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Introduction

The well-known Banach contraction theorem [1] has plenty of extensions in the litera-
ture (see, for example, [2, 3]). That theorem states that every self-mapping f defined on
complete metric space (S, d) satisfying

d(fr.fs) < ad(r,s) Vr,s€S, (1)

where o € (0,1) has a unique fixed point, i.e., there exists a unique r* € S such that
frt=r*

The extension of Banach contraction theorem for non-self multi-valued mappings was
first studied by Assad and Kirk [4] in 1972. After this initiation, lot of fixed point theorems
for non-self mappings have been proved by various authors, see, for example, [5-7] and
[8].

Firstly, the study of fixed point theorem for single-valued monotone mappings in a met-
ric space endowed with a partial ordering has been investigated by Ran and Reurings [9]
and presented its applications to matrix equations. After this, many results in this direc-
tion were studied by different authors; see [10-12] and [13]. These theorems are actually
hybrids of two fundamental theorems of fixed point theory: the Kanaster-Tarski theorem
[14] and the Banach Contraction Principle. Jachymski [15] established the fixed point
theorems by using graphs which is the generalization of concept of partial ordering in

. © The Author(s). 2020 Open Access This article is licensed under a Creative Commons Attribution 4.0 International License,
@ Sprlnger Open which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate
— credit to the original author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were
made. The images or other third party material in this article are included in the article’s Creative Commons licence, unless
indicated otherwise in a credit line to the material. If material is not included in the article’s Creative Commons licence and your
intended use is not permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly
from the copyright holder. To view a copy of this licence, visit http:/creativecommons.org/licenses/by/4.0/.


http://crossmark.crossref.org/dialog/?doi=10.1186/s42787-020-00100-9&domain=pdf
mailto: awais@bzu.edu.pk
http://creativecommons.org/licenses/by/4.0/

Younus et al. Journal of the Egyptian Mathematical Society (2020) 28:44 Page 2 of 10

metric spaces. Jachymski [15, Theorem 3.2] generalized the Banach contraction theorem
for self-mappings on complete metric spaces endowed with the graph, where as Berinde
[16, Theorem 3.1] for non-self mappings to Banach spaces endowed with a graph by using
the inwardness condition defined in [17]. There are few other fixed point theorems for
non-self mappings to Banach spaces endowed with a graph , see, for example, [18] and
[19].

Recently, Wardowski [20] introduced a new type of contraction by using a particular
function F : RT™ — R called F-contraction and gave examples to show the validity of such
extensions in complete metric spaces. The author proved a new fixed point theorem by
using this concept of F-contraction.

This paper has been organized in the following manner: In the “Preliminaries” section,
we will give the brief introduction of a new type of contraction called F -contraction. In
the last section, we present a few preliminary notations and our main aim is to study the
fixed point theorems for self-mappings as well as non-self mappings using F-contractions
for metric spaces endowed with a graph. These theorems are the generalization of fixed
point theorems discussed by Berinde [16] on Banach spaces endowed with a graph and
Wardowski [20] on complete metric spaces.

Preliminaries

In this section, we present some definitions, examples and results from [20], which will
be used in this article. Throughout this paper, consider R be the set of all real numbers,
R™ be the set of all positive real numbers and N be the set of all positive integers.

Definition 1 Let the mapping F : RT™ — R satisfies the following conditions:

(f1)  F is strictly increasing;
(f2)  for each sequence {r,} C R lim,_, 100 1, = 0 iff lim,, s 100 F (1) = —00;
(f3)  there exists k € (0, 1) provided that lim; _, o+ AKE (L) = 0.

The collection of all such mappings is denoted by .

Definition 2 Let (S,d) be a metric space. A mapping Y : S — S is said to be
F-contraction if there exist F € Q and t© > 0 provided that

d(Ts,Yr)>0=> 1 +F(d(Ys,Tr) <F(d(sr)), )

forallr,s € S.

Example 1 Let F € 2 be defined by F («) = Inw. Forany k € (0,1), it is clear that every
mapping Y : S — S satisfying (2) is an F-contraction such that

d(Ys,Yr) <e *d(r,s) Vr,s €S, Yr # Ys.

-1
Example 2 Consider F € Q be defined by F (&) = 7, a > 0. In this case, for any
o

k € (1/2,1), every F-contraction Y satisfies

1
d(Xr,Ys) < ————d () Vr,seS, Yr# Vs

(1 + r\/M)
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Wardowski stated the F-contraction theorem for self mappings in complete metric
spaces as follows.

Theorem 1 Let a mapping T : S — S be an F-contraction and (S,d) be a complete
metric space. Then, T has a unique fixed point s* € S and for every s € S the sequence
(T"s) ,en converges to s*.

Remark 1 From (f1) and (2), we can conclude that every F-contraction Y is a contractive

mappping, i.e.,
d(Yr,Ys) <d(r,s)forallr,s € Sand Yr # Ys. (3)

Thus, every F-contraction is continuous mapping.

Fixed point theorems in metric spaces endowed with a graph
By using the concept of F-contractions, we establish fixed point theorems for self as well
as non-self mappings in complete metric spaces endowed with a graph.

Some graph theory terminologies will be presented here. Let (S, d) be metric space and
A denote the diagonal of Cartesian product S x S. Let G = (V (G) ,E (G)) be a directed
graph such that E (G), the set of its edges consists of all loops , that is, A C E (G) and
V (G), the vertex set coincides with S. Let G has no parallel edges (arcs). For more details
of these terminologies and notations see [21] and [22].

G~ is the converse graph of G, i.e., the edge set of G™! is obtained by reversing the
edges of G, defined as:

E(G Y ={(rseSxS:(sr) € EG).

If s, r are vertices in the graph G, then a path from s to r of length ¢ is a sequence {s;}’_, of
t + 1 vertices of G such that so = s,s; = rand (s;_1,8;) € E(G),i=1,2---t.

A graph G is called connected if there exist at least a path between two arbitrary vertices.
IfG = (S,E (G)) is the symmetric graph obtained by placing together the vertices of
both G and G~1, that is,

E(G) =E@UE(GT),
then G is said to be weakly connected whenever G is connected.
If G = (V(G),E(G)) isagraph and V (G) D H, then the graph (H, E (G)) with
EH)=E(G)N(H x H)
is said to be the subgraph of G determined by H, denoted by Gy.
Self F-contraction case

A mapping Y : S — S is said to be defined on a metric space endowed with a graph G if
it satisfies

Vr,seS, (r,s) € E(G) implies (Yr,Ys) € E(G). (4)

A mapping T : S — S defined on metric space endowed with a graph G, is said to be a G
F-contraction, if there is a constant T > 0 such that V r,s € S with (,s) € E (G), we have

[d(Yr,Ys) > 0=>1+F(d(Tr,Ys)) < F(d(rs)]. (5)
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If Yr = r, then the element r € S is said to be the fixed point of mapping Y.

Theorem 2 Suppose (S, d, G) be a complete metric space endowed with a weakly con-
nected and directed graph G such that the following property (T) holds, that is, for any
sequence {ry},o; C Swithr, — rasn — oo and (ry,rut1) € E(G) forall n € N, there
exists a subsequence {rsn }zozl satisfying

(rsn,r) €eE(G),¥YneN. (6)
Let Y : S — S be a G F-contraction. If the set
Sy={reS:(r,Tr) e E(G)} (7)

is nonempty, then the mapping Y has a unique fixed point in S.

Proof Let ry € Sy. It follows from (7) that (rp, Yrp) € E (G) and by using (4), we obtain
(Y"ro, Y"*r) € E(G), Yn e N. (8)

Denote r,, := Y"rg for all n € N. Then, by the fact that T is a G F-contraction and in view
of (4), we get

F(d (rprp1)) < F(d (ra—1,m0) — T, )

forall n € N. Denote ), = d (1, y41), n=0,1, ...
Let 141 # 1y, for every n € NU {0}. Then, o, > 0 for all » € N U {0} and by using (2),

we get
F(an) < F(ap-1) — 7 < F(ay—p) — 2t < --+ < F(ap) — n7. (10)
Hence, lim,,_, » F (¢,) = —o0. By the property (f2), we obtain that o, — 0 as n — oo.

From (f3), there exists k € (0, 1) such that lim,_, o/,jF (ay) = 0. By (10), the following
holds foralln € N

aXF (o) — aXF (@0) < ok (F (@0) — n1) — 0¥ F (29) = —afnr. (11)

Letting n — oo in (11), we deduce lim,,_, naﬁ = 0. From (11), we observe that there
exists #' € N such that noz]n‘ < 1forall n > 1. Consequently, we have

1 /
angmforallnzn. (12)

Choose m, n € N such that m > n > ' and from (12), we have

00 © 4
dTmstn) 01+ +ay < Zan = 2117
j=n j=n

The convergence of the series Zfin 11% implies that {r,} is a Cauchy sequence, hence
convergent in (S, d, G) . The limit of this sequence is denoted as:

limr, =7r. (13)
n—0o0

By using property (T) of (S, d, G), there exists a subsequence {rsn} satisfying
(rsn,r*) €cE(G),VneN.
Hence, by inequality (5) and in view of (4), we get

F (d (TVS,,, Tr*)) < Fd (rsn,r*) —1t<F (d (rsn,r*)) , (14)



Younus et al. Journal of the Egyptian Mathematical Society (2020) 28:44 Page 5 of 10

which implies
d (Trsn, Tr*) <d (Vs,,, r*) . (15)
Therefore, by triangle inequality, we have

d(r',r*) <d (r*, re,+1) + d (rs,+1, Yr)

(16)
=d (r*, r5n+1) +d (Trsn, Tr*) .
By using (15), inequality (16) yields
d (r*, Tr*) <d (r*, Vs,,+1) +d (rsn, r*) , 17)

forall n > 1.In Eq. (17), assuming n — oo and using (13), we have d (r*, Yr*) = 0, which
implies r* = Yr*, i.e., r* a fixed point of mapping Y.
Note that the uniqueness of 7* follows by the G F-contraction condition (5).

Remark If we use the mapping F € Q defined by the formula F («) = In« in Theorem 2,
then for all k € (0,1), we obtain the extension of [16, Theorem 2.1]. O

Example Let (S, d) be the complete metric space and G be the complete graph on the set
S, that is, E(G) = S x S. Let the mapping F € Q2 be defined as: F (o) = Ina, then the G
F-contraction (5) is actually a F-contraction (2) which reduces to Banach contraction, i.e.,

d(Xr,Ys) <e *d(Yr,Ys),forallr,s €S, Yr# Ts,

forany k € (0,1) and v > 0. O

Non-self F-contraction case
Let S be a Banach space, A be a nonempty, closed subset of Sand Y : A — S be a non-self
mapping. We choose r € A such that Y'r ¢ A, then there is an element s € dA such that

s=(1—pu)r+ uYrwhereu € (0,1),
which represents the fact that
d(r,Yr)y=d(r,s)+d(s,Yr), se€ dA (18)

where d (r,s) = ||r —s|| .

Caristi [17] used a condition related to (18), called inward condition, to get the gener-
alization of Banach contraction theorem for non-self mappings. The inward condition is
more general because it does not need s in (18) to belong to dA.

A non-self mapping T : A — S is said to be defined on the Banach space S endowed
with a graph G, if it satisfies the property that

forallr,s € A (r,s) € E(G)
with Yr,Ts € A, implies (Yr,Ys) € E(G) N (A x A),

(19)
for the subgraph of G induced by A.

Theorem 3 Suppose (S,d, G) be a Banach space endowed with a weakly connected and
directed graph G provided that following property (T) holds, that is, for any sequence {r,} C
S alongwithr, — rasn — 0o and

(ruytuy1) € E(G), VneN,
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there exists a subsequence {rsn } satisfying
(rsn,r) €cE(G),VYneN. (20)

Let A be a nonempty, closed subset of Sand Y : A — S be a G4 F-contraction, that is, there
exists a constant T > 0 such that

T+ F(d(Yr,Ys)) < F(d(r,s)) forall (r,s) € E(Ga), (21)
where G4 is the subgraph of G determined by A. If the set
Ay :={redA:(r,Yr) € E(G)}
is nonempty and Y satisfies Rothe's boundary condition
T (04) C A, (22)
then the mapping Y has a unique fixed point.
Proof If Y(A) C A, then Y is a self-map of the closed set A and the conclusion follows

by Theorem 2. Now, we consider the case that Y(A) ¢ A. Let ryp € Av. It follows that
(ro, Yrp) € E(G) and in view of equation (4), we have

(Y"ro, Y"rg) € E(G), forallnm e N. (23)

Let we denote r, := Y"ry, for all n € N. By virtue of (22) Try € A.
Considerr; =51 = Yrg. Let Yr; € A, setry =sp = Yr1. If Try ¢ A, then we can select
an element ry € 9A on the segment [r1, Yr1], that is,

ro =0 —p)r1 +puYry, where u € (0,1).

By following the same method, we obtain two sequences {r,} and {s,} whose terms satisfy
one of the succeeding properties:

i) rm=s,=Try_1,if Yr,_1 € A;
(i) rm=Q—-—wry—1+uYry—1 €0A, nue 1), Yr,_1 ¢&A.

For the simplicity of arguments in the proof, let us denote
U=A{raelr}:ra=sa="Trs1}
and
Z={ra€f{rn}:ra# Yra1}.

Note that {r,} C Aforalln € N. Moreover, ifr, € Z, thenboth r,_; and r,41 belong to set
U. The sequence {r,} can have consecutive terms r, and r,41 in set U, but this assertion
is not true for the set Z. First of all we have to prove that

ta 7 Yra—1 implies rg—1 = Yry—s.

Suppose contrary that r,_1 # Yr,_y thenr,_; € 0A. Since Y (0A) C Athen Yr,_; € A.
Hence, r, = Yr,_1 which is a contradiction.

Here, we have three different cases to show that {r,} is Cauchy sequence which are
following: [

Casel.r,, r,41 € U.
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Since both elements belong to set U, therefore, we have r, = s, = Tr,_1 and ry41 =
Sp+1 = Yry. Hence,

d (rpt1,n) = d (Spt1,80) = d (Tsp, Tsp-1),
where (s, s,—1) € E (G) by virtue of (23). Therefore, we have
d(Ys,, Ysy_1) =d(Yry,, Yr,_1) > 0.
Consequently, we get the following inequality
T+ F(d(Ysp, Ysu—1)) < F(d (Sn,$n-1)) (24)

by using (21).
Case2.r, e U, ryy1 € Z.
In this case, we have r,, = s, = Yry—_1, but r1 # sy+1 = Yry; therefore, we have

A (rn, Yrp) = d (s tpg1) +d (rng1, Trn) -
The above equality implies d (7,41, Yr,) # 0 and hence

d (rpy 1) = d (ry, Yrp) — d (rpge1, Yru) < d (rn, Yry) = d (Yrp—1, Y1), (25)
since r, € U. By using (25), we obtain

d(rp,rus1) <d (Yry_1,Yry) =d (Ys,_1,Ts,) > 0.

We can obtain again inequality (24) by using the similar arguments to that in case 1.
Case3.r, € Z,ry41 € U.
In this case, we have r,41 = Yry, and r, # s, = Yr,—_1. Since r, € Z, so we have

d(rp-1,Yry_1) =d (ru—1,1n) +d (ry; Trp_1). (26)
Hence, by triangle inequality
Aty tug1) <d @ Yru—1) +d(Xryu_1,7ny1)
=d (ry, Yry—1) +d(Yry_1,Yry) (27)
=d (ry, Yrp—1) +d(Vsy—1, Tsp).

By virtue of (23) (sy—1,s1) € E(G), and the following inequality is obtained by the
contraction condition (21)

F(d(Ysp-1,Ysn)) < F(d(su—1,5n)) — T < F(d (Sp—1,54)) » (28)
which implies

A(Ysp—1,Ysp) < d(sSp—1,8n) = d (rn—1,14) - (29)
Thus, by using (26) and (29) in inequality (27), we have

A (rn, rug1) < d (rn, Yrp—1) + d(Ysp—1, Tsp)
< d (rp, Yrp—1) + d(rp—1,14)
=d (rp-1,Yry-1).
By using (23), (ry—2,n—1) = (Su—2,5n—1) € E (G) and by virtue of contraction condition

(21), we get

d(rnrur1) <d (-1, Yru—1) =d (Vry2,Yry1) <d(n—2,tn-1). (30)
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Now, we summarize all the above mentioned three cases. By virtue of (24) and (30), it
follows that the sequence {d (r,, r,+1)} satisfies the inequality

T+ F(max {d (rl’lfzr rnfl) )d (rnflrrn)}) < F (d (Vn, Vn+1)), (31)

for all n > 2. Denote ay, = d (ryy, ry+1) forn =2,3,-- - .
We obtain the following inequality by simple induction for n > 2, and using (31)

F (@) < F (max{ag,c1)) = [ 3] 7 (32)
where [g] denotes the greatest integer not exceeding 5.

Hence, lim,_, F (a;) = —oo. By the property (f2), we obtain that o, — 0 as

n — oo. From (f3), there exists k € (0,1) such that lim,_, o ozifF (o) = 0. Denote

y = max {ag, @1} . By (32), the following holds for all n > 2 :
n n
arF (@) —afF () < of (F) = [5]7) —akF ) = =} [ 5] = (33)

Assuming n — oo in (33), we deduce lim,,_, [%] alr‘l = 0. From (33), we observe that

there exists #' € N such that [%] oc],; < nalrf < 1forall n > 1. Consequently, we have

1
oy < K forallm > #'. (34)

Choose m, n € N such that m > n > ' and from (34), we have

00 © q
A(Fpytn) S+ Foy < Zan = 2117
j=n j=n

The convergence of the series Zfin ]ﬁ implies that {r,} is a Cauchy sequence, hence

convergent in (S,d, G). Since {r,} C A and A is closed, {r,} converges to some point
¥ EA,ie., limy, o1y = r.

By property (T), there exists a subsequence { Ts,,} satisfying
(rsn,r/) € E(G), forallm e N.
Hence, by the F-contraction condition (21), we get
d (Trsn, T/) <d (rsn, r/> . (35)
Therefore, by triangle inequality, we have
d (r/, Tr/> <d <r/,rsn+1> +d (rsn“, T/)
=d (r/, rsn+1> +d (Trsn, T/) .
By using (35), the above inequality yields
d (r/, Tr/> <d (r/,rsn_H) +d (rsn,r/) s (36)

for all » > 1. Taking limit » — oo and using (36), we obtain d (r/, T/) = 0 and get

¥ = Yr, which shows that r is a fixed point of T.
The uniqueness of r* immediately follows by the G4 F -contraction condition (21).

Remark 3 If we use the mapping F € Q defined by the formula F (@) = Ina in
Theorem 3, then for all k € (0, 1), we obtain the extension of [16, Theorem 3.1].
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Example 4 Let S = R be a Banach space with the usual norm and A = (—00,0] is a
closed subset of S. Let the mapping Y : A — S be defined as:

0 ifrel—1,0]
0.5 ifre (—oo,—1).

Tr=

Ja and the edge set of graph G

Let the mapping F € Q be given by the formula F («) =
and the subgraph G4 determined by A is defined as:

EG) ={(rs)eSxS:r<s}
and
E(Gy) ={(r,s)eAxA:r<s},
respectively. It is easy to check that (19) holds, that is,
forallr,s € A (r,s) € E(G)
with Yr,Ys € A, implies (Yr,Ts) e E(G)N (A x A).
In view of (19), for t,u € (—o0o0,—1) and r,s € [—1,0], the edges (t,u), (t,r) has to be
removed and for the rest of edges we have
(Yr,Ys) = (0,0) € E(Ga).

Moreover, G is a weakly connected and for any k € (0.5,1), Y is a non-self G

F-contraction on A with 1 = ——, since
d(r,s)

1 1
d(Yr,Ts) = 3 < 1 x d (r,s) forr € (—oo,—1) ands € [—1,0].

(for the rest of edges of E (G4) , the F-contraction condition (21) is obvious, since the quan-
tity in its left hand side is always zero). Property (T) holds with constant sequences {r,, = r}
satisfying the property (ry, ru+1) € E(Ga), for all n € N. Rothe’s boundary condition is
also satisfied, as 0A = {0} and so Y (0A) C A. Finally, since we have Ay = {0} # 0, all
assumptions in Theorem 3 are satisfied and r = 0 is the fixed point of Y.

Conclusion

In this paper, we have presented the fixed point theorems for self and non-self G, F-
contractions on metric spaces endowed with a graph. These theorems immediately imply
the extension of recently fixed point theorems for self-mappings on metric spaces and
fixed point theorems for non-self mappings in Banach spaces.
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