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Abstract

A simple graph is called cordial if it has 0-1 labeling that satisfies certain conditions. In
this paper, we examine the necessary and sufficient conditions for cordial labeling of
the sum and union of two fourth power of paths and cycles.
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Introduction

The field of graph theory plays an important role in various areas of pure and applied
sciences. One of the main problems in this field is graph labeling which is an assign-
ment of integers to the vertices or edges, or both, subject to certain conditions. It is a
very powerful tool that eventually makes things in different fields very ease to be han-
dled in mathematical way. While the labeling of graphs is perceived to be a primarily
theoretical subject in the field of graph theory and discrete mathematics, it serves as
models in a wide range of application like astronomy, coding theory, X-ray crystallogra-
phy, circuit design and communication networks addressing [1]. An excellent reference
for this purpose is the survey written by Gallian [2]. In this paper, all graphs are finite,
simple and undirected. The original concept of cordial graphs is due to Cahit [3]. A map-
ping f:V — {0,1} is called binary vertex labeling of G and flv) is called the label of the
vertex v of G under f. For any edge e = uv, the induced edge labeling f*:E(G) — {0, 1}
is given by f*(e) = |f(u) — f(v)|, where u,v € V. Let v¢(i) be the numbers of vertices
of G labeled i under f, and ef (i) be the numbers of edges of G labeled i under f* where
i € {0,1}. A binary vertex labeling of a graph G is called cordial if |vf(0) —vs(1)| <1
and |ef(0) — e (1)| < 1. A graph G is called cordial if it admits a cordial labeling. Cahit
showed that each tree is cordial; a complete graph K}, is cordial if and only if # < 3 and a
complete bipartite graph Kj, ,, is cordial for all positive integers # and m [3].

Let G; and Gy are graphs. The sum of two graphs G; and G, denoted by Gi + Gg,
is defined as the graph with vertex set given by V(G + Gy) = V(G1) |J V(G3) and
its edge set is E(G; + G) = E(G1) | JE(Gy) |JJ, where J consists of edges join each
vertex of G; to every vertex of Gy. The union Gj|J Gy of two graphs Gj and Gy, is
G1U Gy = (V(G1) U V(G2), E(G1) U E(G))). The fourth power of a graph G is a graph
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with the same set of vertices as G, and an edge between two vertices iff there is a path of
length at most 4 between them, such that d(v;, ;) < 4 andi < j. Diab [4, 5] has reported
several results concerning the sum and union of the cycles C,, and paths P, together
with other specific graphs.

Terminology and notations

A path with m vertices and m — 1 edges is denoted by Py, and its fourth power P# has
n vertices and 4n — 10 edges. Also, a cycle with # vertices and # edges, denoted by C,,
and its fourth power C2* has n vertices and 4n — 9 edges. Let Ly, denote the labeling
00110011...0011 (repeated r-times). Let L}, denote the labeling 01100110...0110
(repeated r-times). The labeling 11001100...1100 (repeated r-times) and labeling
1001 1001...1001 (repeated r-times) are written as Ss and Sj,, respectively. Let M,
denote the labeling 0101...01, zero-one repeated rtimes if r is even and 0101...010
if r is odd; for example, Mg = 010101 and M5 = 01010. Let M, denote the labeling
1010...10. We modify the labeling M, or M, by adding symbols at one end or the other
(or both). Also, Ls, (or L}, ) with extra labeling from right or left (or both sides).

If L is a labeling for fourth power of paths P, and M is a labeling for fourth power
of paths P,, then we use the notation [L; M] for the labeling of the sum Pﬁq + Pﬁ. Let v;
and e; (i=0,1) represent the numbers of vertices and edges, respectively, labeled by
i. Let us denote x; and a; to be the numbers of vertices and edges labeled by i for Py,
Also, let y; and b; be those for P;L. It is easy to verify that vo — vi = (xo — x1) + (%o — ¥1)
and ey —e; = (ap — a1) + (bo — b1) + (xo — x1)(¥o — y1). Also for an UP:, we use
the same notation [L; M] for the union P} U Pﬁ, let v; and e; (for i = 0,1) be the num-
bers of labels that are labeled by i as before, also, x; and a; be the numbers of vertices
and edges labeled by i for P4, and let y; and b; be those for P. It is easy to verify that
vo—v1 = (%o —x1) + o — y1) and eg — €1 = (ap — a1) + (bo — b1). To prove the result,
we need to show that, for each specified combination of labeling, [vo — vi| <1 and
leo —e1] < 1

Results

The cordiality of the sum of two fourth power of paths

In this subsection, we examine the cordiality of the sum of two fourth power of paths. To
obtain this result, we use the following lemmas.

Lemma 1 Ifn = 0(mod 4), then P} + P2 is cordial for all n,m > 7.

Proof
Suppose that n = 4r, wherer > 2. We consider the following cases.

Case 1. m = O(mod 4).

Suppose that m = 4s, where s> 2. Then we label the ver-
tices of P} + Py by [0L4r—4011; 1oL} ,05]. Therefore
xo=x1 =2r,ap=a1 =8r—5yy=y1 =25,bp =b; =8s—5
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It follows that vo—vi=o—x1)+ @Wo—y1)=0 and
eo —e1 = (ap —a1) + (bp — b1) + (xo — x1)(¥o —y1) = 0. As an example, Fig. 1 illus-
trates Pg + Pg. Hence, Pffr + Pffs is cordial.

Case 2. m = 1(mod 4).

Suppose that m =4s+1, where s>2. Then we label the ver-
tices of Py + P4 by [0L4r—4011; 02L4s—4101]. Therefore
xo=x1 =2r,a0 =a1 =8r—5y=2s+1,y1 =2s,bg =b; =8s—3 .
It follows that vo—vi=&o—x1)+ @Wo—y1)=1 and

eo—e1 = (ap — a1) + (bo — b1) + (x0 — x1)(¥o — y1) = 0. Hence, Pff, + PffsJrl is cordial.

Case 3. m = 2(mod 4).

Suppose that m =4s+2, where s>2. Then we label the ver-
tices of Py + P, by [0L4r—4011; 0150S45—40]. Therefore
xo=x1=2r,a0=a1 =8 —-5y=y1=2s+1,bp=b; =8 —1 .
It follows that vo—vi=o—x1)+ Wo—y1)=0 and

eo—e1 = (ap — a1) + (bo — b1) + (x0 — x1)(¥o — y1) = 0. Hence, Pffr + PffsJr2 is cordial.
Case 4. m = 3(mod 4).

m = 4s + 3,
P2r+P:LLs+3 by

where s>1. Then we label the ver-
[OL4r—4011; 021 L4s].

Suppose  that
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xo=x1=2r,a0=a1 =8 —5y=2s4+2,y1 =25+ 1,bg =b; =85+ 1 .
It follows that vo—vi=&o—x1)+ @Wo—y1)=1 and

eo—e1 = (ap — a1) + (bo — b1) + (x0 — x1) (o — y1) = 0. Hence, Pg'r +P2s+3 is cordial.
O

Lemma?2 Ifn = 1(mod 4), then P} + P2 is cordial for alln,m > 7.

Proof
Suppose that n = 4r + 1, wherer > 2. We consider the following cases.

Case 1. m = 1(mod 4).

Suppose that m =4s+1, where s>2. Then we label the ver-

tices of Py 4P by [02L4y—4101; 1oL}, ,010]. Therefore
x0=2r+1,x =2r,ap=a1 =8r—3,90=2s,y1 =25+ 1,by = by = 85— 3

It follows that vo—vi=o—x1)+ Wo—y1)=0 and
eo — e1 = (ap — a1) + (bo — b1) + (x0 —x1)(yo —y1) = —1. Hence, Pj,., +Pj , is
cordial.

Case 2. m = 2(mod 4).

Suppose that m =4s+2, where s>2. Then we label the ver-

tices of Py +Phy by [02L47—4101; 0130S45—40]. Therefore
x0=2r+1,x1=2r,ap=a;1 =8r—3,90=y1=2s+1,bg=b; =8s—1 .
It follows that vo—vi=@&o—x1)+ @Wo—y1)=1 and
eo — e1 = (ao — a1) + (bo — b1) + (x0 —x1)(yo —y1) =0. Hence, Pj.. ., +Pi , is
cordial.

Case 3. m = 3(mod 4).

Suppose that m =4s+3, where s>1.  Then we label the ver-

tices of Py 1+ Py, by [02L4r—4101; 15S450]. Therefore
x0=2r+1,x1=2r,ap=a; =8r—3,50=2s+1,y1 =2s+2,bp =b; =8s+1

It follows that vo—vi=o—x1)+ Wo—y1)=0 and
eo—e1 = (ap —ay) + (bo — b1) + (x0 — x1) (9o — y1) = —1. Hence, PffrJrl +P2S+3 is cor-
dial. (I

Lemma 3 [fn = 2(mod 4), then P3 + P;Ln is cordial for alln,m > 7.

Proof
Suppose that n = 4r + 2, wherer > 2. We consider the following cases.

Case 1. m = 2(mod 4).
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Suppose that m =4s+2, where s>2. Then we label the ver-

tices of Py o+ Piy by [0130S4r—40; 0130845—401. Therefore
xo=x1=2r+lag=a1=8r—1L,y90=y1=2s+1,bp =b; =8s—1 .
It follows that vo—vi=o—x1)+ @Wo—y1)=0 and
eo —e1 = (ao — a1) + (bo — b1) + (x0 —x1)(yo —y1) =0. Hence, Pj..,+Pj , is
cordial.

Case 2. m = 3(mod 4).

Suppose that m =4s+3, where s>1.  Then we label the ver-

tices of Pff, ot Pffs 43 by [013084,_40; 021 L44]. Therefore
xo=x1=2r+lagp=a; =8r—1y9=2s+2,y1=2s+1,bp =b; =8s+1

It follows that vo—vi=@&o—x1)+ @Wo—y1)=1 and
eo—e1 = (ap —a1) + (bo — b1) + (x0 — x1) (9o — y1) = 0. Hence, PffrJr2 + Pfng is cor-
dial. (I

Lemma4 Ifn,m = 3(mod 4), then Pﬁ + P;Ln is cordial for all n,m > 7.

Proof

Suppose  that n=4r+3, where r>2 and wm=4s+3, where s=>1
Then we label the vertices of Pffr 3t Pffs 13 by [021L4y; 128450]  Therefore
x0 = 2r+2,x1 = 2r+1,a0 = a; = 8r+1,y9 = 2s+1,y; = 2s+2,by = b; = 8s+1

It follows that vo—vi = —x1)+ @o—y1)=0 and
eo —e1 = (ap —a1) + (bp — b1) + (xo —x1)(yo — y1) = —1.  Hence, Pff,+3 —i—Pffs+3 is
cordial.

By considering all the lemmas mentioned in section “The cordiality of the sum of two
fourth power of paths” we write the following theorem. [J

Theorem 1  The sum of two fourth power of paths P} + P} is cordial for alln,m > 7

The cordiality of sum of two fourth power of cycles

In this subsection, we study the cordiality of sum of two fourth power of cycles.

Lemma5 Ifn = 0(mod 4), then Cff + C;Ln is cordial for all n,m > 7.

Proof
Suppose that n = 4r, wherer > 2. We consider the following cases.

Case 1. m = O(mod 4).

Suppose that m = 4s, where s> 2. Then we label the ver-
tices of Cffr + Cffs by [S},; 13Mas—603]. Therefore
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X0 =X1 = 2}’,(10 = 8’”—5,(11 = 81”—4,)/0 =J)1 = 25,b0 = 85—4,191 =8s—5

It follows that vo—vi=o—x1)+ @Wo—y1)=0 and
eo—e1 = (ap — a1) + (bo — b1) + (x0 — x1)(¥o — y1) = 0. Hence, Cff, + Cffs is cordial.
Case 2. m = 1(mod 4).

Suppose that m =4s+1, where s>2. Then we label the ver-

tices of Cff, + Cffs 41 by [13M4,—603; LasO0]. Therefore
x0 =x1 = 2r,a0 = 8r—4,a; = 8r—>5,y9 = 2s+1,y1 = 2s,bg = 8s—3,b; = 8s—2
It follows that vo—vi=&o—x1)+ @Wo—y1)=1 and

eo — e1 = (ao — a1) + (bo — b1) + (x0 — x1)(yo — y1) = 0. Hence, C;, + Cf, ; is cordial.
Case 3. m = 2(mod 4).

Suppose that m =4s+2, where s>2. Then we label the ver-

tices of Ci +Ciiin by [S4,5 031013 M4s_]. Therefore
xo=x1 =2r,a0=8r—5a; =8r—4,50=y1 =25+ 1,bg =8s,by =8s—1
It follows that vo—vi=o—x1)+ Wo—y1)=0 and

eo—e1 = (ap — a1) + (bo — b1) + (x0 — x1)(¥o — y1) = 0. Hence, Cffr + CffsJr2 is cordial.
Case 4. m = 3(mod 4).

Suppose that m = 4s + 3, where s > 1. Then we label the vertices of Cff, + Cfs+3 by

[13M4,_603; L},010]. Therefore
x0=x1=2r,a0=8r—4,a1 =8r—5y0=2s+2,y1 =2s+1,bp =8s+1,b; =. It

8s+2

follows that vo—vi=@—x1)+ @o—y1) =1 and

eo —e1 = (ap — a1) + (bp — b1) + (xo — x1) (o — y1) = 0. Hence, Cffr + Cffs+3 is cordial.

O

Lemma 6 Ifn = 1(mod 4), then Cit + Cp is cordial for all n,m > 7.

Proof
Suppose that n = 4r + 1, wherer > 2. We consider the following cases.

Case 1. m = 1(mod 4).

Suppose that m =4s+1, where s>2. Then we label the ver-
; 4 4 .

ticeg) = 2rof 1,5, Ladeah Casdr — 3, P 8r — EyidadasyaOal o5 4 1, Pyerefore

8 —2,b1 =8 —3 .
It follows that vo—vi=o—x1)+ (Wo—y1)=0 and

eo—e1 = (ap —ay) + (bo — b1) + (x0 —x1)(¥o — y1) = —1. Hence, CffH_l + CffH_l is
cordial.

Case 2. m = 2(mod 4).
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Suppose that m =4s+2, where s>2. Then we label the ver-

tices of Ciri1+ Chiin by [L4r0; 031013M4s_6]. Therefore
x0 = 2r+1,x1 = 2r,a9 = 8r—3,a1 = 8r—2,y0 = y1 = 2s+1,bg = 8s,b; = 8s—1

It follows that vo—vi=&o—x1)+ @Wo—y1)=1 and
eo — e1 = (ap — a1) + (bo — b1) + (x0 —x1)(yo —y1) =0. Hence, Cj._ 4+ Ciy is
cordial.

Case 3. m = 3(mod 4).

Suppose that m =4s+3, where s>1.  Then we label the ver-

ticeg, — 2,0f; = ZrCIeLrlhltld' C48r3— 2,a, ¥ 8r — §193cﬁ44129%1249q1g 2s + l"ﬂaenefore
8+ 1,01 =8s+2

It follows that vo—vi=o—x1)+ Wo—y1)=0 and
eo — e1 = (ap — a1) + (bo — b1) + (x0 — x1)(yo —y1) = —1. Hence, Cj, 4+ Cjy,,5 is
cordial. (J

Lemma7 Ifn = 2(mod 4), then C;L + C;Ln is cordial for all n,m > 7.

Proof
Suppose that n = 4r + 2, wherer > 2. We consider the following cases.

Case 1. m = 2(mod 4).

Suppose that m =4s+2, where s>2. Then we label the ver-

tices of C aryo T Cffs+2 by [0313L},_,; 031013Mas ). Therefore
x0=x1=2r+1l,a0=8r—1,a1 =8r,y0=y1 =25+ 1,bp = 8s,b; =8s—1

It follows that vo—vi=(x0—x1)+ @o—y1) =0 and
eo —e1 = (ap —a1) + (bp — b1) + (xo — x1)(¥o —y1) = 0. Hence, CffH_z + Cffs+2 is
cordial.

Case 2. m = 3(mod 4).

Suppose that m = 4s 4+ 3, where s > 1. Then we label the vertices of C4r+2 + C4er3 by

[031013M4s—6; L},010]. Therefore
xo=x1=2r+1,a90=8r,a1 =8r—1,90 =2s+2,y1 =2s+1,bg =8s+1,b; =. It

8s+2

follows that vo—vi=@o—x1)+ @o—y1) =1 and

eo —e1 = (ap — a1) + (bp — b1) + (xo — x1)(¥o — y1) = 0. Hence, CffH_z + Cé‘fs+3 is cor-

dial. [(J

By considering all the lemmas mentioned in section “The cordiality of sum of two
fourth power of cycles” we write the following theorem.

Theorem 2 The sum of two fourth power of cycles Cit + C& is cordial for all n,m > 7
except at(n,m) = (7,7)
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The cordiality of union of two fourth power of paths
In this subsection, we examine the cordiality of the union of two fourth power of paths.
To obtain this result, we use the following lemmas.

Lemma 8 [fn = 0(mod 4), then Pﬁ U an is cordial for all n,m > 7.

Proof
Suppose that n = 4r, wherer > 2. We consider the following cases.

Case 1. m = 0(mod 4).

Suppose  that wm =4s, where s>2. Then we label the ver-
tices of Py UPS by [0L4r—4011; 1oL} ,0,]. Therefore
xo=x1 =2r,a0=a1 =8 —5y)=y1 =2s,bo=b; =8 —5. As an example,

Fig. 2 illustrates pgUpg. It follows that vo— vy = (x0 —x1) + (yo —y1) =0 and
eo — e1 = (ap — a1) + (by — by) = 0. Hence, Pj, U Py, is cordial.

Case 2. m = 1(mod 4).

Suppose that m =4s+1, where s>2. Then we label the ver-
tices of Py UPL by [0L4r—4011; 02L4s—4101].
xo=x1 =2r,a0 =a1 = 8r —5,59 =25+ 1,y1 = 2s,bg = by = 8s — 3. It follows that
vo—vi=(@o—x1)+ o—y1) =1 and ey —e; = (ap — a1) + (bg — b1) = 0. Hence,

4_ 4 . .
P, U P is cordial.

Therefore

Case 3. m = 2(mod 4).

Suppose that m =4s+2, where s>2. Then we label the ver-
tices of Py uPE ., by [0L4r—4011; 0130S45—40].

xo=x1=2r,a0=a1=8r—5y=y1=2s+1,by=b =8 —1. It

Therefore
follows that

RURS

Fig.2 P§UP;s
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vo—vi=(xo—x1)+ o—y1) =0 and ey —e; = (ap — a1) + (bgp — b1) = 0. Hence,
Pffr U Pffs 4o is cordial.

Case 4. m = 3(mod 4).

Suppose that m =4s+3, where s>1.  Then we label the ver-
tices of Py UPL o by [0L4r—4011; 021 L4s]. Therefore
xo=x1 =2r,a0 =a1 =8r—5,y=2s4+2,y1 =2s+1,bp =b; =8+ 1. It follows
that vo—vi=@o—x1)+@Wo—y1) =1 and ey—e; = (a9 —a1)+ (bo — b1) =0.
Hence, Pffr U Pffs 43 1s cordial. [

Lemma9 Ifn = 1(mod 4), then P U P} is cordial for all n,m > 7.

Proof
Suppose that n = 4r + 1, wherer > 2. We consider the following cases.

Case 1. m = 1(mod 4).

Suppose that m =4s+1, where s>2. Then we label the ver-
tices of Pff,,+1 U PffsJrl by [02L4y—4101; 1oL}, ,010]. Therefore
x0=2r+1,x =2r,ap=a1=8r—3,59%0=2s,y1 =25+ 1,bg =b; =8s—3. It fol-
lows that vo —v1 = (0 —x1) + (o —y1) = 0 and ey — e; = (ap — a1) + (bo — b1) = 0.

4 4 . .
Hence, P;, ;U Py, is cordial.

Case 2. m = 2(mod 4).

Suppose that m =4s+2, where s>2. Then we label the ver-
tices of Pffr Y Pffs 9 by [09L4,-4101; 0130S45_40]. Therefore
x0=2r+1x1 =2r,a0=a1=8r—3,5%0=y1=25+1,bp =b; =8 — 1. It follows
that vo—vi=@o—x1)+(@Qo—y1)=1 and e —e1 = (ao—a1)+ (b —b1) =0.

Hence, P* . uPp?

A1 454+ 1 cordial.

Case 3. m = 3(mod 4).

Suppose that m =4s+3, where s>1. Then we label the ver-
tices of Pffr a Y Pffs 43 by [09L4r_4101; 1984501 Therefore
x0=2r+1,x =2r,a0=a1 =8r—3,y90 =25+ 1,91 =25s+2,bp = by = 8s+1. It fol-
lows that vo — v1 = (0 —x1) + (o —y1) = 0 and ey — e1 = (ap — a1) + (bo — b1) = 0.

4, 4 . .
Hence, Py, U P, sis cordial. O

Lemma 10 Ifn = 2(mod 4), then P} U P} is cordial for alln,m > 7.

Proof
Suppose that n = 4r + 2, wherer > 2. We consider the following cases.
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Case 1. m = 2(mod 4).

Suppose that m =4s+2, where s>2. Then we label the ver-
tices of ijr U Pffs 9 by [0130S4,—40; 0130S4,_40]. Therefore
xo=x1=2r+Llap=a1=8r—1,y=y1 =25+ 1,by = by = 8 — 1. It follows that
vo—vi=(xo—x1)+ o—y1) =0 and ey —e; = (ap — a1) + (bgp — b1) = 0. Hence,
Py, UPE ., is cordial.

Case 2. m = 3(mod 4).

Suppose that m =4s+3, where s>1.  Then we label the ver-
tices of Py ,UP; ., by [0130S4r—40; O21Lys]. Therefore
xo=x1=2r+lap=a1 =8r—1,y90=2s+2,y1 =25+ 1,bg =b; =8s+ 1. It fol-
lows that vo —vi = (xo —x1) + (o —y1) = 1 and eg — e; = (a9 — a1) + (bo — b1) = 0.
Hence, ijr U ijs 43is cordial. (J

Lemma 11 Ifn, m = 3(mod 4), then Pﬁ U P;Ln is cordial for alln,m > 7.

Proof

Suppose  that n=4r+3, where r>2 and m=4s+3, where s>1
Then we label the vertices of Pff, 13U Pffs 43 by [021L4y; 1584501 Therefore
x0 = 2r+2,%1 = 2r+1,a0 = a1 = 8r+1,y0 = 2s+1,y1 = 2s+2,by = by = 8s+1. It fol-
lows that vo —vi = (xg — x1) + o — y1) = 0 and ey — e1 = (agp — a1) + (bg — b1) = 0.
Hence, Pffy 13U Pffs 43 is cordial.

By considering all the lemmas mentioned in section “The cordiality of union of two
fourth power of paths” we write the following theorem. [J

Theorem 3  The union of two fourth power of paths P& U Py is cordial for all n,m > 7.

The cordiality of union of two fourth power of cycles
In this subsection, we examine the cordiality of the union of two fourth power of cycles.
To obtain this result, we use the following lemmas.

Lemma 12 Ifn = 0(mod 4), then C;} U Cy1, is cordial for all n,m > 7.

Proof
Suppose that n = 4r, wherer > 2. We consider the following cases.

Case 1. m = O(mod 4).

Suppose that m = 4s, where s> 2. Then we label the ver-
tices of Cffr U Cffs by [S},: 13Mas—603]. Therefore
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xo=x1 =2r,a0 =8r—5a; =8r—4,y0 =y1 =2s,bg =8 —4,by =8s—5. It fol-
lows that vop —vi = (x0 —x1) + (o —y1) =0 and eg — e; = (a9 — a1) + (bo — b1) = 0.
Hence, Cffr U Cffs is cordial.

Case 2. m = 1(mod 4).

Suppose that m =4s+1, where s>2. Then we label the ver-
tices of Cffr U Cffs 41 by [13M4,_603; Las0]. Therefore
x0 =x1 = 2r,a0 = 8r—4,a; = 8r—>5,y9 = 2s+1,y1 = 2s,by = 8s—3,b; = 8s—2. It fol-
lows that vo —vi = (xg —x1) + (o —y1) = 1 and eg — e; = (a9 — a1) + (bo — b1) = 0.
Hence, Cffr U Cffs 41 is cordial.

Case 3. m = 2(mod 4).

Suppose that m =4s+2, where s>2. Then we label the ver-
tices of Cy UChin by [S},; 031013 M4s_6]. Therefore
xo=x1 =2r,a0=8r—5a; =8r—4,59=y1 =25+ 1,bp =8s,by =8 —1. It fol-
lows that vo —vi = (x0 —x1) + (o —y1) =0 and eg — e; = (ap — a1) + (bo — b1) = 0.
Hence, Cffr U Cffs 4o ls cordial.

Case 4. m = 3(mod 4).

Suppose that m = 4s + 3, where s > 1. Then we label the vertices of ij, U Cffs+3 by

[13M4,_603; L},010]. Therefore
x0=x1=2r,a0=8r—4,a1 =8r—59=2s+2,y1 =2s+1,bp =8s+1,b; =. It

8s+2

follows that vo—vi=@—x1)+ @o—y1) =1 and

eo —e1 = (ap — a1) + (bg — b1) = 0. Hence, Cffr u Cffs+3 is cordial.

Lemma 13 Ifn = 1(mod 4), then Cit U C} is cordial for all n,m > 7.

Proof
Suppose that n = 4r + 1, wherer > 2. We consider the following cases.

Case 1. m = 1(mod 4).

Suppose that m =4s+1, where s>2. Then we label the ver-
: 4 .

ticeg, = 2rof 1,5 Lidpadd Cissr — 3, P 8r — Bayfidsbasyy 02l o5 4 1, Berefore

8 —2,b1 =8 —3 .
It follows that vo—vi=o—x1)+ (Wo—y1)=0 and

eo —e1 = (ag — a1) + (bp — b1) = 0. Hence, C;LH_I U Cffs+1 is cordial.

Case 2. m = 2(mod 4).

Suppose that m =4s+2, where s>2. Then we label the ver-

tices of Cffr Y Cffs ) by [L4y0; 031013 Mys_¢]. Therefore
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x0 = 2r+1,%1 = 2r,a0 = 8r—3,a; = 8r—2,y0 = y1 = 2s+1,bg = 8s,b; = 8s—1. It fol-
lows that vo —vi = (xo —x1) + (o —y1) = 1 and eg — e; = (ap — a1) + (bo — b1) = 0.
Hence, Cffr Y Cffs 4 is cordial.

Case 3. m = 3(mod 4).

Suppose that m =4s+3, where s>1.  Then we label the ver-

ticegy = 2r9f = 2r G,y Ci8rs— 2, a1 D% 8r — $1adim 2021 By 1A 25 4 1, Pperefore
8+ 1,01 =8s+2

It follows that vo—vi=o—x1)+ Wo—y1)=0 and
eo —e1 = (ap — a1) + (bg — b1) = 0. Hence, ijrﬂ U Cfsz is cordial. (]

Lemma 14 Ifn = 2(mod 4), then Cit U C1 is cordial for all n,m > 7.

Proof

Suppose that n = 4r + 2, where r > 2. The following cases will be examined.
Case 1. m = 2(mod 4).

Suppose that m =4s+2, where s>2. Then we label the ver-
tices of Cgmz U CffSJr2 by [0313L},_,; 031013 Mas—¢]. Therefore
xo=x1=2r+1,a0=8r—1,a1=8r,y0=y1 =2s+1,bp =8s,by =8s—1. It fol-
lows that vo —v; = (%0 —x1) + (o —y1) =0 and ep — e1 = (ap — a1) + (bo — b1) = 0.

Hence, Cffr o U Cffs 4o 18 cordial.
Case 2. m = 3(mod 4).

Suppose that m = 4s + 3, where s > 1. Then we label the vertices of CffrJr2 U C2s+3 by

[031013M4,—6; L}, ,010]. Therefore
xo=x1 =2r+1,a0 =8r,a1 =8r—1,90 =2s+2,y1 =2s+1,bp =8s+1,b; =. It

8s+2

follows that vo—vi=@o—x1)+ @Wo—y1)=1 and

eo —e1 = (ap — a1) + (bg — b1) = 0. Hence, CffH_z U Cffs-s-s is cordial. (I

By considering all the lemmas mentioned in section “The cordiality of union of two
fourth power of cycles” we write the following theorem.

Theorem 4  The union of two fourth power of cycles C+ U C2 is cordial for all n,m > 7
except at(n,m) = (7,7).

Conclusion

In this paper we test the cordiality of the sum and union of two fourth power of paths
and cycles. We found that P} + P, and P} U PJ} is cordial for all n,m > 7 and also
C}+ Ctand C} U C} is cordial for all 1, m except at (n, m) = (7,7)



Elrokh and Rabie J Egypt Math Soc (2021) 29:3 Page 13 of 13

Acknowledgements
The authors are thankful to the anonymous referee for useful suggestions and valuable comments.

Authors’ contributions

AR wrote the title, abstract, stability, graph the figures and conclusion and fixed many language errors. AER wrote the
introduction and references. AER wrote the mathematical analysis. AR wrote the bifurcation analysis. AER wrote the
numerical analysis. All authors read and approved the final manuscript.

Funding
There is no funding from anyone.

Availability of data and materials
Data sharing not applicable to this article as no datasets were generated or analyzed during the current study.

Competing interests
The authors declare that they have no competing interests.

Author details
! Department of Mathematics, Faculty of Science, Menoufia University, Shebin EI Kom, Egypt. 2 Institute of National Plan-
ning, Cairo, Egypt.

Received: 15 January 2020 Accepted: 23 December 2020
Published online: 29 January 2021

References
1. Prasanna, N.L, Sravanthi, K, Sudhakar, N.: Applications of graph labeling in communication networks. Oriental J.
Comput. Sci. Technol. 7(1), 139-145 (2014)

2. Gallian, AJ.: A dynamic survey of graph labeling. Electron. J. Combin. 22, DS6 (2019). December 15

3. Cahit, I.: Cordial graphs, A weaker version of graceful and harmonious graphs. Ars Combinatoria 23, 201-207 (1987)
4. Diab, AT. Study of some problems of cordial graphs. Ars Combin 92, 255-261 (2009)

5. Diab, AT. Generalization of some results on cordial graphs. Ars Combin 99, 161-173 (2011)

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	The cordiality of the sum and union of two fourth power of paths and cycles
	Abstract 
	Introduction
	Terminology and notations
	Results
	The cordiality of the sum of two fourth power of paths
	The cordiality of sum of two fourth power of cycles
	The cordiality of union of two fourth power of paths
	The cordiality of union of two fourth power of cycles

	Conclusion
	Acknowledgements
	References


