, — Ay Avy, € (4 Ay B)zy,, ie., T(Vnk — Zy, — A Avyy) € B(zyy).

i
By maximal monotonicity of B 4+ A, we have

1
(v—zpy,u—Av — — (Vyyy — znp — Ay Avy)) =20
Ay

and so

1
(v—zp,u) = (v—zy,Av — T(Vnk = Zm — A Aviy))
ng

1
= (Vv — 2z, Av — Az, + Azyy + T(Vnk — Zp — AmAviy))

ni

1
> <V — V}’lkYAZVlk - AVnk> + (V - an7 T(Vnk - Z}’lk))'
n

It follows from ||v, — zu|l = 0, |Av, — Az,|| — 0 and z,, — x**, we get

lim (v—zy,u)=(v—x"u) >0
k—+o00
and hence x** € (A 4+ B)~1(0). Therefore, x** € Fix(T1) N Fix(T>) N (A + B)~1(0) N
argmin,cx g(y). On the other hand, the fact that x* solves (19), we then have

limsup(nMx™ — yf(x*),x* —x,) = lim (nMx™ — yf(x™), 5™ —xy,)

n——+00 k—+00

= (MMx* — yf(x"),x" —x™) < 0.

Page 12 0of 17
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Finally, we show that x,, — x*. From (18) and properties of metric projection, we get

I%ns1 — 251 = Pk (@nyf @n) + I — neM)z,) — &%)

< {onyfxn) + I — nayM)zy, — %, %541 — x*)
= (anyf(xn) + (I — nayMzy, — x* — apyf (") + anyf (")
—aynMx™ + aynMx™*, xy11 — x*)
= (v IFGon) =@ + 11U — aand) @n = 59 ) 041 =27
o (MMx™ — yf (6"), 8" — xp41)
< (1= an(t = by) ey — x| ¥n+1 — x| + ou(nMx™ — pf (x%), 2" — xp41)

< (1= an(t — by lan — 2" 1% + 20, (nMx* — yf (%), x* — Kup1).

Hence, by Lemma 4, we conclude that the sequence {x,} converges strongly to x* €
Fix(Ty) N Fix(Ty) N (A +B)~L0) N argminyng(y).
Case 2. Assume that the sequence {||x, — x*||} is not monotonically decreasing. Set
B, = |lx;, —x*| and 7 : N — N be a mapping for all n > ng (for some ng large enough)
by 7 (n) = max{k € N: k < n, By < Bjy1}. Obviously, {
pi(n)} is a non-decreasing sequence such that n(n) — oo as # — 00 and By, =<
B (m+1 for n > ng. From (23), we have

1- Tarr(n))z(l = O ()0 () | Upigny — T1 © Tzun(n)ll2 < azmwC.
Hence,

lim ||un(n) — T1 0 Touz @yl = 0.
n— o0

By a similar argument as in case 1, we can show that x;(, is bounded in H,
limy, o0 ||Mn(n) - xn(n)” = 0,lim, ||Mn(n) - Vn(n)” = 0,lim,— ||Vn(n) — Za(n) I =0,
and lim sup; ;) 4 oo (NMx™ — Y f (x*), 8" — %7(n))) < 0. We have for all n > no,

0 < (1 —# 1% = 1y =212 < [ = (T = bY) g () — 12 + 200M* — yf (&), 8% — 7 () 41)] 5

which implies that

%y — 2% 1% < (MMx* — yf ("), 8 — Xz (my41)-

T — by
Then, we have
lim [y — 2*]|1> = 0.
n—0o0
Therefore,
lim Bﬂ(n) = lim Bﬂ(n)_H =0.
n— 00 n— 00
Thus, by Lemma 6, we conclude that
0<B, = maX{Bn(n): Bn(n)+1} = Bn(n)+1'
Hence, lim,—.« B, = 0, that is {x,} converges strongly to x*. This completes the proof.

O

We now apply Theorem 2 when T is nonexpansive mapping. In this case, demiclosed-
ness assumption (I — T o T3 is demiclosed at origin) is not necessary.
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Theorem 3 Let A : K — H be a a-inverse strongly monotone operator and g : K —
(—00, +00] be a proper, lower semi-continuous, and convex function. Let T1 : K — K be
a nonexpansive mapping and To : K — K be a firmly nonexpansive mapping. Let B be a
maximal monotone operator on H into 2/ such that the domain of B is included in K, let
f : K — K be an b-Lipschitzian mapping and M : K — H be an ji-strongly monotone and
L-Lipschitzian operator such that T := Fix(Ty) N Fix(T>) N (A+B)~1(0) Nargmin,, - g(u)
is nonempty. Let {x,} be a sequence defined as follows:

x0 € K,

. 1
Uy = argmmueK[g(u) + —lu — xn||2],
2Ay

(34)
Vn = Opttyy + (1 — 0,)T1 0 Touy,

$n1 = Pic(nrf () + (I = cunM)JE (v = 30V, ),

where {A,}, {64}, and {,} are sequences in (0, 1) satisfying the following conditions:
() limy 0o 0y = 0, Y2 gty = 00, and ry, € (A, d) C (0, min{1, 2a}),

2
(i) limy 0o inf(1 — 6,)0, > 0and 0 < n < L—l;, 0 < yb < t, where 1 = n(u —
L2
—n) Then, the sequence {x,} generated by (34) converges strongly to x* € T, which solves
the variational inequality:

(nMx* — yf(x*),x* —p) <0, VpeTl. (35)

Proof We have T o T3 is nonexpansive mapping; then, the proof follows Lemma 1 and
Theorem 2. O

Now, we consider the following quadratic optimization problem:

min (g(Mx, x) — h(x)), (36)

xel

where B : K — H is a strongly positive bounded linear operator, I' := Fix(T1) N Fix(T2) N
(A+B)~Lo)N argmin,, . g(#), and / is a potential function for yf (i.e., W (*) = yf(x) on
K).

Hence, one has the following result.

Theorem 4 Let A : K — H be a a-inverse strongly monotone operator and g : K —
(—00, +00] be a proper, lower semi-continuous, and convex function. Let T1 : K — K be
a quasi-nonexpansive mapping and Ty : K — K be a firmly nonexpansive mapping. Let
B be a maximal monotone operator on H into 2 such that the domain of B is included in
K, let f : K — K be an b-Lipschitzian mapping and M : K — H be strongly bounded
linear operator with coefficient . > 0 such that T" .= Fix(T1) N Fix(T2) N (A + B)~L0)n
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argmin,, . g(u) is nonempty. Let {x,} be a sequence defined as follows:

xy € K,

1
ot = 2],

Up = Argmin,cx [g(u) + 2

(37)
Vn = Oty + (1 — 0,) T1 0 Touty,

et = Prc (o f Gon) + (L= canMDJE (v = 2sv) )

where {A,}, {6y}, and {a,} are sequences in (0,1) satisfying the following conditions:
() limy— oo 0 =0, Yoo gty = 00, and hy € (A, d) C (0, min{1, 2a}),

(i) lim,_ o inf(1 — 6,)6, > 0, I — T1 o T, is demiclosed at the origin and 0 < n <
2u AR

M2 2
converges strongly to a unique solution of problem (36).

0<yb<rt,wheret = n(u ) Then, the sequence {x,} generated by (37)

Proof We note that strongly positive bounded linear operator M is a ||M||-Lipschitzian
and p-strongly monotone operator; the proof follows Theorem 2. O

Application to some nonlinear problems

In this section, we apply our main results for finding a common solution of composite
convex minimization problem, convex optimization problem, and fixed point problem
involving composed operators.

Problem 1 Let H be a real Hilbert space. We consider the minimization of composite
objective function of the type

min <\IJ(x) + <1>(x)), (38)

where ¥ : H — R U {400} is a proper, convex, and lower semi-continuous functional and
® : H — R is convex functional.

Many optimization problems from image processing [7], statistical regression, machine
learning (see, e.g., [36] and the references contained therein), etc. can be adapted into the
form of (38).

Observe that problem 1 is equivalent to find x* € H such that

0€dV (™) + Vox™). (39)
It is well known 9V is maximal monotone (see, e.g., Minty [37]).

Lemma 11 (Baillon and Haddad [38]) Let H be a real Hilbert space, ® a continu-
ously Fréchet differentiable, convex functional on H and V& the gradient of ®. If V® is
é—Lipschitz continuous, then V® is a-inverse strongly monotone.

Hence, from Theorem 2, we have the following result.
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Theorem 5 Let H be a real Hilbert space and g : H — (—o00, +00] be a proper, lower
semi-continuous, and convex function. Let ® : H — R be a continuously Fréchet differen-
tiable, convex functional on H and V& a é—Lipschitz continuous. Let V : H — R U {+o00}
be a proper, convex, and lower semi-continuous functional and f : H — H be an b-
Lipschitzian mapping. Let T\ : H — H be a quasi-nonexpansive mapping and let
Ty : H — H be a firmly nonexpansive mapping and M : H — H be an (i-strongly mono-
tone and L-Lipschitzian operator such that T .= Fix(T1) N Fix(T3) N (0¥ + Vo)1) N

argmin,,.;; g(u) is nonempty. Let {x,} be a sequence defined as follows:
X0 € H,

, 1 2
Uy = argmmueH[g(u) + m”u — Xn | ],
(40)

Vi = Oputy + (1 — 0,)T1 0 Touy,

X1 = &y f (n) + I — MY (v — 1,V PVy),

where {L,}, {0n), and {a,} be sequences in (0, 1) satisfying the following conditions:
() limy— oo 0y = 0, Yooty = 00, and hy € (A, d) C (0, min{1, 2a}),

2
(@) limy— oo inf(1—6,)0, > 0, I—T10T; is demiclosed at the origin and 0 < n < L—';L, 0<

LZ
yb < 1, where t = n(u — 7") Then, the sequence {x,} generated by (40) converges to a
point x* € argmin,,c; g(u) which is a minimizer of W (x) + ®(x) in H as well as it is also a

common fixed point of T1 and Ty in H.

Proof We set B = 0¥ and V® = A, K = H into Theorem 2. Then, the proof follows
Theorem 2. O

Remark 1 Many already studied problems in the literature can be considered as special
cases of this paper; see, for example, [1, 3, 4, 14, 16, 17, 23, 26, 28, 39] and the references
therein.
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